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Multiscale Methods

@ N : a scaling parameter(order of magnitude of the abundance of the most
abundant species in the system); Ny is a real scaling parameter.

@ X;(t) : the ith component of X(t) representing the number of molecules of ith
species at time t. X(t) is a state vector which is a continuous-time Markov
jump process.

@ Time Change Equation: the state of the system satisfies
t ’
X(6) = X(0) + Y Vel | MX() )0k~ )
" 0

where Ay is the kth reaction rate and Y/ is a unit Poisson process.

@ V(t) = N~ X;(N7t): the number of ith species after normalization and time
change; a; is selected so that V; = O(1) and ~ is a time change parameter.

Q@ Ky = Noﬁk)\k : an original stochastic rate constant of kth reaction. A reaction
constant ry is scaled by NPk so that A\, = O(1).

Xi(t) = Ny Vi(Ny t)
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After normalization and time change

@ The system state equation

VN = VMO +nNe Y Yk(/ot"’”‘"“k*ﬁkAL(vN(s))ds)(u,-’kfu,-k)
20

where Vk(’/l;) is the number of molecules of each species consumed(created) in
the kth reaction.

@ Law of mass action: For a binary reaction A; + Ay — Az or A1 + Ay — Az + Aa,
Ae(x) = Kgxixo
For A1 — Ay or A — Ay + As, /\k(X) = Kkyx1. For 2A; — A,
Ak(x) = kexa(x1 — 1).
For a binary reaction A; + A2 — Aj the rate should vary inversely with volume,
so it would better to write
/\kN(x) = kN7Ixixo = Nkxzizo
where N is taken to be the volume of the system times Avogadro's number and
z; = N~1x; is the concentration in moles per unit volume. The unary rates also
satisfy

AN(x) = krxa = Negz
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@ Goal: To make each species balanced after the normalization.
i.e. V/V(t) =~ O(1), To divide the system into several subsystems.

@ Rule: Species Balance

“Maximal order of input rate = Maximal order of output rate”

/max
{kivy —vix>0}

,maX
{kw —vi<0}

(v+a v+ 6k) <o

(v+o-v+B) =

max
{kvy —vix#0}

Heat Shock Model

@ Heat Shock Model: 9 species and 18 reactions.

(v + - v+ Bk)

Reaction Intensity Reaction Intensity
0 — Asg 4.00 x 10° As + Ag — Ag | 3.62 x 107X, Xa,
Az — Az 7.00 x 1071 Xy, Ag — 0 9.99 x 1075 Xy,
Az — Az 1.30 x 1071 X,, Ag — As + Ag 4.40 x 1075Xp,
0% A, 7.00 x 103X, 0 — A 1.40 x 10~5
stuff + Az — As + Ao 6.30 x 1073 Xp, AL — 0 1.40 x 100Xy,
stuff+ A3 — Ay + Ay | 4.88 x 103X, A2 As | 142 X 1075Xa, Xa,
stuff + A3 — As + A2 4.88 x 103X, As — 0 1.80 x 108Xy,
A7 — As + Ag 4.40 x 107Xy, As — 0 6.40 x 10710X,,
Az + Ag — A7 3.62 x 10~ X4, Xa, Ay — 0 7.40 x 1071 Xy,
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Solution set of species balance by Maple

@ Solution sets

Equalities

a1 = f13 — Bia

ar —ag = —F2+ B3 — B + P18

az —ag = —f + P1s

as — ag = 5 — B6 — P16 + Bis

as +ag = B1 — Bo

a7 —as+ag=p1— P2+ B3 — B — Bs + By — Pio + Pis
ag = 1 — P12

Inequalities

B1— B2+ Po— Pro < ag < B1— B2+ B3 — Br + Bo — Po
—B3+ B4+ B6 + 13— P1a — P18 < g < Pg — Pis

B2— B3+ P —Bo+ Bro—Pis <oy —ag < —B1+ B2+ B — B+ Pro— Pis
Bs > Bz, B3 > P6, —B3+ Bs — PBs + P16 < 0

@ Initial values

X1(0) | X2(0) | X3(0) | Xa(0) | X5(0) | Xo(0) | X7(0) | Xs(0) | Xo(0)
10 1 5 100 | 217 | 200000 | 7 1 0
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Example with the species balance

@ A real scaling parameter Ny = 103

@ Specific values of «;'s and S's

aq o a3 (a7 Qs Qg a7z ag [ 7:)
oJoJo[s[1[2[1]o]?2
Bk | Stoch Rate(ry) Ak Bk | Stoch Rate(ry) Ak
B 0 4.00 x 100 4 By —§ 3.62 x 10~4 36.2
Bo 0 7.00 x 1071 0.7 B | —2 9.99 x 10~° 9.99
B3 0 1.30 x 1071 0.13 || B2 3 4.40 x 10~5 4.4
Ba 0 7.00 x 10~3 0.007 || Bi3 3 1.40 x 1073 1.4
v | -3 | 630x10° 0.63 || B —g 1.40 x 107° 0.14
B | -1 | 488x1073 488 || By | —3 1.42 x 107° 0.142
B | -1 4.88 x 1073 4.88 || Bis _3 1.80 x 108 0.0018
B | —1 4.40 x 10~ 0.44 || Bi7 3 6.40 x 1010 0.000064
s | -2 | 3.62x107* 36.2 || Pis 75 7.40 x 10711 | 0.0000074

@ Simulation: Using the Gillespie's Stochastic Simulation Algorithm.
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When v = 0 (Slow time scale)

@ Identify the fast processes

Va(t) =  Va(0)+ Y3(/Ot A3 Vs(s) ds) + Y4(/Ot>\4 Vi(s) ds) + Yg(/ot 2s Vi (s) ds)
—Yz(/ot)\g\/z(s) ds) - Yg(/ot/\g\/g(s)\/s(s) ds)
Va(t) = V4(0)+ Yg(/ot)QVg(s) ds) — Y3(/Ot)\3V3(s) ds)
Vg(t) = Vg(O) + Yl(/‘tkl ds) + le(/t)\qu(S) dS) — Ylo(/tA10V6(S)Vg(S) dS)
0 0 0
Vl(t) = Vl(O), V4(l’) = V4(O), V5(t) = V5(0), Vs(t) = VG(O)
V7(t) = V7(0), Vg(t) = Vg(O)

@ The system is 3 dimensional stochastic equations. A fixed point gives a
stationary distribution for V5, V3, and Vg in terms of Vi, V6, V7, and Vg.
These 3 equations are linear in V,, V3, and V3, so we get independent Poisson
distributions for the stationary distribution.
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When v = 0 (Slow time scale)

Original X5 X3 Xg

whole networks,maxi=800

‘whole networks,maxi=800

numbers of X2

numbers of X3

time

Reduced

subnetworks gamma = 0,maxi=800

‘subnetworks.gamma = 0.maxi=800
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When v =1 (medium time scale)

@ V4 is expressed as an ODE with slow variables. We can get V5, V5 and V3,
means for the Poisson processes in the previous time scale, in terms of V7 and

constants.

Vi) = Vi(0)+ /0 D VA(s) — Aus V() Vi (s)] ds
e

Vi(t) = Vi(0), Va(t) = Va(0), Vs(t) = V5(0), Vs(t) = V6(0), Vo(t) = Vo(0)

X7 original reduced

whole networks,maxi=360000

numbers of X7
s8HyBY

time
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When v = 2 (Fast time scale)

@ Identify the slow processes

Vl(t) = V1(O) + Y13(/.t A13 dS) — Y14(/t A4 Vl(S) dS)
0 0
Vi) = Va(0)+ [ Da¥(e) — dugVas)) e
V5(t) = V5(0) + /Ot[>\5 \_/3(5) — A6 Vs(s)] ds
Ve(t) = Vs(0)+ /Ot[_x1 — N7 Ve(s)] ds
Vo(t) = vg(o)+/0tx1 ds
= _ )\4 Vl(s) /\3 = _ )\2)\4 V1(S) )\3
VZ(S) - )\9 V6(S) (1 + )\15 V4(S))7 V3(S) - )\3)\9 VG(S) 1 )\15 V4(S)
- A4 Vl(s) - . A+ A2 Vg(s)
V7(S) N )\15 V4($) ’ Vg(S) a )\10 Vﬁ(S)

@ Since V1 has constant input and linear output, its stationary distribution is a
Poisson distribution. The system of ordinary differential equation include V3
term. First, we can get V7 in terms of Vj and V4. Then, we will use this to get
Vo, V3 and V.
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When v = 2 (Fast time scale)

original X1 X4 Xs

whole networks, maxi=800000

whole networks,maxi=800000

numbers of X1
F
numbers of X4

numbers of X5

ERs ] s
time time

reducued

subnetworks gamma = 5/3 mei=2

subnetworks gamma = §/3maxi=2 subnetworks,gamma = 5/3 mexi=2
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numbers of X1
numbers of X4
numbers of X5
¥
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When v = 2 (Fast time scale)

original X5 Xo

whole networks,maxi=800000

—w

numbers of X9

numbers of X6

reduced

L1 subnetworks,gamma = 5/5, L subnetworks,gamma = 5/3,max
25 2

numbers of X6

numbers of X9

-

ultiscale methods In a He

ocC



Reference

@ Thomas G.Kurtz, Markov Processes - Characterization and Convergence

@ Thomas G.Kurtz, Karen Ball, Lea Popovic, and Greg Rempala, Asymptotic
analysis of multiscale approximations to reaction networks, Annal of Applied
Probabability 16 (2006), 1925-1961.

@ R.Srivastava, M.S.Peterson, and W.E.Bentley, Stochastic Kinetic Analysis of the
Escherichia coli Stress Circuit Using o32-Targeted Antisense, Biotechnology and
Bioengineering 75(1) (2001), 120-129

@ Daniel T. Gillespie, Exact Stochastic Simulation of Coupled Chemical Reactions,
The Journal of Physical Chemistry, Vol. 81, No. 25, 1977

@ Thomas G.Kurtz, Talk in SIAM Conference on Applications of Dynamical
Systems

Hye-Won Kang Y ultiscale me ods In a ea ocC



