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BASIC RULES

0<Pr(4) <1

Pr(S) =1 (S: sample space).

Pr(0) =0 (0: empty set).

Pr(A;U---UA,) =Pr(41) +--- + Pr(A,) for disjoint events Ay, ..., A,.
Pr(A4¢) =1—Pr(A) (A°: complement of A).

A C B=Pr(A) <Pr(B).

Pr(A4) = Pr(AB) + Pr(AB°).

Pr(AU B) = Pr(A) + Pr(B) — Pr(AB).

Pr(AUuBUC) =Pr(A) 4+ Pr(B) + Pr(C)

—Pr(AB) — Pr(BC) — Pr(AC) + Pr(ABC).

COMBINATORIAL DEFINITIONS AND FORMULAS

P, ;. = the number of permutations of n things taken k at a time
n!

(n—k)!
k factors

O"’k:<2>:<k7nn—k>

= the number of combinations of n things taken k at a time

=nn—-1)---(n—k+1) =

_nn—=1)---(n—k+1) P,p n!
o k! Tk El(n — k)"
Binomial theorem:
" n n—
(x+y) Z< i )a:ky k.
k=0

Trinomial coefficient:

n n! o . .

For example, is the number of words that can be spelled by arranging

7
1,2,4
the letters ABBCCCC in all possible ways.
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CONDITIONAL PROBABILITY AND INDEPENDENCE
Multiplication rule for conditional probabilities.

Pr(A|B)Pr(B) = Pr(AB), Pr(B|A)Pr(A) =Pr(AB).

Independence.

e Two events A and B are independent if Pr(AB) = Pr(A) Pr(B).
e Three events A, B and C are independent if Pr(AB) = Pr(A)Pr(B),
Pr(BC) = Pr(B) Pr(C), Pr(AC) = Pr(A) Pr(C) and Pr(ABC) = Pr(A) Pr(B) Pr(C).
o If Ay,..., A, are independent, and B,...,B, is a list of events such
that for ¢ = 1,...,n, either B; = A; or B; = A{, then Pr(By---B,) =
Pr(By)---Pr(B,).

Bayes’ Theorem. Given an event A such that Pr(A) > 0 and a partition S =
By U---U B, such that Pr(By) > 0,...,Pr(B,) > 0, we have

Pr(A|B;) Pr(B;)
Pr(A|By) Pr(By) + - - - + Pr(A|B,) Pr(B,)

Pr(B;|A) =

fori=1,...,n.

BINOMIAL DISTRIBUTION

If events Aq,..., A, are independent and each has probability p then

Pr(exactly k of the events Aj,..., A, happen)
= ( Z )pk(l—p)”_k for k=0,...,n.

UNIVARIATE DISTRIBUTIONS

Probability functions (p.f.’s). If X is discrete, then the p.f. fx satisfies

fx(z) =Pr(X =), > Fx(z) =1.

all possible values x for X

Probability density functions (p.d.f.’s). If X is continuous, then the p.d.f. fx sat-
isfies

/bfx(x)dm:Pr(angb) =Pr(a < X <), / fx(x)dz =1.

all possible values x for X

Remember... that we always put fx(xz) = 0 when x does not belong to the set
where the random variable X is supposed to take values.

Uniform distributions. If X is a continuous random variable with p.d.f.

L fora<z<b
— b—a — —
fX($>_{ 0 forx<aorz>b

we say that X is uniformly distributed in the interval [a, b].
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Distribution functions (d.f.’s). If X is any random variable (continuous or discrete),
the d.f. F'x satisfies
Fx(z) = lim+ Fx(t)=Pr(X <z), lim Fx(t)=Pr(X < z),
t—x

t—xr—

lim Fx(t)=0, lim Fx(t) =1, z; <xzs= Fx(z1) < Fx(x3).

t——o0 t——+oo

BIVARIATE DISTRIBUTIONS

Probability functions (p.f.’s). If X and Y are discrete, the joint p.f. fxy of X and
Y satisfies

fxy(@,y) =Pr( X =2&Y =y), Z fxy(z,y) =1

all possible values = of X
all possible values y of Y

Probability density functions (p.d.f.’s). If X and Y are continuous, the joint p.d.f.
fx,y of X and Y satisfies

Pr((X,Y) e A) = / /A fxy (@,y)dzdy,

// fxy(x,y)dzdy = 1.
region where (X,Y) may take values

Remember... ... that we always put fx vy (z,y) = 0 if the pair (z,y) does not belong
to the set in the (z,y)-plane where the pair (X,Y") of random variables is supposed
to take values.

MARGINAL DISTRIBUTIONS AND INDEPENDENCE

Discrete case. If X and Y are discrete, and we are given the joint p.f. fxy, then
the marginal p.f. fx (which is just the p.f. of X) is given by

fx(x) = > fxy(z,y),

all possible values y of Y

and the marginal p.f. fy (which is just the p.f. of Y) is given by

fr(y) = > fxy(@,y).

all possible values x of X

Continuous case. If X and Y are continuous, and we are given the joint p.d.f. fx y,
then the marginal p.d.f. fx (which is just the p.d.f of X) is given by

fx@) = [ Fx.x ()dy,
all possible values y of Y

and the marginal p.d.f. fy (which is just the p.d.f of Y) is given by

fr(y) = fxy(z,y)dz.

Lll possible values = of X
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Independence. If X and Y are both discrete and
fxy(@,y) = fx(@)fy(y)

for all z and y without exception, then we say that X and Y are independent. If
X and Y are continuous, and

fxy(z,y) = fx(@)fy(y)

without exception' then we say that X and Y are independent.

1Well, actually, hardly ever.



