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Abstract. We say that a group is almost abelian if every commutator is
central and squares to the identity. Now let G be the Galois group of the alge-

braic closure of the field Q of rational numbers in the field of complex numbers.

Let Gab +ε be the quotient of G universal for continuous homomorphisms to
almost abelian profinite groups and let Qab +ε/Q be the corresponding Ga-

lois extension. We prove that Qab +ε is generated by the roots of unity, the
fourth roots of the rational primes and the square roots of certain algebraic

sine-monomials. The inspiration for the paper came from recent studies of

algebraic Γ-monomials by P. Das and by S. Seo.

1. Introduction

We say that a group is almost abelian if every commutator is central and squares
to the identity. Let G be the Galois group of the algebraic closure of the field of ra-
tional numbers Q in the field C of complex numbers. Let Gab +ε be the quotient of G
universal for continuous homomorphisms to almost abelian profinite groups. Let Gε

be the kernel of the natural map of Gab +ε to the abelianization Gab of G. By con-
struction the group Gε is central in Gab +ε and killed by 2. Let Qab (resp. Qab +ε)
be the Galois extension of Q in C with Galois group Gab (resp. Gab +ε). The
Kronecker-Weber theorem determines the structure of the group Gab and provides
an explicit description of the field Qab. The theory of [Fröhlich 1983] in principle
determines the structure of the group Gab +ε but does not provide an explicit de-
scription of the field Qab +ε. Kummer theory identifies the Pontryagin dual of Gε

with H0(Gab,Qab×/Qab×2). Our purpose in this paper is to exhibit for the latter
group an explicit Z/2Z-basis, thereby obtaining a description of the field Qab +ε as
explicit as that provided for the field Qab by the Kronecker-Weber theorem. Our
method is more or less elementary and independent of the theory of [Fröhlich 1983].
The inspiration for our work came from the recent studies [Das 2000] and [Seo 2001]
of algebraic Γ-monomials.

Our main results are as follows. Let A be the free abelian group on symbols of
the form

[a] (a ∈ Q),

modulo the identifications

[a] = [b]⇔ a− b ∈ Z.
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For all prime numbers p < q, if 2 < p put

apq :=

p−1
2∑
i=1

[ i
p

]
−

q−1
2∑

k=0

[
i

pq
+
k

q

]− q−1
2∑
j=1

[ j
q

]
−

p−1
2∑
`=0

[
j

pq
+
`

p

] ,

e. g.,

a3·5 =
[

1
3

]
+
[

2
15

]
−
[

4
15

]
−
[

1
5

]
,

and if 2 = p put

apq :=

[1
4

]
−

q−1
2∑

k=0

[
1
4q

+
k

q

]− q−1
2∑
j=1

([
j

q

]
+
[
− 1

2q
+
j

q

]
−
[
j

2q

]
−
[
− 1

4q
+

j

2q

])
,

e. g.,

a2·3 :=
[

1
4

]
−
[

5
12

]
−
[

1
3

]
.

Let
sin : A → Q

ab×

be the unique homomorphism such that

sin[a] =
{

2 sinπa
(
=
∣∣1− e2πia

∣∣) if 0 < a < 1
1 if a = 0 (a ∈ Q ∩ [0, 1)).

We prove that the family of real numbers{√
`
}
`:prime

⋃
{sin apq}p,q:prime

p<q

projects to a Z/2Z-basis of the group H0
(
Gab,Qab×/Qab×2

)
and hence that

Q
ab +ε = Q

ab

({
4
√
`
}
`:prime

⋃{√
sin apq

}
p,q:prime
p<q

)
.

We actually prove more. We define a canonical injective homomorphism

D : H0
(
Gab,Qab×/Qab×2

)
→

2∧
H1(Gab,Z/2Z)

(
=

2∧(
Q
×/Q×2

))
and exhibit a preimage for each element of a natural Z/2Z-basis of the target.
(In particular, it turns out that D is an isomorphism.) Our main results are the
“Auxiliary Formula” (§3.4) and the “Main Formula” (§4.4.1). Our main technical
tools are the “Log Wedge Formula” (§3.3) and a family of combinatorial identities
of “Das type” (§4.2).

Now the fact that the homomorphism D is an isomorphism is not really new: one
can easily deduce it from [Fröhlich 1983, Theorem 4.10, p. 56]. (See Remark 4.4.3
below for a sketch of the deduction.) Rather, it is the explicit procedure developed
here for inverting the map D that is really new.

A key role is played in this paper by the universal odd ordinary distribution U−,
namely the quotient of A by the subgroup generated by all expressions of the form

[a]−
N−1∑
i=0

[
a+ i

N

]
, [a] + [1− a] (a ∈ Q, N : positive integer).
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A study of U− and related objects was made in [Kubert 1978a] and [Kubert 1978b],
building on [Sinnott 1978]. In particular, it was proved that the torsion subgroup
of U− is killed by 2. Kubert’s results combined with the idea behind the algebraic-
ity criterion of [Koblitz-Ogus 1979] yield a more or less mechanical procedure for
determining whether a given element of A represents a torsion element of U−. The
double complex method of [Anderson 1999] yields a canonical Z/2Z-basis for the
torsion subgroup of U− indexed by finite sets of prime numbers of even cardinality.
In [Das 2000, Sec. 3 and Sec. 9] it is proved that the family {apq}2<p<q represents
the “two-odd-prime” part of the canonical basis. The method of Das can easily be
modified to prove that the family {apq}p<q represents the “two-prime” part of the
canonical basis.

The torsion subgroup of U− plays an important role in the theory of algebraic
Γ-monomials. Let

Γ : A → R
×

be the unique homomorphism such that

Γ ([a]) =
{ √

2π/Γ(a) if 0 < a < 1
1 if a = 0

(a ∈ Q ∩ [0, 1)).

Now fix a ∈ A representing a torsion element of U−. By straightforward manipula-
tion of standard functional equations satisfied by Γ(s) one verifies that Γ(a) is an al-
gebraic number. Numbers of the form Γ(a) are the so called algebraic Γ-monomials.
Under mild hypotheses, a reciprocity law [Deligne-Milne-Ogus-Shih 1982, Thm. 7.15,
p. 91] due to Deligne links Γ(a) to an analogously defined Jacobi sum Hecke charac-
ter. Deligne reciprocity is the main motivation for studying algebraic Γ-monomials.

In [Das 2000] the algebraic Γ-monomials were related to algebraic sine-monomials
and properties of the latter were investigated. Again fix a ∈ A representing a tor-
sion element of U−. By [Das 2000, Thm. 6], under mild hypotheses, Γ(a) factors as
the root of a rational number times

√
sin a, and the factorization can in principle

be worked out explicitly. For example, one has

Γ(a3·5) =
Γ
(

4
15

)
Γ
(

1
5

)
Γ
(

1
3

)
Γ
(

2
15

) = 3−
1
5 5

1
12

√
sin π

3 · sin
2π
15

sin 4π
15 · sin

π
5

= 3−
1
5 5

1
12
√

sin a3·5

and

Γ(a2·3) =
Γ
(

5
12

)
Γ
(

1
3

)
√

2π Γ
(

1
4

) = 2−
1
4 3

1
8

√
sin π

4

2 · sin 5π
12 · sin

π
3

= 2−
1
4 3

1
8
√

sin a2·3.

Indeed, for all primes p < q one has

Γ(apq)√
sin apq

=


p
−(q−1)2

16q q
(p−1)2

16p if 2 < p,

2−
q−1

8 q
1
8 if 2 = p,

as is explained below in Remark 4.3.3. By [Das 2000, Thm. 11], under mild hy-
potheses, the extension Qab

(√
sin a

)
/Q is Galois, and in fact the latter is true in

general; see Proposition 4.1.8 below. By [Das 2000, Thm. 22], if a represents an
element of the canonical basis for the torsion subgroup of U− indexed by a finite
set of odd primes of cardinality at least four, then

√
sin a ∈ Qab.
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The theory of [Das 2000] begs the question as to the nature of the Galois ex-
tensions of the form Q

ab
(√

sin apq
)
/Q. In order to begin answering that question,

Das calculated (see [Das 2000, end of Sec. 16]) the structure of the central extension

1→ {±1} → Gal
(
Q

(
e

2πi
60 ,
√

sin a3·5

)
/Q
)
→ (Z/60Z)× → 1

explicitly and in particular proved that the middle group is nonabelian. That
calculation of Das was the primary inspiration for this paper.

Another important inspiration was the striking result [Seo 2001, Prop. 2.3] ac-
cording to which, for all odd primes p < q, one has

(−1)vp(sin apq) =
(
q
p

)
, (−1)vq(sin apq) =

(
p
q

)
,

where
(
·
·

)
is the Legendre symbol, vp is any additive valuation of Qab above p

such that vp
(

1− e
2πi
p

)
= 1, and vq is analogously chosen above q. It follows that

if
(
p
q

)
= −1 or

(
q
p

)
= −1, then

√
sin apq cannot belong to Qab. Seo’s result

greatly encouraged the author to attempt the calculations detailed in this paper.
In Remark 5.2.7 we briefly sketch another proof of Seo’s formula.

2. Group-theoretical background

2.1. The category of N-profinite groups. We say that a topological group G
is N-profinite if G is compact and there exists a chain U1 ⊇ U2 ⊇ U3 ⊇ . . . of open
normal subgroups of G forming a neighborhood base at the origin. A morphism
of N-profinite groups is by definition a continuous homomorphism of topological
groups; thus the N-profinite groups form a category. The Galois group of any
Galois extension of countable fields is N-profinite, and so the category of N-profinite
groups is large enough for our number-theoretic purposes. (But the Galois group
of an algebraic closure of the field of rational functions in one variable over the field
of complex numbers is not N-profinite.) One can show that a compact topological
group G is N-profinite if and only if G has a countable neighborhood base consisting
of open compact sets.

Proposition 2.2. Let G be an N-profinite group. Let H be a closed normal sub-
group of G. There exists a function ϑ : G→ G with the following properties:

• ϑ is continuous.
• ϑ is constant on cosets of H in G.
• ϑ(σ) ∈ σH for all σ ∈ G.

Proof. Fix a descending chain U1 ⊇ U2 ⊇ U3 ⊇ . . . of open normal subgroups of
G forming a neighborhood base at the origin. Choose a set S1 of representatives
for the cosets of HU1 in G. For each index i > 1 choose a set Si ⊆ Ui−1 of
representatives for the cosets of HUi in HUi−1. For each index i let ϑi : G → G
be the unique map collapsing each coset of HUi in G to its unique representative
in the finite set S1 · · ·Si. The uniform limit ϑ of the maps ϑi exists and has all the
desired properties. �
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2.3. Cochains, cocycles, coboundaries and cohomology classes. Let G be a
topological group. Let A be a topological abelian group equipped with a continuous
left G-action. For each nonnegative integer n, let Cn(G,A) denote the group of
continuous functions

a = ((σ1, . . . , σn) 7→ aσ1,...,σn) : Gn → A,

and equip the graded group

C∗(G,A) :=
⊕

Cn(G,A)

with a differential δ of degree 1 by the standard rule

(δa)σ1,...,σn+1 = σ1aσ2,...,σn+1 +· · ·+(−1)iaσ1,...,σiσi+1,...,σn+1 +· · ·+(−1)n+1aσ1,...,σn .

Elements of Cn(G,A) will be called cochains of degree n. In low degree the differ-
ential δ takes the form

(δa)σ1 = σ1a− a if n = 0,
(δa)σ1,σ2 = σ1aσ2 − aσ1σ2 + aσ1 , if n = 1,

(δa)σ1,σ2,σ3 = σ1aσ2,σ3 − aσ1σ2,σ3 + aσ1,σ2σ3 − aσ1,σ2 if n = 2.

Elements of the groups

Zn(G,A) := ker
(
δ : Cn(G,A)→ Cn+1(G,A)

)
,

Bn(G,A) := image
(
δ : Cn−1(G,A)→ Cn(G,A)

)
,

Hn(G,A) := Zn(G,A)/Bn(G,A)

will be called n-cocycles, n-coboundaries and cohomology classes of degree n, re-
spectively. If G is profinite and A is discretely topologized, then Hn(G,A) is the
usual Galois cohomology group of degree n.

2.4. Cup product. Let G be a topological group and let A be a commutative
topological ring equipped with a continuous G-action. Given a ∈ Cp(G,A) and
b ∈ Cq(G,A), put

(a ∪ b)σ1,...,σp+q = aσ1,...,σp · σ1 · · ·σpbσp+1,...,σp+q ,

thereby defining the cup product a ∪ b ∈ Cp+q(G,A) of the cochains a and b. For
p = q = 1 one has

(a ∪ b)σ1,σ2 = aσ1 · σ1bσ2 .

In general one has
δ(a ∪ b) = (δa) ∪ b+ (−1)pa ∪ (δb)

and thus the cup product construction induces a product in H∗(G,A).

2.5. Extensions in the category of N-profinite groups. Let G be an N-
profinite group and let A be an N-profinite abelian group equipped with a con-
tinuous left G-action. An exact sequence

Σ : 1→ A
i→ U

p→ G→ 1

in the category of N-profinite groups such that

ui(a)u−1 = i(p(u)a) (u ∈ U, a ∈ A)

is called an extension of G by A in the category of N-profinite groups. If A is a
trivial G-module, the homomorphism i : A→ U takes values in the center of U ; in
such a case one says that Σ is a central extension. Extensions Σ and Σ′ of G by A
are said to be isomorphic if there exists an isomorphism ψ : U ∼→U ′ of N-profinite
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groups such that ψ ◦ i = i′ and p′ ◦ ψ = p. A set-theoretic splitting ϑ : G → U
of Σ is a continuous map such that p ◦ ϑ = idG. Set-theoretic splittings exist by
Proposition 2.2. We say that Σ is trivial if there exists a set-theoretic splitting
that is also a group homomorphism. Any two trivial extensions of G by A are
isomorphic. Each set-theoretic splitting ϑ of Σ gives rise to a cochain a ∈ C2(G,A)
by the rule

ϑ(σ)ϑ(τ) = i(aσ,τ )ϑ(στ) (σ, τ ∈ G).
Associativity of the group law in U forces a to be a 2-cocycle. The cohomology
class of the 2-cocycle a depends only the isomorphism class of the extension Σ
and accordingly is denoted [Σ]. Every 2-cocycle representing the cohomology class
[Σ] arises from some set-theoretic splitting of Σ. The construction Σ 7→ [Σ] puts
isomorphism classes of extensions of G by A in the category of N-profinite groups
into bijective correspondence with H2(G,A) and sends every trivial extension to 0.

2.6. Almost abelian N-profinite groups. Let G be an N-profinite group and
put

[σ, τ ] := στσ−1τ−1 (σ, τ ∈ G).
The abelianization Gab of G is the abelian quotient of G universal for morphisms
to abelian N-profinite groups. One has

Gab = G/[G,G],

where [G,G] is the closed subgroup of G topologically generated by the set

{[σ, τ ] | σ, τ ∈ G}.
We say that G is almost abelian if [σ, τ ] is central and 2-torsion for all σ, τ ∈ G.
We define Gab +ε to be the almost abelian quotient of G universal for morphisms
to almost abelian N-profinite groups. One has

Gab +ε = G/[G,G]ε,

where [G,G]ε is the closed subgroup of [G,G] topologically generated by the set

{[σ, τ ]2 | σ, τ ∈ G} ∪ {[σ, [τ, η]] | σ, τ, η ∈ G}.
Put

Gε := [G,G]/[G,G]ε.
The preceding constructions fit together to form a canonical central extension

ΣεG : 1→ Gε → Gab +ε → Gab → 1

of N-profinite groups. We remark that the Pontryagin dual of Gε is canonically
isomorphic to H1(Gε,Z/2Z) and that the latter is a vector space over Z/2Z of at
most countably infinite dimension.

Proposition 2.7. Let G be an N-profinite group. Let H2(Gab,Z/2Z)− be the
quotient of H2(Gab,Z/2Z) by the subgroup consisting of all cohomology classes of
the form [Σ] for some extension Σ of Gab by Z/2Z the middle group of which
is abelian. For each c ∈ H1(Gε,Z/2Z), view c as a continuous homomorphism
Gε → Z/2Z, and let

(a 7→ c ◦ a) : H2(Gab, Gε)→ H2(Gab,Z/2Z)

be the map induced by c in degree 2 cohomology. The homomorphism

(c 7→ c ◦ [ΣεG]) : H1(Gε,Z/2Z)→ H2(Gab,Z/2Z)
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followed by the projection

H2(Gab,Z/2Z)→ H2(Gab,Z/2Z)−

is injective.

Proof. Fix 0 6= c ∈ H1(Gε,Z/2Z) and consider the extension

Σ : 0→ Z/2Z→ Gab +ε/ ker c→ Gab → 1.

Then
[Σ] = c ◦ [ΣεG]

and the middle group of Σ is nonabelian by definition of Gab. �

Lemma 2.8. Let G =
∏∞
i=1Gi be an abelian N-profinite group decomposed as a

countable product of cyclic profinite groups Gi. Let an extension

Σ : 0→ Z/2Z→ U → G→ 1

of N-profinite groups be given. Let

a ∈ Z2(G,Z/2Z)

be any 2-cocycle representing the cohomology class

[Σ] ∈ H2(G,Z/2Z).

For each index i fix σi ∈ G with the following properties:

• σi projects to a topological generator of Gi.
• σi projects to 1 ∈ Gj for all indices j 6= i.

Put
αij :≡ aσi,σj + aσj ,σi mod 2

for all indices i < j. Then the following hold:

(1) αij vanishes for all but finitely many pairs of indices.
(2) αij vanishes if and only if σi and σj have liftings to U that commute.
(3) αij depends only on the cohomology class [Σ].
(4) If σi or σj is the square of an element of G, then αij vanishes.
(5) The middle group U of Σ is abelian if and only if all the αij vanish.

Proof. Fix a set-theoretic splitting ϑ of Σ giving rise to the 2-cocycle a.
1. By hypothesis one has

(δa)1,1,σ − (δa)σ,1,1 ≡ a1,σ + aσ,1 ≡ 0 mod 2 (σ ∈ G)

and there exists an open normal subgroup V ⊆ G such that aσ,τ depends only on
the pair of cosets (σV, τV ). It follows that if either σi ∈ V or σj ∈ V , then αij
vanishes. But one has σi ∈ V for all but finitely many indices i.

2. The following statements are equivalent:

• The coefficient αij vanishes.
• ϑ(σi) and ϑ(σj) commute.
• σi and σj have liftings to U that commute.
• Any liftings of σi and σj to U commute.
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3. By what we have already proved, the coefficients αij depend only on the
isomorphism class of the extension Σ and hence only on the cohomology class [Σ].

4. Suppose, say, that σi = τ2 for some τ ∈ G. Then

ϑ(τ)2c = ϑ(σi), ϑ(τ)ϑ(σj) = ϑ(σj)ϑ(τ)c′

where c and c′ belong to the center of U , and hence

ϑ(σi)ϑ(σj) = ϑ(τ)ϑ(σj)ϑ(τ)c′c = ϑ(σj)ϑ(τ)c′ϑ(τ)c′c = ϑ(σj)ϑ(σi),

i. e., ϑ(σi) and ϑ(σj) commute, and hence the coefficient αij vanishes.
5. All the coefficients αij vanish if and only if the elements of the family {ϑ(σi)}

commute among themselves. But the union of the latter family with ker(U → G)
generates U topologically. �

Proposition 2.9. Let G be an abelian N-profinite group admitting decomposition
as a countably infinite product of cyclic profinite groups. The cup product induces
an isomorphism

2∧
H1(G,Z/2Z)∼→H2(G,Z/2Z)−

of vector spaces over Z/2Z, where H2(G,Z/2Z)− is as defined in Proposition 2.7.

Proof. For each e ∈ Z1(G,Z/2Z) = H1(G,Z/2Z), the cohomology class of the 2-
cocycle e∪ e vanishes in the quotient H2(G,Z/2Z)− by Lemma 2.8. Therefore the
cup product induces a well defined map

2∧
H1(G,Z/2Z)→ H2(G,Z/2Z)−.

Fix a decomposition G =
∏∞
i=1Gi of G as a countably infinite product of cyclic

profinite groups Gi and for each index i fix σi ∈ G with the properties specified in
Lemma 2.8. Let I be the set of indices i such that Gi 6⊆ G2. For each index i ∈ I
there exists a unique 1-cocycle

ei ∈ Z1(G,Z/2Z) = H1(G,Z/2Z)

such that
(ei)σj ≡ δij mod 2

for all indices j. Then the family
{ei}i∈I

is a Z/2Z-basis for H1(G,Z/2Z) and hence the family

{ei ∧ ej}i,j∈I
i<j

is a Z/2Z-basis for
∧2

H1(G,Z/2Z). By Lemma 2.8 the cohomology classes of the
2-cocycles belonging to the family

{ei ∪ ej}i,j∈I
i<j

remain independent over Z/2Z in H2(G,Z/2Z)−. Therefore the map in question is
injective. For any a ∈ Z2(G,Z/2Z) the cohomology class of the two-cocycle

a+
∑
i,j∈I
i<j

(aσi,σj + aσj ,σi)ei ∪ ej
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vanishes in the quotient H2(G,Z/2Z)− by Lemma 2.8. Therefore the map in ques-
tion is surjective. �

Proposition 2.10. For any N-profinite group G, the group [G,G]ε is the inter-
section of all relatively open subgroups of [G,G] that are of index 2 in [G,G] and
normal in G.

Proof. Let H be the intersection of all relatively open subgroups of [G,G] that are
of index 2 in [G,G] and normal in G. Since the quotient G/H is almost abelian,
one has [G,G]ε ⊆ H. Since the continuous linear functionals Gε → Z/2Z separate
points, one has H ⊆ [G,G]ε. �

3. The homomorphism D

3.1. The setting for the rest of the paper.

3.1.1. Let Q be the algebraic closure of the field Q of rational numbers in the field
C of complex numbers. Let Qab be the compositum of all subfields K ⊆ Q abelian
over Q. Let Qab +ε be the compositum of all subfields K ⊆ Q that are quadratic
over Qab and Galois over Q. (In the terminology of [Das 2000] such extensions
K/Q would be called double coverings of Qab.) Let G denote the Galois group of
Q/Q. One has

Gab = Gal(Qab/Q), Gab +ε = Gal(Qab +ε/Q), Gε = Gal(Qab +ε/Qab)

by Proposition 2.10 and the definitions.

3.1.2. Put
S := {−1} ∪ {rational prime numbers}.

The family
{p mod Q×2}p∈S

is a Z/2Z-basis for Q×/Q×2. For each p ∈ S we define a 1-cocycle

ep ∈ Z1(Gab,Z/2Z) = H1(Gab,Z/2Z)

by the rule
σ
√
p = (−1)(ep)σ

√
p (σ ∈ Gab).

By Kummer theory the family
{ep}p∈S

is a Z/2Z-basis for H1(Gab,Z/2Z).

3.1.3. Let G−1 ⊂ Gab be the subgroup generated by the restriction of complex
conjugation to Qab. For each odd prime p, let Gp ⊂ Gab be the inertia subgroup at
p. Let G2 ⊂ Gab be the subgroup of the inertia subgroup at 2 fixing

√
−1. For all

p ∈ S the profinite group Gp is cyclic and has nonzero 2-rank. By the Kronecker-
Weber theorem the family {Gp}p∈S is the family of “coordinate axes” for a decom-
position of Gab into a product of cyclic profinite groups indexed by S. It follows
by Proposition 2.9 that we can identify H2(Gab,Z/2Z)− with

∧2
H1(Gab,Z/2Z).

Note that the family
{ep ∧ eq}p,q∈S

p<q

is a Z/2Z-basis for
∧2

H1(Gab,Z/2Z).
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3.1.4. For each p ∈ S we arbitrarily fix a topological generator σp of Gp. Note
that σ−1 is the restriction to Qab of complex conjugation. Note that

(ep)σq ≡ δpq mod 2 (p, q ∈ S),

i. e., the families {σp}p∈S and {ep}p∈S are in a convenient way dual.

3.2. The definition of D. We define

D : H0
(
Gab,Qab×/Qab×2

)
→

2∧
H1(Gab,Z/2Z)

to be the injective homomorphism obtained as the composite of the following three
homomorphisms:

• The canonical isomorphism

H0(Gab,Qab×/Qab×2)∼→H1(Gε,Z/2Z)

provided by Kummer theory combined with Proposition 2.10.

• The canonical injective homomorphism

H1(Gε,Z/2Z)→ H2(Gab,Z/2Z)−

provided by Proposition 2.7.

• The inverse of the canonical isomorphism
2∧
H1(Gab,Z/2Z)∼→H2(Gab,Z/2Z)−

provided by Proposition 2.9.

The map D is the focus of our investigation.

3.3. The Log Wedge Formula. We carry out the diagram-chase necessary to
make the map D usably explicit.

3.3.1. Fix u ∈ Qab× such that

(u mod Qab×2) ∈ H0(Gab,Qab×/Qab×2).

The 1-cocycle
c ∈ Z1(Gε,Z/2Z) = H1(Gε,Z/2Z)

defined by the rule
σ
√
u = (−1)cσ

√
u (σ ∈ Gε)

is the one corresponding via Kummer theory to the class u mod Qab×2.

3.3.2. Let
ϑ : Gab → Gab +ε

be any set-theoretic splitting of the canonical central extension ΣεG. The 2-cocycle

a ∈ Z2(Gab,Z/2Z)

defined by the formula

aσ,τ = cϑ(σ)ϑ(τ)ϑ(στ)−1 (σ, τ ∈ Gab)

represents the cohomology class c ◦ [ΣεG] ∈ H2(Gab,Z/2Z).
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3.3.3. Let
{vσ}σ∈Gab

be a locally constant family of elements of Qab× such that

σu = v2
σu (σ ∈ Gab).

Define a 1-cochain
f ∈ C1(Gab,Z/2Z)

by the rule
ϑ(σ)
√
u = (−1)fσvσ

√
u (σ ∈ Gab).

A straightforward if tedious calculation gives the formula

(−1)aσ,τ
√
u = ϑ(σ)ϑ(τ)ϑ(στ)−1

√
u = (−1)(δf)σ,τ (δv)σ,τ

√
u (σ, τ ∈ Gab).

The latter says that the 2-cocycle

δ log−1 v ∈ Z2(Gab,Z/2Z)

also represents the cohomology class c ◦ [ΣεG], where

log−1 : {±1}∼→Z/2Z
is the evident (and only) isomorphism.

3.3.4. Put

αpq :=
(δv)σp,σq
(δv)σq,σp

=
σpvσq/vσq
σqvσp/vσp

∈ {±1}
(
p, q ∈ S
p < q

)
.

By Lemma 2.8 one has αpq = 1 for all but finitely many pairs {p < q} and the
image in H2(Gab,Z/2Z)− of the cohomology class of the 2-cocycle

δ log−1 v +
∑
p,q∈S
p<q

log−1 αpq · ep ∪ eq

vanishes. We arrive finally at the result

D(u mod Qab×2) =
∑
p,q∈S
p<q

log−1 αpq · ep ∧ eq

to which in the sequel we refer as the Log Wedge Formula.

3.4. The Auxiliary Formula. Here is an easy first application of the Log Wedge
Formula. Let ` be any prime number. One has

√
` ∈ Q(ζ4`)× and hence there

exists a unique function
(σ 7→ vσ) : Gab → {1, i}

factoring through Gal(Q(ζ4`)/Q) such that

σ
√
` = v2

σ

√
`
(

equivalently: v2
σ = (−1)(e`)σ

)
(σ ∈ Gab).

For all p, q ∈ S one has

σpvσq/vσq =
{
−1 if p = −1 and q = `,

1 otherwise,

and hence
D
(√

` mod Qab×2
)

= e−1 ∧ e`
by the Log Wedge Formula. We refer to the result above as the Auxiliary Formula.
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3.5. Motivating example.

3.5.1. The main work of the paper, which commences formally in §4, is the con-
struction of sine-monomial identities shedding light on the structure of the ho-
momorphism D via the Log Wedge Formula. To motivate that work we present
a calculation of D

(
sin a3·5 mod Qab×2

)
that illustrates in a relatively nontechni-

cal way the process of extracting group-extension information from sine-monomial
identities. The sine-monomial notation and the symbol

a3·5 =
[

1
3

]
+
[

2
15

]
−
[

4
15

]
−
[

1
5

]
are as defined in the introduction to the paper. The calculation to be presented is
essentially just a reworking in our set up of the analysis of the central extension

1→ {±1} → Gal
(
Q

(
e

2πi
60 ,
√

sin a3·5

)
/Q
)
→ (Z/60Z)× → 1

carried out in [Das 2000, end of Sec. 16].

3.5.2. Put

ζ60 := e
2πi
60 .

We may assume that the generators {σp}p∈S of Gab are chosen in such a way that

σpζ60 =



ζ41
60 if p = 3,

ζ37
60 if p = 5,

ζ−1
60 if p = −1,

ζ60 if p = 2 or p > 5

for all p ∈ S. It turns out that one has

σp sin a3·5 = (sin a3·5)/ (sin cp)
2

for all p ∈ S where

cp :=



[
1
15

]
+
[

2
15

]
if p = 3,

−
[

1
15

]
+
[

2
15

]
−
[

4
15

]
if p = 5,

0 if p = −1, p = 2, or p > 5.

For p distinct from 3 and 5 the identity above is of course trivial. See Remark 4.3.4
for a proof in the nontrivial cases p = 3 and p = 5. By writing down the family of
identities above we beg the question as to how one goes about systematically con-
structing such identities. Answering that question is the business of the next section
of the paper. Note that the family of sine-monomial identities above confirms the
observation of Das that the extension Q

(
ζ60,
√

sin a3·5
)
/Q is Galois.
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3.5.3. If we take
vσp = 1/ sin cp

for all p ∈ S and correspondingly take

αpq =
σq sin cp/ sin cp
σp sin cq/ sin cq

= sign
σq sin cp
σp sin cq

for all p, q ∈ S such that p < q, then the formula

D
(
sin a3·5 mod Qab×2

)
=
∑
p,q∈S
p<q

log−1 sign
σq sin cp
σp sin cq

· ep ∧ eq

is what we get by correspondingly specializing the Log Wedge Formula. Note that
every term in the sum above save the one indexed by (p, q) = (3, 5) vanishes for
more or less trivial reasons. To finish off the calculation, observe that

σ5 sin c3 =
ζ2·37
60 − ζ−2·37

60

i
· ζ

4·37
60 − ζ−4·37

60

i

=
ζ14
60 − ζ−14

60

i
· ζ

28
60 − ζ−28

60

i
> 0

σ3 sin c5 =
i

ζ2·41
60 − ζ−2·41

60

· ζ
4·41
60 − ζ−4·41

60

i
· i

ζ8·41
60 − ζ−8·41

60

=
i

ζ22
60 − ζ

−22
60

· ζ
44
60 − ζ−44

60

i
· i

ζ28
60 − ζ

−28
60

< 0

and hence
D
(
sin a3·5 mod Qab×2

)
= e3 ∧ e5.

This last confirms the observation of Das that the Galois extension
Q

(
ζ60,
√

sin a3·5
)
/Q is nonabelian and suggests (as is in fact the case) that one

has D
(
sin apq mod Qab×2

)
= ep ∧ eq in general.

4. The Main Formula

4.1. The universal ordinary distribution and related apparatus.

4.1.1. We denote by A the free abelian group on symbols of the form

[a] (a ∈ Q)

modulo the identifications

[a] = [b]⇔ a− b ∈ Z.

Put
e(a) := e2πia (a ∈ Q).

We equip A with the unique action of Gab such that

σ[a] = [b]⇔ σe(a) = e(b) (a, b ∈ Q, σ ∈ Gab).
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4.1.2. For each prime number p we define

Yp : A → A
to be the unique endomorphism such that

Yp[a] := [a]−
p−1∑
i=0

[
a+ i

p

]
(a ∈ Q).

The operator Yp is Gab-equivariant. The operators Yp commute among themselves.
Put

U :=
A∑
p YpA

, U− :=
A

(1 + σ−1)A+
∑
p YpA

,

thereby defining the universal ordinary distribution and the universal odd ordinary
distribution, respectively. The action of Gab on A descends to U and U−. By
[Kubert 1978a], the group U is free abelian. It follows that the torsion subgroup of
U− can be identified with the cohomology group H2(〈σ−1〉, U), and in particular
that the torsion subgroup of U− is killed by 2. By [Kubert 1978b], the group Gab

operates trivially on the torsion subgroup of U−. We mention that Kubert’s work
built upon that of [Sinnott 1978].

4.1.3. We denote by A′ the subgroup of A generated by all symbols of the form

[a]
(
a ∈ Q \ 1

2
Z

)
.

Notice that A′ is stable under the action of Gab and stable also under the action
of all the operators Yp. We call a homomorphism

H : A′ → A′

a lifting operator if the identities

H2 = H, H + σ−1Hσ−1 = 1

hold, in which case
A′ = HA′ ⊕ σ−1HA′

and one has implications

(1 + σ−1)x = 0 ⇒ x = (1− σ−1)Hx
(1− σ−1)x = 0 ⇒ x = (1 + σ−1)Hx (x ∈ A′).

4.1.4. To each partition

(0, 1) ∩
(
Q \ 1

2
Z

)
= T

∐
{1− a | a ∈ T}

is attached a unique lifting operator

HT : A′ → A′

such that

HT [a] =
{

[a] if a ∈ T
0 if a 6∈ T

(
a ∈ (0, 1) ∩

(
Q \ 1

2
Z

))
.

Following [Das 2000], we call

H := H(0,1/2)∩Q

the canonical lifting operator.
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4.1.5. We define
ξ : A → Q

ab×

to be the unique homomorphism such that

ξ[a] =
{

1− e(a) if a 6= 0
1 if a = 0 (a ∈ [0, 1) ∩Q).

The homomorphism ξ is Galois equivariant. One has

ξ (Yp [a]) =
{

1 if a 6= 0
p−1 = (p−1/2)2 if a = 0

(p: prime, a ∈ [0, 1) ∩Q)

and

ξ ((1 + σ−1)[a]) =
{

1 if a = 0
|1− e(a)|2 = 4 sin2 πa if a 6= 0

(a ∈ [0, 1) ∩Q).

It follows that ξ induces a Gab-equivariant homomorphism

U− → Q
ab×/Qab×2

and hence a homomorphism

(torsion subgroup of U−)→ H0
(
Gab,Qab×/Qab×2

)
.

Note also that ξ kills
∑
p YpA′.

4.1.6. We define a homomorphism

sin : A → Q
ab×

by the rule

sin[a] :=
{

2 sinπa if a ∈ Q ∩ (0, 1),
1 if a = 0.

One then has
sin a = |ξ(a)| (a ∈ A).

Let A′′ denote the subgroup of A′ generated by elements of the form

[a] (a ∈ (0, 1) ∩Q ∩ Z2),

where Z2 denotes the 2-adic completion of Z. Let

P : A′′ → A′′

be the unique idempotent endomorphism such that

P[a] =
{

[a] if a is a 2-adic unit
0 otherwise (a ∈ (0, 1) ∩Q ∩ Z2).

Now a ∈ (0, 1) ∩Q ∩ Z2 is a 2-adic unit if and only if 1− a is not a 2-adic unit; it
follows that one has an identity

Pa + σ−1Pσ−1a = a (a ∈ A′′).

Let
deg : A → Z

be the unique homomorphism such that

deg[a] = 1 (a ∈ Q).
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Proposition 4.1.7. One has

signσ sin a =
σ sin a
sinσa

= (−1)deg P(1−σ)a

(
σ
√
−1√
−1

)deg a

(a ∈ A′′, σ ∈ Gab).

Proof. For each a ∈ Q ∩ Z2 there exists a solution ã ∈ Q ∩ Z2 of the congruence

2ã ≡ a mod Z

unique modulo Z because (Q∩Z2)/Z is the subgroup of Q/Z consisting of elements
of odd order. For all a ∈ Q ∩ (0, 1) ∩ Z2 one has

a

2
≡ ã+

1
2

mod Z⇔ a is a 2-adic unit.

It follows that one has an identity

|1− e(a)| = 2 sinπa = (−1)deg P[a] e(ã)− e(−ã)
e(1/4)

(a ∈ (0, 1) ∩Q ∩ Z2).

Let
ξ̃ : A′′ → Q

ab×

be the unique homomorphism such that

ξ̃[a] = e(ã)− e(−ã) (a ∈ (0, 1) ∩Q ∩ Z2).

Then ξ̃ is Gab-equivariant and one has an identity

sin a = (−1)deg Pa ξ̃(a)
e(1/4)deg a

(a ∈ A′′),

whence the result. �

Proposition 4.1.8. For every a ∈ A representing a torsion element of U−, the
extension Qab(

√
sin a)/Q is Galois. (Cf. [Das 2000, Thm. 11].)

Proof. For every a ∈ A the ratio ξ(a)/ sin a is a root of unity. Therefore the
homomorphism

(torsion subgroup of U−)→ H0
(
Gab,Qab×/Qab×2

)
induced by ξ : A → Q

ab× is also induced by sin : A → Q
ab×. �

4.2. Identities of Das type. We carry out by ad hoc methods tailored to our
needs what are in effect diagram-chases through the double complex employed by
[Das 2000].

4.2.1. Fix a lifting operator
H : A′ → A′,

distinct prime numbers p and q, and x ∈ A such that

Ypx, Yqx ∈ A′, (1− σ−1)x = 0.

One has
(1− σ−1)Ypx = 0, (1− σ−1)Yqx = 0

and hence
Ypx = (1 + σ−1)HYpx, Yqx = (1 + σ−1)HYqx.

One has

(1 + σ−1)(YqHYp − YpHYq)x = (Yq(1 + σ−1)HYp − Yp(1 + σ−1)HYq)x = 0,
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hence
(1− σ−1)(HYpHYq −HYqHYp)x = (YpHYq − YqHYp)x,

and hence
2(HYpHYq −HYqHYp)x

= (YpHYq − YqHYp)x + (1 + σ−1)(HYpHYq −HYqHYp)x.
We refer to the latter relation as the first Das identity.

4.2.2. Fix lifting operators
H, H̄ : A′ → A′,

distinct prime numbers p and q, and x ∈ A such that

Ypx, Yqx ∈ A′, (1− σ−1)x = 0.

Put
a := (HYpHYq −HYqHYp)x, ā := (H̄YpH̄Yq − H̄YqH̄Yp)x,

and
b := (YpH(H − H̄)Yq − YqH(H − H̄)Yp)x, c := H(a− ā)−Hb.

One has
(1 + σ−1)(H − H̄)Yqx = 0, (1 + σ−1)(H − H̄)Ypx = 0,

hence
(H − H̄)Yqx = (1− σ−1)H(H − H̄)Yqx,
(H − H̄)Ypx = (1− σ−1)H(H − H̄)Ypx,

hence

(1− σ−1)(a− ā) = (Yp(H − H̄)Yq − Yq(H − H̄)Yp)x = (1− σ−1)b

and hence
a− ā = b + (1 + σ−1)c.

We refer to the latter relation as the second Das identity.

4.2.3. Fix a lifting operator
H : A′ → A′,

distinct primes p and q, and x ∈ A such that

Ypx, Yqx ∈ A′, (1− σ)x = 0 (σ ∈ Gab).

Put
a := (HYpHYq −HYqHYp)x.

For each σ ∈ Gab put

bσ := YpH(1− σ)HYqx− YqH(1− σ)HYpx ∈ YpA′ + YqA′,

cσ := H(1− σ)a−Hbσ ∈ A′.
After making the substitution H̄ = σHσ−1 in the second Das identity and simpli-
fying, one obtains the family of identities

(1− σ)a = bσ + (1 + σ−1)cσ (σ ∈ Gab)

to which we refer in the sequel as the Das conjugation formula. Note that all the
expressions bσ belong to the kernel of the homomorphism ξ. It follows that the Das
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conjugation formula specializes under the homomorphism ξ to a family of numerical
identities

σξ(a) = ξ(a)/ sin2 cσ (σ ∈ Gab)

in which the expressions bσ figure not at all.

4.3. Das classes.

4.3.1. Let a lifting operator
H : A′ → A′

and primes p < q be given. Put

a := (HYpHYq −HYqHYp) ·
{

[0] if 2 < p < q,
[0] + [1/2] otherwise.

In the present situation the identities of Das type have the following implications:
• a represents a 2-torsion Gab-invariant element of U− independent of H.
• ξ(a) is a real number and hence ξ(a) = ± sin a.
• sin a represents a class in H0

(
Gab,Qab×/Qab×2

)
independent of H.

• One has a family of numerical identities

σ sin a = sin a/ sin2 cσ (σ ∈ Gab)

where {cσ} is the cochain figuring in the Das conjugation formula.
We call the torsion element of U− represented by a the Das class associated to the
pair {p < q} of prime numbers.

4.3.2. For all primes p < q, put

apq := (HYpHYq −HYqHYp) ·
{

[0] if 2 < p < q,
[0] + [1/2] otherwise,

thereby defining the canonical representative of the Das class associated to the pair
{p < q} of primes. For 2 < p < q one has

apq =

 p−1
2∑
i=1

[ i
p

]
−

q−1
2∑

k=0

[
i

pq
+
k

q

]−
 q−1

2∑
j=1

[ j
q

]
−

p−1
2∑
`=0

[
j

pq
+
`

p

] ,

e. g.,

a3·5 =
[

1
3

]
+
[

2
15

]
−
[

4
15

]
−
[

1
5

]
.

For 2 = p < q one has

apq =

[1
4

]
−

q−1
2∑

k=0

[
1
4q

+
k

q

]− q−1
2∑
j=1

([
j

q

]
+
[
− 1

2q
+
j

q

]
−
[
j

2q

]
−
[
− 1

4q
+

j

2q

])
,

e. g.,

a2·3 :=
[

1
4

]
−
[

5
12

]
−
[

1
3

]
.

The discovery that apq for 2 < p < q represents a torsion element of U− is due to
Das; see [Das 2000, Sec. 9].
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Remark 4.3.3. Let Γ : A → R
× be the unique homomorphism such that

Γ ([a]) =
{ √

2π/Γ(a) if 0 < a < 1
1 if a = 0

(a ∈ Q ∩ [0, 1)).

The well known functional equations satisfied by the Γ-function become in the
present context the identities

Γ([a] + [−a]) = 2 sinπa, Γ(Yp[a]) = p1/2−a (a ∈ Q ∩ (0, 1)).

For all primes p < q, we then have

Γ(apq)√
sin apq

=

√
Γ
(

(YpHYq − YqHYp) ·
{

[0] if 2 < p
[0] + [1/2] if 2 = p

)

=


p
−(q−1)2

16q q
(p−1)2

16p if 2 < p

2−
q−1

8 q
1
8 if 2 = p

by the first Das identity. The formula above (in the case 2 < p) was discovered by
Das (see [Das 2000, Sec. 9]) and the proof of that formula is where we got the idea
for the technical tool that we are calling the first Das identity.

Remark 4.3.4. Consider the Das conjugation formula in the special case

H = H, p = 3, q = 5, x = [0].

We have

(1− σ)a = bσ + (1 + σ−1)cσ (σ ∈ Gab)

where

a = (HYpHYq −HYqHYp)[0] =
[

1
3

]
+
[

2
15

]
−
[

4
15

]
−
[

1
5

]
= a3·5

and

bσ = Y3H(1− σ)HY5[0]− Y5H(1− σ)HY3[0] ∈ Y3A′ + Y5A′,

cσ = H(1− σ)a−Hbσ ∈ A′.

For σ3, σ5 ∈ Gab such that

σ3

[
1
60

]
=
[

41
60

]
, σ5

[
1
60

]
=
[

37
60

]
,

we find after a tedious but completely straightforward calculation that

cσ3 =
[

1
15

]
+
[

2
15

]
, cσ5 = −

[
1
15

]
+
[

2
15

]
−
[

4
15

]
,

which is enough to prove the sine-monomial identities of §3.5.2 in the nontrivial
cases p = 3 and p = 5. It should be clear at this point that the idea for the technical
tool that we are calling the Das conjugation formula came from the intriguing
example [Das 2000, end of Sec. 16].
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Remark 4.3.5. The double complex method of [Anderson 1999] gives rise to a canon-
ical Z/2Z-basis for the torsion subgroup of U− indexed by finite sets of prime
numbers of even cardinality. In [Das 2000, §3 and §9] it is proved that the fam-
ily {apq}2<p<q represents the “two-odd-prime” part of the canonical basis. The
method of Das can easily be modified to show that the family {apq}p<q represents
the “two-prime” part of the canonical basis.

4.4. Statement of the Main Formula.

4.4.1. The main result of this paper is the relation

D
(
sin apq mod Qab×2

)
= ep ∧ eq (p < q : prime)

to which we refer in the sequel as the Main Formula. The Main and Auxiliary
Formulas together immediately imply that

Q
ab +ε = Q

ab

({
4
√
`
}
`:prime

⋃{√
sin apq

}
p,q:prime
p<q

)
.

Thus we get a quite explicit description of the field Qab +ε.

Remark 4.4.2. By [Das 2000, Thm. 22] one has
√

sin a ∈ Q
ab and hence

D
(
sin a mod Qab×2

)
= 0 for every a ∈ A representing an element of the canonical

basis of the torsion subgroup of U− indexed by four or more odd primes. (In all like-
lihood the restriction to odd indexing primes can be dropped.) So in principle the
value of D

(
sin a mod Qab×2

)
for (almost) all a ∈ A representing a torsion element

of U− is determined by the Main and Auxiliary Formulas combined with the result
of Das. Since the latter three results fit so naturally together, it is vexing in the ex-
treme that the proofs for them we now possess are so different: whereas the proofs
of the Main and Auxiliary Formulas given in this paper are essentially elementary,
the proof of the result of Das given in [Das 2000] turns on a corollary to Deligne’s
decidedly nonelementary theory of absolute Hodge cycles on abelian varieties; the
corollary in question is the Deligne reciprocity law [Deligne-Milne-Ogus-Shih 1982,
Thm. 7.15, p. 91] linking algebraic Γ-monomials to Jacobi sum Hecke characters.
It would be nice to have an elementary proof of the result of Das. It would be nicer
still to have an elementary proof of Deligne reciprocity but that seems farther off.
A proof of the Main and Auxiliary Formulas based on Deligne reciprocity would
also be nice.

Perhaps an elementary proof of the result of Das could be constructed by gen-
eralizing the methods of this paper. However, we fear that a direct generalization
avoiding the double complex would be distressingly complicated. We only get away
with avoiding the double complex because our focus on “two-prime” torsion classes
in U− bounds the combinatorial complexity with which we have to contend; any at-
tempt to give an elementary proof of the result of Das is going to involve far greater
combinatorial complexity, and such complexity cannot be managed without some
sort of machinery. An aesthetically appealing elementary proof of the result of Das
would be one based on some fundamental enrichment of the family of structures
with which the double complex is already known to be equipped, and presumably
such a “good” proof would simultaneously prove the Main and Auxiliary Formulas.

Remark 4.4.3. The following is a corollary to the Main and Auxiliary Formulas:
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(?) For G = Gal(Q/Q), the canonical injective map

(c 7→ c ◦ [ΣεG]) : H1(Gε,Z/2Z)→ H2(Gab,Z/2Z)−

defined in Proposition 2.7 is an isomorphism.
But (?) is not really new. One can get it very easily from the theory of [Fröhlich 1983],
as we now explain. Let S be a finite set of primes of Q including 2 and the infinite
prime. Let Γ be the maximal pro-2 quotient of G unramified outside the primes in
S. To prove (?) it is enough to prove that the canonical injective map

(e 7→ e ◦ [ΣεΓ]) : H1(Γε,Z/2Z)→ H2(Γab,Z/2Z)−

is an isomorphism. Let (τ 7→ τab) : Γ→ Γab be the canonical projection. For each
odd finite prime p ∈ S, choose any τp ∈ Γ such that τab

p topologically generates
the inertia subgroup of Γab at p. Choose any τ2 ∈ Γ such that τab

2 topologically
generates the subgroup of the inertia subgroup of Γab at 2 fixing

√
−1. Choose any

τ∞ ∈ Γ so that τab
∞ ∈ Γab is the automorphism induced by complex conjugation.

The family {τp}p∈S is then a minimal set of generators for Γ; in particular, the
2-rank of Γab is N , where N is the cardinality of S. By [Fröhlich 1983, Theorem
4.10, p. 56] a complete set of defining relations for Γ as a pro-2 group is lifted from
the family of relations(

τab
p

)p−1
= 1 (p : odd finite prime in S);

(
τab
∞
)2

= 1.

It follows that the family of commutators

{[τp, τq]}p,q∈S
p<q

projects to a Z/2Z-basis for Γε; in particular, the 2-rank of Γε is N(N−1)
2 . By

Proposition 2.9, the 2-rank of H2(Γab,Z/2Z)− is N(N−1)
2 . By dimension-counting

it follows that the injective map e 7→ e ◦ [ΣεΓ] is bijective. Thus (?) is proved à la
Fröhlich.

Remark 4.4.4. The papers [Thakur 1991], [Sinha 1997], [Bae-Gekeler-Yin 2000] and
[Bae-Gekeler-Kang-Yin 2001] (just to mention the first several coming to mind plus
one more brought to the author’s attention by the referee) strongly suggest that
there ought to be an analogue of the Main and Auxiliary Formulas over a global
field of positive characteristic equipped with a distinguished place.

Remark 4.4.5. The relations standing between the Main Formula, the index formu-
las of [Sinnott 1978], Deligne reciprocity [Deligne-Milne-Ogus-Shih 1982, Thm. 7.15,
p. 91], the theory of [Fröhlich 1983], the theory of [Das 2000], the theory of the
group cohomology of the universal ordinary distribution (see [Ouyang 2001] and
references therein) and Stark’s conjecture and its variants (see [Tate 1984]) deserve
to be thoroughly investigated. We have only scratched the surface here. Stark’s
conjecture is relevant in view of the well known expansion

∞∑
n=0

1
(n+ x)s

=
1
2
− x+ s log

(
Γ(x)√

2π

)
+O(s2)

of the Hurwitz zeta function at s = 0.

Remark 4.4.6. Perhaps there is an analogue of the Main Formula over an imaginary
quadratic field involving elliptic units. This possibility seems especially intriguing.
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5. Proof of the Main Formula

Fix prime numbers p < q.

5.1. Reductions.

5.1.1. Put

x :=
{

[0] if 2 < p,
[0] + [1/2] if 2 = p.

Fix a partition

(0, 1) ∩
(
Q \ 1

2
Z

)
= T

∐
{1− a | a ∈ T}

and put
H := HT .

Presently we are going to make an advantageous choice for the set T . Put

a := (HYpHYq −HYqHYp) x.

Then a represents the Das class associated to the pair {p < q} of primes and

sin apq ≡ sin a mod Qab×2.

5.1.2. In the present situation the Das conjugation formula reads

(1− σ)a = bσ + (1 + σ−1)cσ (σ ∈ Gab)

where
bσ := (YpH(1− σ)HYq − YqH(1− σ)HYp) x,

cσ := H(1− σ)a−Hbσ,
and one has a family of numerical identities

σ sin a = sin a/ sin2 cσ (σ ∈ Gab).

By construction the function

(σ 7→ sin cσ) : Gab → Q
ab×

factors through Gal
(
Q

(
e
(

1
2pq

))
/Q
)

and takes values in Q
(
e
(

1
4pq

))
.

5.1.3. The Log Wedge Formula says that

D
(
sin apq mod Qab×2

)
= D

(
sin a mod Qab×2

)
=
∑
r,s∈S
r<s

log−1 αrs · er ∧ es

where

αrs :=
σs sin cσr/ sin cσr
σr sin cσs/ sin cσs

∈ {±1}.

(We employ r and s as dummy variables here since p and q have already been fixed.)
Since all numbers of the form sin a are positive real, we can calculate αrs just by
keeping track of signs, i. e., we have

αrs =
signσs sin cσr
signσr sin cσs

.

One has sin cσ−1 = 1 and hence α−1,` = 1 for all primes `. For all primes ` distinct
from p and q, one has sin cσ` = sin c1 = 1 and moreover σ` operates trivially on
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the field Q
(
e
(

1
4pq

))
. (Recall that σ2

√
−1 =

√
−1.) It follows that αrs = 1 for all

primes r < s such that {r, s} 6= {p, q}. It remains now only to prove that αpq = −1.

5.2. Calculation of αpq in the case 2 < p. Assume that 2 < p, i. e., that both
p and q are odd.

5.2.1. We have
αpq = (−1)deg(P(1−σq)cσp−P(1−σp)cσq )

by Proposition 4.1.7. In this way we reduce the calculation of αpq to an essentially
combinatorial problem.

5.2.2. Put
Θp := σ0

p + · · ·+ σ
p−3

2
p , Θq := σ0

q + · · ·+ σ
q−3

2
q ,

thereby defining elements of the integral group ring of Gab. The relations

(1− σp)Θp[a+ b] =
(

1− σ
p−1

2
p

)
[a+ b] = [a+ b]− [−a+ b]

(1− σq)Θq[a+ b] =
(

1− σ
q−1

2
q

)
[a+ b] = [a+ b]− [a− b]


(
a ∈ 1

p
Z, b ∈ 1

q
Z

)

figure crucially in our calculations.

5.2.3. We make an advantageous choice for the set T now. We assume that T has
been chosen in such a way that the associated lifting operator H = HT has the
following properties:

Hσip

[
q
p

]
=


σip

[
q
p

]
for 0 ≤ i < (p− 1)/2,

0 for (p− 1)/2 ≤ i < p− 1,

Hσiq

[
p
q

]
=


σiq

[
p
q

]
for 0 ≤ i < (q − 1)/2,

0 for (q − 1)/2 ≤ i < q − 1,

Hσipσ
j
q

[
− 1
p + 1

q

]
=


σipσ

j
q

[
− 1
p + 1

q

]
for 0 ≤ i < (p− 1)/2 and 0 ≤ j < q − 1,

0 for (p− 1)/2 ≤ i < p− 1 and 0 ≤ j < q − 1.

The reason for making this choice is to force a lot of cancellation. It was in order
to have the freedom to make this choice that we took the trouble to formulate the
definition of the Das class in terms of an arbitrarily chosen lifting operator.

5.2.4. We make some preliminary calculations. One has

Yq [0] = −Θq

([
p

q

]
+
[
−p
q

])
, Yp [0] = −Θp

([
q

p

]
+
[
−q
p

])
,

hence

HYq [0] = −Θq

[
p

q

]
, HYp [0] = −Θp

[
q

p

]
,
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and hence

H(1− σq)HYq [0] = −
[
p

q

]
, H(1− σp)HYp [0] = −

[
q

p

]
.

One then has

YpH(1− σq)HYq [0] = −
([

p
q

]
−
[

1
q

]
−Θp

([
1
p + 1

q

]
+
[
− 1
p + 1

q

]))
,

YqH(1− σp)HYp [0] = −
([

q
p

]
−
[

1
p

]
−Θq

([
1
p + 1

q

]
+
[

1
p −

1
q

]))
,

YpHYq [0] = −Θq

([
p
q

]
−
[

1
q

]
−Θp

([
1
p + 1

q

]
+
[
− 1
p + 1

q

]))
,

YqHYp [0] = −Θp

([
q
p

]
−
[

1
p

]
−Θq

([
1
p + 1

q

]
+
[

1
p −

1
q

]))
.

5.2.5. It follows that

a = (HYpHYq −HYqHYp)[0]

= ΘpΘq

[
− 1
p + 1

q

]
−HΘq

([
p
q

]
−
[

1
q

])
+HΘp

([
q
p

]
−
[

1
p

])
,

H(1− σp)a = Θq

[
− 1
p + 1

q

]
+H(1− σp)HΘp

([
q
p

]
−
[

1
p

])
,

HYqH(1− σp)HYp [0] = −H
([

q
p

]
−
[

1
p

])
,

cσp = H(1− σp)a−HYpH(1− σp)HYq[0] +HYqH(1− σp)HYp[0]

= Θq

[
− 1
p + 1

q

]
+H(1− σp)HΘp

([
q
p

]
−
[

1
p

])
−H

([
q
p

]
−
[

1
p

])
,

H(1− σq)a = Θp

([
− 1
p + 1

q

]
−
[
− 1
p −

1
q

])
−H(1− σq)HΘq

([
p
q

]
−
[

1
q

])
,

HYpH(1− σq)HYq [0] = Θp

[
− 1
p + 1

q

]
−H

([
p
q

]
−
[

1
q

])
,

cσq = H(1− σq)a−HYpH(1− σq)HYq[0] +HYqH(1− σq)HYp[0]

= −Θp

[
− 1
p −

1
q

]
−H(1− σq)HΘq

([
p
q

]
−
[

1
q

])
+H

([
p
q

]
−
[

1
q

])
.

5.2.6. Finally, one has

P(1− σq)cσp −P(1− σp)cσq

= P
([
−1
p

+
1
q

]
−
[
−1
p
− 1
q

])
−P

(
−
[
−1
p
− 1
q

]
+
[

1
p
− 1
q

])

= P
[
−1
p

+
1
q

]
−P

[
1
p
− 1
q

]
.
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Now consider the rational numbers 1− 1
p+ 1

q and 1
p−

1
q . Both numbers are 2-adically

integral and belong to the open unit interval of the real line, but one and only one
of them (namely the former) is a 2-adic unit. Therefore one has αpq = −1.

Remark 5.2.7. Let vp be an additive valuation of Qab above the odd prime p normal-

ized by the requirement that vp
(

1− e
2πi
p

)
= 1 and let vq above q be analogously

defined. In the course of the calculation of αpq presented above we proved that

a = ΘpΘq

[
−1
p

+
1
q

]
−HΘq

([
p

q

]
−
[

1
q

])
+HΘp

([
q

p

]
−
[

1
p

])
represents the Das class indexed by the pair {p < q}. Since sin apq and sin a agree
up to a factor in Qab×2 we have a congruence

vp(sin apq) ≡ vp(sin a) ≡ deg
(
HΘp

([
q

p

]
−
[

1
p

]))
mod 2

in the ring Z
[

1
p

]
wherein the valuation vp takes it values. Now recall the Gauss

Lemma in its most general form: For any partition

(Z/pZ)× = S
∐
−S

one has (
x
p

)
= (−1)#(xS∩−S)

for all x ∈ (Z/pZ)×. The Gauss Lemma applied in the present situation gives

(−1)vp(sin apq) = (−1)deg(HΘp([ qp ]−[ 1
p ])) =

(
q
p

)
.

Analogously one has

(−1)vq(sin apq) =
(
p
q

)
.

Thus we recover the result [Seo 2001, Prop. 2.3] mentioned in the introduction.
At the end of the day our method of proof differs little from Seo’s. In effect, the
only difference is in the choice of representative of the Das class to which the Gauss
Lemma is applied: we work with the specially constructed representative a, whereas
Seo works directly with the canonical representative apq.

5.3. Calculation of αpq in the case 2 = p. Assume that 2 = p.

5.3.1. One has cσ2 = c1 = 0 in this case and hence

α2q = signσ2 sin cσq .
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5.3.2. We may assume that the set T has been chosen in such a way that the
lifting operator H = HT has the following properties:

Hσiq

[
4
q

]
=


σiq

[
4
q

]
for 0 ≤ i < (q − 1)/2,

0 for (q − 1)/2 ≤ i < q − 1,

H
[
ν
4

]
=


[
ν
4

]
for ν = q,

0 for ν = −q,

Hσiq

[
1
2 + 2

q

]
=


σiq

[
1
2 + 2

q

]
for 0 ≤ i < (q − 1)/2,

0 for (q − 1)/2 ≤ i < q − 1,

Hσiq

[
ν
4 + 1

q

]
=


0 for 0 ≤ i < q − 1 and ν = 1,

σiq

[
ν
4 + 1

q

]
for 0 ≤ i < q − 1 and ν = −1.

5.3.3. Put

Θq :=
(
σ0
q + · · ·+ σ(q−3)/2

q

)
.

The relations

(1− σq)Θq[a+ b] =
(

1− σ
q−1

2
q

)
[a+ b] = [a+ b]− [a− b]

(
a ∈ 1

4
Z, b ∈ 1

q
Z/Z

)

are crucial to our calculations.

5.3.4. Recall that in the case p = 2 one has

x = [0] +
[

1
2

]
.
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We have

Yqx = −Θq

([
4
q

]
+
[
− 4
q

]
+
[

1
2 + 2

q

]
+
[

1
2 −

2
q

])
HYqx = −Θq

([
4
q

]
+
[

1
2 + 2

q

])
,

H(1− σq)HYqx = −
([

4
q

]
+
[

1
2 + 2

q

])
Y2H(1− σq)HYqx = −

([
4
q

]
−
[

2
q

]
−
[

1
4 + 1

q

]
−
[
− 1

4 + 1
q

])
Y2x = −

[
q
4

]
−
[
− q4
]

HY2x = −
[
q
4

]
,

(Y2HYq − YqHY2)x = −Θq

([
4
q

]
−
[

2
q

]
−
[

1
4 + 1

q

]
−
[
− 1

4 + 1
q

])
+
[
q
4

]
−
[

1
4

]
−Θq

([
1
4 + 1

q

]
+
[

1
4 −

1
q

])
,

a = Θq

[
− 1

4 + 1
q

]
−HΘq

([
4
q

]
−
[

2
q

])
+H

([
q
4

]
−
[

1
4

])
,

H(1− σq)a =
[
− 1

4 + 1
q

]
−
[
− 1

4 −
1
q

]
−H(1− σq)HΘq

([
4
q

]
−
[

2
q

])
,

HY2H(1− σq)HYqx =
[
− 1

4 + 1
q

]
−H

([
4
q

]
−
[

2
q

])
cσq = H(1− σq)a−HY2H(1− σq)HYqx +HYqH(1− σq)HY2x

= −
[
− 1

4 −
1
q

]
+H(1− (1− σq)HΘq)

([
4
q

]
−
[

2
q

])
.

5.3.5. Finally, one has

1
sin cσq

≡ sinπ
(

1
4

+
1
q

)
≡ 1√

2
mod

(
R ∩Q

(
e
(

1
4q

)))×
because the sines and cosines of all integral multiples of the angle π/q belong to
the field R∩Q

(
e
(

1
4q

))
, and hence α2q = signσ2

√
2 = −1. The proof of the Main

Formula is complete.

6. Acknowledgements

I thank P. Das, Y. Ouyang and S. Seo for insightful conversations and correspon-
dence on topics related to this paper. I thank D. Thakur for very helpful criticism
of a first draft of this paper. I also thank the referee for helpful suggestions.



28 GREG W. ANDERSON

References

[Anderson 1999] Anderson, G.: A double complex for computing the sign-cohomology of the uni-

versal ordinary distribution. Recent Progress in Algebra (Taejon/Seoul, 1997; S. G. Hahn et

al., eds.), Contemp. Math. 224(1999),1-27, Amer. Math. Soc., Providence, RI
[Bae-Gekeler-Yin 2000] Bae, S., Gekeler, E.-U., Yin, L.: Distributions and Γ-monomials.

Math. Annalen, to appear.
[Bae-Gekeler-Kang-Yin 2001] Bae, S., Gekeler, E.-U., Kang, P.-L., Yin, L.: Anderson’s double

complex and Gamma monomials for rational function fields., preprint 2001, available at

http://www.math.uni-sb.de

[Das 2000] Das, P.: Algebraic Gamma monomials and double coverings of cyclotomic fields.

Trans. Amer. Math. Soc. 352(2000), 3557-3594
[Deligne-Milne-Ogus-Shih 1982] Deligne, P., Milne, J. S., Ogus, A., Shih, K.-Y.: Hodge Cycles,

Motives and Shimura Varieties Lecture Notes in Math., vol. 900, Springer-Verlag, New York,
1982
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