A NOTE ON CYCLOTOMIC EULER SYSTEMS AND THE DOUBLE
COMPLEX METHOD

GREG W. ANDERSON AND YI OUYANG

ABSTRACT. LetF be afinite real abelian extension@f LetM be an odd positive integer.

For every squarefree positive integehe prime factors of which are congruent to 1 modulo

M and split completely ifff, the corresponding Kolyvagin clags € F* /F*M satisfies a
remarkable and crucial recursion which for each prime numib@iding r determines the
order of vanishing ok; at each place df abovel in terms ofx, . In this note we give the
recursion a new and universal interpretation with the help of the double complex method
introduced by Anderson and further developed by Das and Ouyang. Namely, we show that
the recursion satisfied by Kolyvagin classes is the specialization of a universal recursion
independent of satisfied by universal Kolyvagin classes in the group cohomology of the
universal ordinary distributioa la Kubert tensored witt%Z/MZ. Further, we show by a
method involving a variant of the diagonal shift operation introduced by Das that certain
group cohomology classes belonging (up to sign) to a basis previously constructed by
Ouyang also satisfy the universal recursion.

1. INTRODUCTION

LetF be a finite real abelian extension@f LetM be an odd positive integer. For every
squarefree positive integetthe prime factors of which are congruent to 1 modMl@and
split completely in T, the corresponding Kolyvagin class
K € F*/F*M satisfies a remarkable and crucial recursion which for each prime num-
ber? dividing r determines the order of vanishingfat each place df above/ in terms
of Ke o See Proposition 2.4 of the Rubin appendix to Lang’s tékfdr a formulation of
this recursion commonly employed in the literature. In this note we actually work with a
formulation of the recursion slightly different from but equivalent to Rubin’s formulation
(see Propositio.5 below).

The purpose of this note is to give the recursion satisfied by Kolyvagin classes a new
and universal interpretation with the help of the double complex method introduced by
Anderson [] and further developed by Das][and Ouyang §]. We show that the recur-
sion is the specialization of a universal recursion independeRtgattisfied by universal
Kolyvagin classes in the group cohomology of the universal ordinary distribatlanku-
bert tensored witlZ./MZ (see Propositiod.5). Further, we show by a method involving a
variant of the diagonal shift operation introduced by Dgsljiat certain group cohomol-
ogy classes belonging (up to sign) to a basis previously constructed by Ousjaaigd
satisfy the universal recursion (see Corollary). Taken together, our results show that it
is possible to construct classesii /F*M satisfying a useful recursion of Kolyvagin type
by methods somewhat more conceptual than have heretofore been employed.

It is natural to expect that results similar to those presented in this note hold for general
universal Euler systems. Indeed, the many beautiful results proved in Chapter 4 of Rubin’s
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2 GREG W. ANDERSON AND YI OUYANG

book [6] strongly suggest the existence of a general theory of universal Kolyvagin recur-
sions. But since there are significant technical difficulties to deal with before the double
complex method can be brought to bear on the general theory of Euler systems, we can for
now but affirm our hope to generalize the results of this note. In any case, we hope that
our point of view might prove helpful to others in the search for new applications and new
examples of Euler systems.

2. ABRIEF REVIEW OF CYCLOTOMICEULER SYSTEMS

2.1. Notation and setting. LetF be a finite real abelian extension of the fi€laf rational
numbers and IeF be an algebraic closure 8t LetM be an odd positive integer, and for
every abelian group let the M-torsion subgroup be denoteéy,. Letr be the formal
product of all odd primeg = 1 modM that split completely irff. In the sequel we refer
to formal products of prime numbers sispernatural numberd_et G be the Galois group
overT of the field generated ovét by all roots of unity inF of order dividingr. For each
prime numbe¥ dividing r:
e LetG, C G be the inertia subgroup at some place (hence all places) @bove
— Note thatG, is cyclic of order/ — 1.
¢ Leto, be a generator d&,.
e LetN, =320} € Z[G,] andN} := y"?ic| € Z[G,].
— Note the crucial identitN)(c, —1) = ¢ —1—N,.
¢ LetFroh € G/G, be the arithmetic Frobenius automorphism at some place (hence
all places) abové.
e Letord, be the normalized additive valuation @fcorresponding td.
For each positive integerdividing r:

e LetG, C G be the subgroup generated @Mr G,.
— Note that the evident homomorphism|r G, — G is bijective.
o LetN/:= Mope N; € Z[G]. B
e LetFF, be the extension df generated by the" roots of unity inF. PutF, :=
Ur\r .
o Let &, be the ring of algebraic integers Bf. Putd := &, and o, = Ur|r 0.
For each positive integerdividing r and prime numbe:
e Let ﬁfa(f) '
to /. Putﬁw =
We fix a collection

be the localization o, by the multiplicative system of elements prime
ﬁl,(i) andﬁ’rw = Ur‘r ﬁrm.

{&cor }r\r

of global units such that for all positive integerdividing r and prime numberédividing
r the following relations hold:

N, _ gFrob -1
o £ = ér P
o & = gr/z modulo the radical of the ideal @f, generated by.

Such a collectioq & } is called arEuler system
Lemma 2.2. Let r be any positive integer dividing The sequence

1o F 2 p LM 1
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is exact and so is the sequence

M
1-F 2 M S HO (G FF/FM) — 1
of G;-invariants. Via the latter sequence make now the identification
HO (Gr, Fy /M) = /M.

We have

R 0 X xMY ; 0 X xM X xM

(image ofH® (G, &7 /o;M) in HY (G Fy /F;™M) ) Ol 0
for all prime numberg not dividing r.
Proof. The first sequence is exact because under our hypotheses thg, fdtains no

nontrivial Mt roots of unity. The second sequence is exact by Satz 90. We turn to the
proof of the last assertion. F&c ¢;* representing a class #°(G,, 6% / 6;M) and write

E=ap" (aeF*, BeFM).

It suffices to verify thaix up to a factor iff*M belongs toﬁ@). Sinceﬁ(g) is a principal

ideal domain, it suffices to verify that for each prifef ¢ dividing ¢ the order with which
P dividesa is divisible byM. But the latter is obvious because any primeodlividing ¢
cannot divider and hence is unramified i, . O

2.3. Kolyvagin classes.Fix a positive integer dividing r. For each prime numbef

dividing r one has

Nr’/[(Frobé -1)

éerf“-fo_g) = ngr/z:Nz = ér/é =1 modo;M

by induction on the number of prime divisorsrofnd hence
EN mod ;M e HO(Gy, 67 ) 67 M) .
By Lemma2.2there exists a unigue class
K € F* /FM

such that
/
EN = i, modF;M
and moreover we have

r=1l=1x¢c ﬁ@)/ﬁ(;)“”

for all prime numberg. We callx; the Kolyvagin classndexed byr.

2.4. The operationsv,, [-], and exp,. Leta prime numbef dividingr be given. Let
v 10 /ﬁ@M —(0/0)
be the unigue homomorphism such that

v, (x mod ﬁ&f") =x" mod Lo,

forall x e ﬁ(xé). Let

% group of fractional
['][ :F /F M ( ﬁ([)-ideals > ® (Z/MZ)
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be the unigue homomorphism such that

fractional @, -ideal MM powers of
xM71 __ 4
[X modF ]é - ( generated E);( ) d < fractional ﬁ(é)—ideals)

for all x e F*. We claim that there exists a unique isomorphism
_( group of fractional ~
exp, < 0, -ideals ®(Z/MZ) = (O/)y

such that
fractlonalﬁ( -ideal
exp,
generated by

(-1

) ®(1 modM)) =(x"%) ™ mod, /to, ®

forallxe F; where, /{0, 0.(0) denotes the radical of the |deaI6’g generated by. Now
each maximal ideal oﬁ |s totally ramified mﬁ , hence every fracuonaﬁ’ —|deaI
is generated by™: for somex € F; unique up to a factor nﬁx( 0 and hence e>5yps well

defined. Upon completing the extens@p/IF at any place off', above/, one obtains a
Kummer extension with Galois group, and hence expis an |somorph|sm The claim is
proved.

Proposition 2.5. For all positive integers r dividing and prime numbers dividing r the

identity
é Froby)
explr], = \/ (-1 = r/( = v,k mod, /lO,

holds, where the M roots are chosen to be the unique such existingjinand , ez t(0)

denotes the radical of the ideal 6f 0 generated by. (This is a reformulation of Propo-
sition 2.4 of the Rubin appendix to Lang s tepd.)

Proof. Write
Nr/ = O‘rﬁr (o4 €F*, B €FY)
and

N/
ér/f r//ﬁr/l (ar// €00y By € O )
Choosey; € IF/ such that

)/,\'4 anda; generate the same fractior@(li)—ideal.

One then has

(=1
B € Ol

Further, one has

(o — _ N/, (0—1 —Frob,
ng,(o( 1) :ﬁrM(c{, 1) _ 3 el )ﬁrl\;lél Frob))

and hence "

1 N\ ™M ,1-Frob
[)brO'[ — (ér r/[) ﬁr/( ro )

because there are no nontrivil" roots of unity inF,. Finally, one has
(-1
-6\ M _ po,—1_ (—Frob, _ L2
(yrl f) =B t= arW/V(F e T =a g mod, /Lo,
which by the definitions proves the result. O
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2.6. The Kolyvagin recursion. We say that a system of classes
{A e T /F*M}
indexed by the positive integers dividingsatisfies thé&olyvagin recursiornif for all posi-
tive integers dividing r and prime numberéthe following hold:
— M
e (Un)=1=A € ﬁ(xé)/ﬁé) .
o l|r=expli], = vélr/[.

In this language Propositicgh5and the discussion leading up to it can be condensed to the
assertion that the system of Kolyvagin classes satisfies the Kolyvagin recursion.

rir

3. UNIVERSAL CONSTRUCTIONS
3.1. The free abelian group.ey. For each supernatural numisgput
1 1
—Z:=\)-%
s U s’
sls

the union being extended over all positive integedéviding s. Let .o/ be the free abelian
group generated by the family of symbols of the form

E) (ae %Z/Z) )

We equip</ with an action ofG by the rule
ola] = [b] < c¢(a) = ¢(b)

for all a,b e %Z/Z, injective homomorphismg : %Z/Z — FY, ando € G. For each
supernatural numberdividing r, let <7 (s) be the subgroup of7 generated by symbols of

the form
E) (ae éZ/Z) :

Note thate?(s) is stable under the action &. Note that for each prime numbédividing
r the groupe/(r /¢) can be viewed as@/G,-module. Note that

o =) (r)

rir

wherer ranges over the positive integers dividing

3.2. The universal ordinary distribution. Given any supernatural numbgdividing r,
let Us be the quotient ofy (s) by the subgroup generated by all elements of the form

[a — bz [b] <€: a prime number dividing, ac €Z/Z> .
(b=a S

Notice that the action o6 on «7(s) descends ttJs. Note that for every prime numbér
dividing r the grouwr/f can be viewed as@/G,-module. The map

(a— (class inUs represented bfa))) : %Z/Z — Ug

is the universal example of@ne-dimensional ordinary distributioof levels a la Kubert.
Put

U = Ur.
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Abusing language slightly, we call the universal ordinary distribution See KubertJ],
Lang [4] or Anderson’s appendix to Ouyang’s papgffor background on the theory of the
universal ordinary distribution. By the classical results of Kubgjitfpr any supernatural
numbers dividing r, the map

Us— U

induced by the inclusior?(s) C < is an injective homomorphism of free abelian groups
with free cokernel and hence the induced map

HO(G,Us/MUs) — H%(G,U /MU)

is also injective. Thus we may and we do henceforth idetdiffresp.H®(G,Us/MUs))
with a subgroup ob) (resp.H°(G,U /MU)). Note that we have

Us=JUs, H%(G,Us/MUs) = JH?(G,Us/MUs)

sls sls
where the indexin both unions ranges over the positive integers dividing
Lemma 3.3. For every prime numbef dividingr the equation
(£ —Frob)x=0
has no nonzero solutionauw.

Proof. Fix a solutionx € Ur/é of the equation in question. Choose a positive integer

dividing r /¢ such thaix € U;. Choosep € G, inducing the same automorphism .of(r)
as does Frop Letmbe the order of in the groupG;. Then one has an identity

(0" —D)x= ("M 2H 4 4 09T 2 9™ ) (- 9)x = 0.
It follows thatx = 0 becauselr/e is a torsion-free abelian group. d
3.4. The submodulel,. Let a prime numbe¢ dividing r be given. We define
l,cuU
to be the subgroup generated by all elementd ofpresented by expressions of the form
[a] —[b] (a,be %Z/Z, a—be %Z/Z) .

Note that sincé, is G-stable and

(o,~1U Cl,,
the quotient) /1, can be viewed as@/G,-module.
3.5. The resolutionL. LetL be the free abelian group generated by symbols of the form

[a,g] (g: positive integer dividing, ac ?Z/Z) .
We equip the abelian groupwith an action ofG by the rule
ola,g =[d,d] & o¢(a)=¢(d)andg=g

for all symbols|[a,g] and [&,d]] in the canonical basis df, injective homomorphisms
¢ %Z/Z — F ando € G. We equip the groujr with a G-stable grading by declaring

that
(degree ofa,g]) := —;ordé,g = —(number of prime divisors df).



NOTE ON CYCLOTOMIC EULER SYSTEMS 7

Here and in analogous summations below the indicésand p are understood to range
over prime numbers dividing, subject to further restrictions as noted. We eduipith a
G-equivariant differentiatl of degree 1 by the rule

dla,g =Y (-1)2e<%9( [a g/ — S [b,g/4 |.
[a.g] %( ) <[ag/] [ga[ 9/ ])

Now lets be any supernatural number dividingLet L(s) be the subgroup df generated
by symbols of the form

[a,0] (g : positive integer dividing, a€ %Z/Z) .

ThenL(s) is aG- andd-stable graded subgroup bf It is known that
HO(L(s),d) = Us
via the isomorphism induced by ti@&equivariant mapping
([a,1] — [a]) : (degree zero component bfs)) — <7 ()
and that
H"(L(s),d) =0 forn=0.

In other words(L(s),d) is a resolution obls in the category o6-modules. See Anderson’s
appendix to Ouyang’s papes][for details and further discussion.
Proposition 3.6. The sequence

(—Frob,
0—>Ur/[—>' Ur/[—>U/|[—>0

is exact where the mapr% — U/I, is that induced by the inclusionrH CcU.
Proof. Let

S, :L—L(r/¢)
be the uniqgue homomorphism such that

sag= VYR Weg
&9=19 0 otherwise

for all symbols[a, g] in the canonical basis &f. The homomorphisrs, is of degree 1 and
satisfies the relation

s,d = —ds,
as can be verified by a straightforward calculation. Now consider the sequence
S: 0 L(r/f) — LU 5 L(r/0) =0

wherel' is the subgroup of generated by all elements of the form
1
[a,9]—[b,g] (gl % abe ?Z/Z, a-be ZZ/Z)

and the mag.(r/¢) — L/L’ is that induced by the inclusioh(r /¢) C L. It is easy to
verify thatX is short exact. Sinck’ is a gradedi- andG-stable subgroup df and(c, —

1)L c L, it follows thatX can be viewed as a short exact sequence of complex@s@f-
modules. Becausd*(L(r/¢),d) is concentrated in degree 0, the long exact sequence of
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G/G,-modules deduced from by takingd-cohomology has at most four nonzero terms
and after making the evident identifications takes the form

1 , 1-Frob; e
cv—0—-H (L/L,d)HUr/E—'>UrM—>U/IZHOH...

where the maer/k —U/I, is that induced by the inclusid.nr/é C U. By Lemma3.3we
have

_ —Froby, 1(¢—Frob,)
H Y L/L'.d) = ker(Ur/Z - - UW) =0,

whence the result. O
Proposition/Definition 3.7. For every prime numbef dividing r there exists a unique

homomaorphism
D, : H%(G,U/MU) = H%(G,U, ,/MU, )

such that
o,—1)x (¢{—Frob,)y
( éM x_( N ) mod|, < D,(xmodMU) =y modMU, ,
for all x € U representing a class in HG,U /MU) and ye Ur/é representing a class in

HO(G,Ur/[/MUr/E). Moreover one has

D,H%(G,Ur/MUy) c HY(G,U, ,/MU, )

for all positive integers r dividing and divisible by.

Proof. Put
X = {xeU|xrepresents a class i°(G,U/MU)},
Y = {yeu,,|(—Frobyemy,,},
Z = {(xy)eXxY (G‘f’,\]m = (#F,\;lOb‘)y mod|, }

Fix a positive integer dividing r and divisible by/. To prove the proposition it is enough
to prove the following three claims:

(1) ZN (MU xY) =MU x MU, ,,.
(2) (6—1)Zc MU x MU, forall o € G.
(3) Forallxe XNU;, there existy € YN Ur/é such thatx,y) € Z.

We turn to the proof of the first claim. Only the containmentrequires proof; the

containmenb is trivial. Suppose we are givelx,y) € ZN (MU xY). Then%’ €

[,N Ur/é and hence by Propositidh6there existz € Ur/é such that/ — Frob,)y = M(¢ —

Frob,)z. By Lemma3.3it follows thaty = Mz Thus the first claim is proved. The second
claim follows immediately from the first.
We turn finally to the proof of the third claim. Let

Py (r) — (/)
be the uniqgue homomorphism such that
pla+b]:=al
forallae £Z/Z andb € Z/Z. For each prime numberdividing r, let
Y1 (r/p) — (r)
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be the unigue homomorphism such that

=[a] — b
Yolal :=[a] péa[]

forallace ’F)Z/Z. Note thatp, commutes withy, for p # ¢ and that the composite ho-
momorphisnyp,y, induces the endomorphis(t — Frob;lﬁ) of «7(r/¢). Choose a lifting
ac /(r) of x. By hypothesis there exists an identity

(o, —1L)a=Mb+% pbp (be(r), bpe(r/p)),
pIr
and hence also an identity
0= Mp,b— (¢—Frob,)(Frob;*b,) + S ypp,bp.
pl7
Then the element € Ur/g represented by FrQ‘B b, has the desired property, namely that
(X,y) € Z. Thus the third claim is proved and with it the result. O

3.8. The universal Kolyvagin recursion. We say that a family of classes
{c € HY(G,U/MU)}

rir

indexed by the positive integerglividing r satisfies theuniversal Kolyvagin recursioif
the following conditions hold for all positive integerslividing r and prime numberé&

e ¢ € HO(G,U; /MU;) = HO(G,U, /MU;) € HO(G,U /MU).
° €|r:>D[Cr:cr/£.

The terminology is justified by the next result.
Proposition 3.9. Let

E:U—of
be any G-equivariant homomorphism such that

élecl+,/€ﬁrw

for all primes/ dividingr where, /{0, o denotes the radical of the ideal @fr.(Z) gener-

ated by/. Let
Kk HO(G,U/MU) — HO(G,F /F M) S22 Fpx /pxM
be the homomorphism induced fyLet
{c e HO(G,U/MU)}r“
be any system of classes satisfying the universal Kolyvagin recursion. Then the corre-
sponding system of classes
{kc; e F*/FM}
satisfies the Kolyvagin recursion.

rir

Proof. Fix a positive integer dividing r and a prime numbef. It suffices to prove the
following two assertions:

@) (tr)=1=«xc €0 /0.
(2) £|r=explxc], = ViKC -
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We haveéU, C 0 by theG-equivariance of, whence assertion 1 via Lemma2. We
turn to the proof of assertion 2. By hypotheéidividesr. Fix

G el &,eVy,

representing the classgsandc, s respectively. Write

éér = arﬁrM (ar 6 FX, ﬁr 6 FF()
and
~ M
§C o =0 Py (O‘r/z €00, B < ﬁr,x(e)) -

One then has
£ (o, —1& Y\ _ ploD g (E—Frob)¢ ,,\ o i pl—Fron,
M I ’ M e T
since there are no nontrivis" roots of unity in*. Choosey € [/ such that

fr\'f anda; generate the same fractiorﬁ(lé)—ideal.
One then has
0B Oy
Finally, one has

-1
-1 (-1
(%1*%) M = gol= ow glFroh = o mod , /¢0.
r/¢ »

- /e Trje ()

where the crucial middle congruence holds by Proposition/Defingigrand hypothesis.
Therefore assertion 2 holds and the proposition is proved. O

4. COMPARISONS

4.1. The universal Euler system. For each positive integerdividing r, let
X €U CU

be the class represented by

1
=| e(r)

where the interior sum is extended over all prinpedividing r. For all positive integers
dividing r and prime numberédividing r the following clearly hold:

o N = (Frob[fl)xr/k
* X=X, mod|,.
We call the family
{% eU}

rr

theuniversal Euler system
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4.2. Recovery of the Euler system by specializationOne can easily verify the existence
of a uniqueG-equivariant homomorphism

&:U—of
such that
Exe =&

for all positive integers dividing r. Thus the given Euler systef€;} is recovered by
specialization via the homomorphisfrfrom the universal Euler systefix; } . Note that

glyc1+,/to,

4.3. Universal Kolyvagin classes.Fix a positive integer dividing r. We claim that
N/% € Ur CcU

for all primes¢ dividing r.

represents a class
¢ € HY(Gy,Ur/MUy) = HO(G, Uy /MUy) € HO(G,U /MU).
For each primé dividing r one has
(0, = DNIX = —N,Nf /% = —(Frob[—l)N,’/[xr/z = 0 modMU,
by induction on the number of prime divisors af Therefore ¢; is indeed
G-invariant. We calk; the universal Kolyvagin classdexed byr.
4.4. Recovery of the Kolyvagin classes by specialization_et
k 1 HO(G,U /MU) — HO(G,Fy /M) S22 %= /=M
be the homomorphism induced By For all positive integers dividing r one has
ENIX = ‘ngr/
and hence
KCr = K.

Thus the systerik; } of Kolyvagin classes is recovered by specialization via the homo-
morphismk from the systen{c; } of universal Kolyvagin classes.

Proposition 4.5. The universal Kolyvagin classes satisfy the universal Kolyvagin recur-
sion.

Proof. Fix a positive integer dividing r. By definition the universal Kolyvagin clasgis
represented bi{/x. € U; and hence; € HO(G,Ur/MUr). One has an identity

(6,— DN ¢-1 _, (£—Frob)N;,, .,
Y = r//’,(xr—xr/g)—i— M

by Proposition/Definitiors.7. O

and henc®,c; = C /e

4.6. Remark. From Proposition8.9 and4.5 one recovers the Propositi@nb (the latter
being a reformulation of the well known Proposition 2.4 of the Rubin appendix to Lang’s
text [4]) by somewhat more conceptual means. We wonder if various well known general-
izations of Propositio2.5 (we have uppermost in mind Theorem 4.5.4 on p. 91 of Rubin’s
book [6]) could be analogously recovered.
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5. THE ACTION OFD, ON THE CANONICAL BASIS FORH?(G,U /MU)

5.1. The bigraded Z[G]-module K. Let K be the free abelian group on symbols of the
form

h: positive integer dividing some power pf
aciz/z
We equip the groulK with a bigrading and associated total grading by declaring that

(bidegree ofa,g,h]) = <— Zord[g,;ord[ h) ,

(total degree ofa,g,h]) = - ; ord,g+ ;ordﬁ h.

g: positive integer dividing
a,9,h]

We equip the grou with the unique structure of bigrad@dG]-module such that

ola,g,h = [d,d,N] = (0¢(a) = ¢(b) andg = g andh = H)
for all symbols[a, g, h] and[&’,d', h'] in the canonical basis &, injective homomorphisms
¢:1Z/7 —F) ando € G.

5.2. The differentials d and 8. For each prime numbet dividing r we define aG-
equivariant differentiatl, : K — K of bidegree(1,0) by the rule

(—1)Zr<®% 9 ([a,g/0,h] — 5 ,_lb,9/¢,h]) if €] g,
d;a,g,h] :=

0 otherwise,
and aG-equivariant differentiab, : K — K of bidegreg(0, 1) by the rule

()04, g+5,_,0rd,gh (1-0,)[ag,hf] iford,h=0mod 2,
la,g.hf = (=)™ ar< T { N,[a,g,h] n‘ordh 1 mod 2.

One can verify by a straightforward calculation that any two distinct operators in the fam-
ily {d,} U{§,} anticommute. We equi with anti-commuting differentialsl and§ of
bidegreg(1,0) and(0, 1), respectively by the rules

d[a,g,h| Zd ,[a,g.h], &[a,g,h| ;6 [a,9,h]

Since the sums above contain but finitely many nonzero terms, irdfant 6 are well-
defined. Thus we have defined a double comgleyd, §) in the category o5-modules.

5.3. Comparison with Ouyang’s definitions. We define an involutivé&-equivariant bi-
graded automorphismof K by the rule

ela,g,h] i= (—1)2r< @49V g .
By a straightforward calculation one finds that
(~1)%0<"% 9 ([a,0/, 1] — 5 1p_alb0/E:H]) i ]G,
ed,g[a,g,h]

0 otherwise,
and

8548[8 g h] = (*1)26’ ordy g+z£’<éordﬂh{ (1_ G@)[a’ 9, hﬂ] if Ord h=0mod 2,

N,[a,g,h(] if ord h=1mod 2.
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It follows thatd (resp.d) as defined in this paper ésconjugate tal (resp.d) as defined by
the rule appearing on p. 14 of Ouyang’s papdrgnd hencemutatis mutandi®©uyang’s
theory applies to the double complé%,d, §).

5.4. Identification of HO(K/MK,d + &) with H%(G,U /MU). For any positive integer
dividing r let K(r) be the subgroup df generated by all symbols of the form

0: positive integer dividing
[a,9,h] h: positive integer dividing some power of | .
aciz/z
ThenK(r) is G-, d-, andd-stable. It is explained in detail in Ouyang’s pap&f fiow to
make the identification
H*(K(r)/MK(r),d+ 8) = H*(G;,U, /MUy).
For our purposes in this note it is enough simply to know thaGrexjuivariant homomor-
phism
((class represented g, 1,1]) — (class represented g]))
: (bidegreg(0,0) component oK (r)/MK(r)) — U, /MU,
induces an isomorphism
HO(K(r)/MK(r),d + 8) SHO(Gr,Ur /MUy ) = HO(G,U; /MU).
Then, passing to the limit over we find that thes-equivariant homomorphism
((class represented bg, 1,1]) — (class represented bg|))
: (bidegreg(0,0) component oK /MK) — U /MU
induces an isomorphism
HO(K/MK,d+ 8)=HO(G,U/MU).

The latter fact can be also be verified directly by a straightforward spectral sequence argu-
ment, the key observation being that the subcomplexé&swith fixed ordinate are direct
sums of copies of the complék, d) discussed i33.5.

5.5. The canonical basis forHO(Gr,Ur/MUr). Fix a positive integer dividing r. Let
S(r) be the bigrade-, d- andd-stable subgroup d€ (r) generated by all symbola, g, h]
of the canonical basis ¢(r) of the form

[a,9,h] (if a=0, theng does not dividén).

By Proposition 5.4 on p.20 of Ouyang’s papé}, [which is the main technical result of
that paper, the quotient map
(K(r),d+8) — (K(r)/S(r),d+§)

is a quasi-isomorphism of complexes. Ouyang’s result is proved by verifying that the
induced map of spectral sequences is an isomorphigin &tlearly the family of symbols
of the form

10,9,gh] g: positive integer dividing
9.9 h: positive integer dividing some power pf

forms a graded basis fét(r)/S(r); moreover, it is easy to check that
dK(r)+ 6K(r) C S(r) + MK(r).
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The upshot is that there exists a uniqugVZ-basis
{g € HO(G,Ur /MUy )},

indexed by the positive integegsdividing r such that the corresponding clagsis rep-
resented by a 0-cocycle of the complgk(r)/MK(r),d + §) congruent moduld(r) +

MK(r) to the symbol0,g,qg]. Up to signs determined by the automorphisrdefined in

§5.3, the canonical basis constructed here coincides with the canonical basis provided by
Theorem 5.5 on p. 22 of Ouyang’s papé}. [

5.6. The canonical basis forH%(G,U /MU). Let Sbe the bigradeds-, d- and §-stable

subgroup oK generated by all symbols, g, h] of the canonical basis & of the form
[a,g,h] (if a=0, theng does not dividé).

We have

K=JK(r), s=Jsr)

r\r r\r
where in both uniong ranges over the positive integers dividing Passing to the limit
overr in the obvious way, we find that there exists a uniglidZ-basis

{& e HO(G,,U; /MU, )}

rir

for HO(G,U /MU) indexed by the positive integerglividing r such that the corresponding
class ¢ admits representation by a 0O-cocycle of the complex
(K(r)/MK(r),d + &) congruent modul&(r) + MK(r) to the symbol0,r,r]. We call the
family {C;} thecanonical basigor HO(G,U /MU).

5.7. The diagonal shift operator4,. For each prime numbefrdividing r, we define the
correspondingliagonal shiftoperatod, onK of bidegreg(1, —1) by the rule

| [ag/t,h/e] if ¢|gand?|h,
A la,g,h) = { 0 otherwise.

One has
Adp =dph,, B,Sp = Sphy,
for all prime numberg distinct from¢. One has
Ad,=dA, =0, (6,4,—40,8,)KCMK.
For every positive integardividing r one has

K(r/¢) if £dividesr,
A‘K(r)c{ {0}  otherwise.

The action ofp, therefore passes to
HO(K(r)/MK(r),d +8) = H%(Gr,U(r) /MU (1))
and in the limit to
HO(K/MK,d+ &) = HO(G,u /MU).

Our definition of the diagonal shift operatidy) is inspired by a very similar diagonal shift
operation defined on p. 3564 of the paper of Ddshd exploited there to great advantage.

Proposition 5.8. For each prime number/ dividing r the endomorphism of
H%(G,U/MU) induced by the diagonal shift operatidy coincides with D.
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Proof. Fix a positive integer dividing r and divisible by¢. Fix a class
ce HY(G,, U /MU,).

It suffices to show thaD, and the endomorphism 6f°(G,U/MU) induced byA, applied
to c give the same result. Letbe a 0-chain ifK(r) reducing moduldviK(r) to a O-cycle
representing. Write

0= (d+d8)c+Mb
whereb is a 1-chain oK (r). For any positive integey dividing r and positive integeh
dividing some power of let

(@a—agh]): «(r/g) — K(r)
be the uniqgue homomorphism such that
[ ®[g,h :=[a,g,h]
forallae 97z /7. Write

C=3 Cn®[Gh, Ac=7% cyp®gh (c5,€(r/9)
and
b= by,@[gh (by,<(r/g)
where all the sums are extended over p@irs) consisting of a positive integgrdividing r
and a positive integdrdividing a power of . Letp,: %7 (r) — </ (r /¢) andy, : <7 (r/p) —
&/ (r) be as in the proof of Proposition/Definitién?7. By hypothesis one has an identity

0= ; YoCpp | +%Co0— ; YCps | +(1—0,)C 1 +Mby,
pIr pIr
p<t p>4
and hence also an identity

0= z YoPyCpy | — (€= Frobl;y)(Frob;ch) - % YoPCps | +Mpyby
p?<r£ pp>ré
Letx € U; be the element representeddlyL and lety € Ur/é be the element represented by
o One the one hand, the clasdt(G;,U; /MU, ) represented by the 0-cocydenod M
of the complexK(r)/MK(r),d+ ) isx mod MU, and the class dﬂO(GrM,Ur/z/MUr/i)

represented by the 0-cocydec modM of the complexK(r/¢) /MK(r/¢),d+ &) isy mod
MU, . Buton the other hand, one has
(o,—1)x _ (¢—Frob,)y

= mod |
M M ¢

and hence
D,(xmodMU) =y mod MU, ,

by Proposition/Definitior8.7. Therefore the results of applyirig, and the endomorphism
of HY(G,U /MU) induced by, to the classx mod MU indeed coincide. O

Corollary 5.9. The canonical basi$c;, } satisfies the universal Kolyvagin recursion.

Proof. Clear. O



16 GREG W. ANDERSON AND Yl OUYANG

Corollary 5.10. Any system of classg¢b, } satisfying the universal Kolyvagin recursion
and the normalization p= c, is aZ/MZ-basis of H(G,U /MU).

Proof. Fix a positive integer dividing r and arbitrarily and let
r=~0;--0y
be the prime factorization af One then has
D, ---Dyr =b, =¢, =D, ---D, &

and hence
_ 0 Dfl“‘Dzn 0 _
br — ¢ € ker| HY(G;, U /MU;) ——— H%(G;,U; /MUy) | = P Z/MZ-¢,,
r'|r
r'#r
whence the result. O

5.11. Remark. From Corollary5.10it follows in particular that the systefft;, } of univer-
sal Kolyvagin classes defined §#.3is aZ/MZ-basis forH%(G,U /MU). More precisely,
it follows that for every positive integerdividing r, the family{cg}g‘r is aZ/MZ-basis

for HO(G,U;/MU;). The latter fact is none other than Theorem B on p. 2 of Ouyang’s
paper [p]; our way of proving Theorem B here is simpler than Ouyang’s original method.
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