Beamlets are Densely Embedded in H 1 *

Jianhong (Jackie) Shen
School of Mathematics, University of Minnesota, Minneapolis, MN 55455, USA
Lotus Hill Institute for Computer Vision and Information Science, E’Zhou, Wuhan 436000, China

Abstract

The insufficiency of using ordinary measurable functions to model complex natural images
was first emphasized by David Mumford [31]. The idea was later rediscovered by Yves Meyer [29]
who introduced proper texture models based on generalized functions or distributions. The
simpler but effective Sobolev texture model of H~! was subsequently explored by Osher, Sole,
and Vese [34] to facilitate practical computation. H ! textures have also been further employed
in the recent works of Daubechies and Teschke [11], Lieu and Vese [25], Shen [39], and many
others, leading to a new generation of models for image processing and analysis.

On the other hand, beamlets are the unconventional class of geometric wavelets invented
by Donoho and Huo [14] to efficiently represent and detect lower dimensional singular image
features. In the current work, we make an intriguing connection between the above two realms
by demonstrating that H ! is the natural space (of generalized functions) that hosts beamlets,
and in return can be completely described by them. Computational evidences existing in the
literature also help confirm this newly discovered bond.
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1 Introduction

In this paper, an intriguing connection is established between two seemingly uncorrelated realms
of developing works: the new generation of geometric wavelets - beamlets invented by Donoho and
Huo [14, 15], and the more recent efforts of texture modeling using Sobolev distributions as initiated
by Mumford [31], Meyer [29], and Osher, Sole, and Vese [34]. This newly discovered connection
contributes to the the better understanding of some key questions in contemporary image analysis
and processing;:

[a] What are typical H '-textures? How do they look like generically as well as visually? What
has one actually gained by going beyond measurable functions?

[b] Is there a classical analysis foundation for beamlets? Can such novel geometric entities still be
accommodated in some suitable spaces of functions or distributions?

More specifically, in the current work we show that
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[i] beamlets, as singular Radon measures in 2-D, can be naturally embedded in H ~'; and in return,

[ii] H~! can be completely described by beamlets due to the denseness of beamlets, as well as a
beamlet expansion formula in H .

Our tools are mainly from real, functional, and classical wavelet analysis.

We now elaborate the background and motivations of the present work.

Image modeling stays at the very core of contemporary image processing and computer vision
(see, e.g., 19, 31, 37, 46]), and provides the crucial regularity conditions for many illposed inverse
problems in the fields [7]. Stochastically, images have been modelled as Markov or Gibbs random
fields with coherent image structures that are discernable by well structured visual filters [20, 45, 46].
Deterministically or functionally, images have been modelled by function spaces including, for
example, Sobolev spaces, Besov spaces in wavelet and multiresolution analysis [10, 12, 13, 16, 29],
and the space of functions with bounded variations (BV) as first introduced into image restoration
by Rudin, Osher, and Fatemi [2, 5, 6, 8, 35, 36, 38, 44]. Images from these spaces are all Lebesgue
measurable, however.

In the late 1990’s, Mumford (also see [31]) emphasized that the scaling characteristics observed
from image statistics [18, 23] imply that measurable functions are insufficient tools for faithfully
modeling complex natural images, and that generalized functions or distributions could serve better
for this purpose. The idea was independently revived in the inspiring work of Meyer in 2001 [29]
in which the theory of the so-called G-distributional textures was developed out of Rudin-Osher-
Fatemi’s image restoration model [36]. Subsequently, Osher, Sole, and Vese [34] further simplified
the texture model by directly turning to the Sobolev distribution space H ~!, which is computa-
tionally more tractable than Meyer’s. H ~!-textures have been further explored in the recent works
of, for example, Daubechies and Teschke [11] using wavelets, Lieu and Vese [25] using even high
order Sobolev distributions, Shen [39] for segmented image decomposition, and Aujol et al. [3, 4]
for several sophisticated image processing tasks.

Despite all the new theoretical and computational degrees of freedom induced by Sobolev dis-
tributional textures, it has never been made clear in the literature as to how such textures actually
look like from the wision point of view, and what their most generic features are. For example,
in what sense can the popular texture samples sketched in Figure 1 be legitimately modelled and
computed by H~! distributions?

|

(a) straws (b) bricks (c) fingerprints (d) nets or fabrics (e) neurons

Figure 1: What do these typical textures (schematically drawn) have in common in image pro-
cessing, computer graphics, and computer vision? They can all (i) be better modelled by H 1
distributions (as proposed by Osher, Sole, and Vese [34]) than by ordinary 2-D measurable func-
tions , and (ii) be efficiently approximated by the beamlets of Donoho and Huo [14].

The theory of beamlets and beamlet decomposition, on the other hand, was developed by
Donoho and Huo [14, 15] for a completely different purpose on signal detection.



From vision analysis, lower-dimensional image features in 2-D images are crucial visual cues
for efficient scene interpretation. Well known examples include corners, T-junctions, and edges [22,
28, 33, 40]. 1-D image features, or curve-type of patterns, have played central roles in image and
vision analysis since David Marr’s early theory on edge detection [28].

There are two distinguishable categories of 1-D image features, or simply “curves” for conve-
nience (in the sense of 1-D Hausdorff measure). The first class is often popularly referred to as
“edges,” along which 2-D image features (e.g., intensities, filter responses, etc.) experience no-
ticeable jumps. This class serves the foundation for many existing works on edge detection and
segmentation (e.g., [30, 32, 41, 42, 47]), and mathematically can be best modelled as the non-Cantor
singular component of the total variation Radon measure |Du| of a given BV image u [1, 2, 7, 21].

The other class of 1-D features comprise isolated curves or lines which are embedded in relatively
uniform but often noisy backgrounds or clutters. Examples include the trajectories of basic particles
in high-energy physics experiments, the branches of blood vessels or neurons (as in Figure 1), and
the highways or watercourses in terrain images captured by spy planes or satellites. These isolated 1-
D patterns are more difficult to capture even though trivial for the human vision. The fundamental
challenge arises from the following dilemma:

“regular curves are of measure zero and thus negligible by the 2-D Lebesque measure,
while they are important cues for pattern formation and visual perception.”

The framework and computational machinery of beamlets and beamlet decomposition were devel-
oped by Donoho and Huo [14, 15], to precisely meet this challenge, especially from the viewpoint
of signal detection theory. A beamlet, is a line segment v = (A, B), from point A to B, as if a
beam of light travels from A to B. This is the simple geometric definition but could disguise the
true nature of a beamlet. According to the work of Donoho and Huo [14], we can conclude that a
beamlet is really a 2-D singular Radon measure, so that for any test function ¢ € D(Q2) = C5°(Q),
one has the following signal response:

(. ) = / 6(2)ds,
Y

where ds denotes the Euclidean length element along . That is, a beamlet is a generalized function
or distribution in D'(Q2), and must not be treated merely as a line segment with finite gray values
along the pixels!

This is the point from which we make the connection between the above two realms of existing
works: H ™! textures vs. the distributional view of beamlets, as well as make the contributions
that have already been highlighted in the first paragraph. We show that the two, with completely
different motivations to start with as briefly reviewed above, are in fact so intimately connected
that they are almost identical to each other!

We must emphasize that the notation of beamlets, as employed in the current work, stays at
this general level of functional analysis, and that we will not explore their rich properties (such as
the dyadic beamlet dictionary and the tree-coding algorithm as in Figure 2) as fully developed by
Donoho and Huo [14].

The organization of the rest of the paper goes as follows. Section 2 briefly reviews and devel-
ops some important properties of the space H~'(Q). Unlike many other works in existence, we
rigorously work with a finite image domain Q instead of R2. In Section 3, we introduce the more
general notion of color beamlets, and show how they can be continuously embedded in H ~1(9).
The embedding inequality is then further polished for a class of boundary beamlets on a simply con-
nected image domain 2, thanks to the isoperimetric inequality. In Section 4, we show that beamlets
are dense in H~!(Q). Assisted with the classical Haar wavelets, we also establish a closed-form
beamlet expansion formula for any H ~!-texture v on a square image domain. We emphasize that
this beamlet expansion formula is different from that in Donoho and Huo for representing sparse
curve features. The work concludes in Section 5.



Figure 2: Multiscale beamlet decomposition via beamlet dictionaries and tree coding (from Donoho
and Huo [14]).

2 The Texture Space H ()

Let © be a bounded, simply connected, and open (image) domain in R? which has a Lipschitz-
continuous boundary manifold 0€2. To avoid distractive but nonessential technicalities, we shall
assume that Q is regular enough (e.g., satisfying the cone property [17, 24]) so that the Poincaré or
Sobolev types of inequalities hold on the domain.

Let H'(Q) denote the canonical Hilbert-Sobolev space of measurable functions on €2 of which
each function element u € L?(Q), and its distributional gradient Du = Vu € L?(Q,R?). H'(Q) is
naturally equipped with the Hilbert inner product:

(u, fu)Hl:/uv—i—/Vu‘Vv,
Q Q

where for simplicity the Lebesgue element dx = dxidzs has been omitted in the integrals. The

inner product then leads to the norm ||ul| g1 = \/HuH%z + [ Vul3..

H(9Q) is the subspace of H'(f) comprising functions that have vanishing traces along 0.
Equivalently, HZ () is the closure (under the ||-|| z1 norm) of all compactly supported C'* functions
on . For any w(z) € H}(£), the homogenenous semi-norm in H*:

1/2
il = 1l = [ (F0?)

is in fact tantamount to the norm |lw|| g1 according to Poincaré’s inequality [17, 24]. Henceforth,
we shall adopt this simpler norm structure for H 6(9), which corresponds to the inner product

(w, z) = (w, Z>H3 = /QVw -Vz, in HMQ).

Definition 1 (H ! Textures) The space H=' = H~1(Q) is the dual space (H&)*, consisting of
all linear functionals on H} that are continuous with respect to || - || H-

Denote a typical element in H~! by v or (v, -}, so that for any w € Hol, the functional value
(v, w) € R is linear in w and

| (v, w) | < C, Hw||Hé, for some fixed constant C,.

The induced functional norm of v is thus given by

(v, w)

lv|g-1 = inf .
ozweHy [[wl g



Proposition 1 div(L?(Q,R?)) C H™L, and for any v =V -J, one has |v| g-1 < ||J ||2-
Proof. For any flow field J € L?(©2, R?) and test function ¢ € D(Q) = C(Q2), one has
(VT 0) [ = (T, Vo) | < Tz - [Vl = [T |2 - 9] gy
Since H& is the completion of D(2), v = V - J can be uniquely extended onto H, 01, and
(v, w) < || T |2 - |lwllgy,  forany — we Hy.
Thus, v € H™Y, and ||v||g-1 < ||J || 2. O

Proposition 2 (Riesz Representation) For any texture v € H ™', there exists a unique “poten-
tial” function ® € H}, such that

v=-A0eD(Q), and |y =[Py

Proof. By the Riesz-Hilbert representation theorem, for any v € H~! = (H})*, there exists a
unique ¢ € H&, such that for any w € H&,

(v, w) = (P, w>Hé :/QVCI%VUJ,

and [|v]|g-1 = H@HH& Restricted on the test function space w € D(Q) C H{, it is easy to see that
v must be given by v = —A® in the distributional sense after integration by parts. O
In combination, Proposition 1 and 2 lead to the following characterization theorem for H ~*.

Theorem 1 One has H~1(Q) = div(L*(Q,R?)), and for any v € H™1,
follis =, inf T2

The “minimum” flow J, exists uniquely, and must be in the form of J, = —V®, for some unique
® € HJ.

We briefly comment on the uniqueness of the minimum flow J,. It is trivial when v = 0, for
which J, = 0. When v # 0, it is guaranteed by the general fact that a Hilbert norm is always
strictly convex on the non-zero level set of a linear map. In our case, the linear map is the divergence
operator.

3 Emerging of Beamlets in /! and Their Embedding

For any distribution 7 € D'(f2), and any unit vector b € S!, the directional derivative 9T/0b €
D'(Q) is defined by:

<g—€7¢>:_<T’ %>:—<T,b-V¢>, for any ¢ € D(Q).

Similarly, for any test flow field J = (J1, J2) € D x D, one defines the vectorization 7' — T'b by:
(Tb, J)=(T, b-J).

Then we must have:
o _
ob

<2—€, <f>> = —(T,b-V¢) = —(Tb, V) = (div(Th), ¢) .

div(Tb), because for any ¢ € D, one has (1)



Theorem 2 (New Characterization of H~!) We have

H_I(Q):span{% : f€L2(Q),b€Sl}, (2)

and [|0f /0b]| g1 <[ fl|>-

Proof. By Theorem 1, for any f € L? and b € S',

% — div(fb) € div(L*(,B?)) = H(Q).

On the other hand, for any v € H ™!, there exists some L% flow J = (fi, f2), such that v = div(J).

Then,
_0fi  Ofy 0ft  0Ofe of . 9 1
U_—8m+—8y_—861+—862€Span{8b  fel*(Q),be S},

where e; = (1,0) and es = (0, 1) are the two canonical orientations. Finally, by Proposition 1,

of .
I -1 < [[fbllz = llfllz2,  since  be st
This completes the proof. O

Definition 2 (Donoho and Huo’s Beamlets) A beamlet of Donoho and Huo on ) is an open
line segment v = (A, B) C Q with A = (x1,x2) and B = (y1,y2) in Q, which leads to the distribu-
tion:

(r 6) = [ ot)an. 3)
v
Here dH! denotes the 1-dimensional Hausdorff measure.

Definition 3 (Color Beamlets) We define a color beamlet (f|y|, with a pair of a beamlet v and
some function f € L%(y,dH'), to be the unique distribution in D'(Q) such that for any test function

¢ € D(Q),
(fhio) = [ E0)an! @
Here we have borrowed the bra-ket notation from Quantum Mechanics.
Therefore, an ordinary beamlet v could be identified as the uniform color beamlet (1|v]|.
Theorem 3 (Embedding of Color Beamlets in H~1) A color beamlet {f|y| must belong to

HYQ), and
I a1 < Ca llfll2(y,amrys

for a universal constant Cq independent of f or .
Proof. Given a color beamlet (f|y|, let n denote one of the two unit normals to . Define

E={x=(x1,22) € Q| for some z € v, (r —2)-n=|z—z|}

={r € Q| for some z€yandt >0, z =z+tn}.



Extend f on < to a function F' on the entire image domain 2 by defining for any = € 2,

F(w):{o’ ¢ E,

f(z), z€FE and xr=z+tn for somet > 0.

It is well defined since for any = € E, the point z along - is unique.
We then show that F' € L2(Q). Let M = diam(f2) < co. Define

Ey={z=z+tn|ze,te(0,M} CR?

and also define a function Fj; on R? by

FM(Z‘): {07 w¢EM7

f(z), z€Ey and x=z+tn for somet € [0, M].

Then it is easy to see that F M|Q = F. Furthermore, by Fubini’s Theorem [24],

M
/|FM|2:/ |FM|2:/ dt/ | Fyg[2dH!
R2 En 0 y+tn
M
:/ dt/f(z)del :M/fdel.
0 v Y

1 FNl 2 ) < 1Fumllremey < VM [ fll2(y,am0)- (5)
We now show that the color beamlet (f|vy| is precisely 0F/0n. For any test function ¢ € D(£),

<8F, ¢> F%dw

E 8?’1/

= —/ F(z+tn)aa¢(z+tn)dtd7'{ (2)

_ /f .y / )

- / fz (2) = (f1l9).

As a result,

—(F,n-V¢) =—

Here for each z € 7, L, denotes the ensemble of line segments (possibly more than one) which are
the intersection of z +R™ n with Q. Notice that all the endpoints in L, must belong to 99 except
for z, which belongs to v C €2, and also notice that ¢ € D(Q2) vanishes along 0.

Finally, in combination of (6), (5), and Theorem 2, one has

oF
K= = 5= < 1Pl < Callfllz2.am),

where Cq < VM = \/diam(2). This completes the proof. O

Corollary 1 (Square Root Bound) Let v = (1|y| be a canonical beamlet of Donoho and Huo

i Q. Then
7z < Ca VIl

where |y| denotes the Euclidean length and Cq is a constant independent of ~y.



Remarkably, this square-root scaling law was already employed in the original work of Dohono
and Huo [14] for designing normalized comparable statistics.

Definition 4 (Boundary Beamlets) A beamlet v is said to be a boundary beamlet if Oy C 0N,
i.e., the two endpoints belong to the boundary of the image domain.

We now show that for boundary beamlets, the above square-root bound can be further improved
(for the limit when the length |y| — 0).

. (c) a boundary beamlet on a
(a) atypical beamlet (b) a boundary beamlet non-simply connected domain

Figure 3: Left: a general beamlet v and its normal n (for the proof of Theorem 3); Middle: a
boundary beamlet v partitions a simply connected image domain €2 into two disjoint open sets U4
(for the proof of Theorem 4); Right: if the domain is not simply connected, the situation depicted
in the middle could fail to occur.

Theorem 4 (Sharper Bound for Boundary Beamlets) There exists some constant C > 0
which is even independent of (), such that for any boundary beamlet v, one has

V-1 < C Il

Proof. Since (Q is bounded, simply connected, and has a Lipschitz continuous boundary 92, 92
must be a Jordan simple curve and is segmented into two disjoint segments by d7. Joined by the
given boundary beamlet -, each segment circumvents an open subdomain of €2. Denote the two
subdomains by U, and U_, and their characteristic functions by x4 and x_ (see Figure 3).

Let n denote any one of the two unit normals of v. Then as in the proof of the preceding
theorem, one has in H ™1,

Ox+

= 1|yl =+
1= {1k =258
By Theorem 2, one has (with a A b = min(a, b)),
Yl E-1 < I llze A llx=Ize,
or equivalently,

V-1 < AU+ A U-], with |U| denoting the 2-D Lebesgue measure of U C . (7)

Let (f) denote the average of any measurable function f on Q:
1) = | Sz
€2 Jo '

8



Then by the Poincaré-Sobolev inequality, or the generalized isoperimetric inequality [17, 21], there
exists a constant C' > 0 which is independent of {2 in 2-D, such that

X+ = (X llz2) < C D x+(), (8)

where the total variation Radon measure is given by |D x+|(£2) = |y| due to the construction of
Us. On the other hand, one has

Ix+ = (72 = /U+ <1 B %)2 * /U <%>2

- (;E;) oot () o o)
S bl B o

€
where the last inequality is universal for any two reals a and b:

1a/\bga—.bga/\b.
a-+b

1
25 Uy | A U],

2
Finally, the combination of (9), (8), and (7) leads to

IV -1 < ClAl, with C' = /2 C independent of €.

This completes the proof. O

Notice that the above improvement has been made possible due to the construction of H ~(Q),
which is the dual of H}(2). H~'-textures are hence less “expensive” along or near df) since the
sensors in H{ () vanish along 9. In terms of computer or human vision, this implies that an
observer focuses the attention in the interior of €2, and blurs or filters out the details towards the
boundary of the visual field €.

4 Denseness of Beamlets in H~'; Beamlet Decomposition

In this section, we show that beamlets are actually a complete class of representatives in H ~'.

4.1 Denseness of Beamlets in H !

For a given beamlet v and any scalar ¢ € R, we shall use the notation ¢y to denote the color beamlet
(c|v|, so that

(cy, @) = (c|y]p) = c/ PpdH?, for any test function ¢ € D(Q).
vy
If ¢ is a positive integer, then as in the geometric measure theory of varifolds [26], we can call ¢ the
multiplicity of .
Theorem 5 (Denseness of Beamlets in H~') We have
H~Y(Q) = closure{span{beamlets in Q}}.

That is, for any v € H=Y(Q) and ¢ > 0, there exist a finite collection of beamlets {y, |n=1: N}
and coefficients {c, | n =1: N}, such that

N
”U_ch’}’n”Hfl <e. (10)
n=1



Proof. For any integer j, let D; denote the ensemble of dyadic cubes in R? at scale 277:
Dj={279(k+(0,1) x (0,1)) : k= (ki, ko) €Z%},  j=---,-1,0,1,--
For a given bounded image domain €2, further define
Dj(2) ={QeD; | Q< Q}, and  F;(Q) =span{xq(z) | @ € D;(Q)}.
Then by the classical real analysis of L? [19, 24], one has

F;(Q) C Fj11(Q), and L*(Q) = closure < 1121 F; (Q)> (11)
j—+o0
: —1 _ g (T2 oy _ J, _Of 99 2 : : )
Since H™* = div(L*(Q,R?)) = v = 3 + 3 f,g € L7(Q) ¢, it suffices to establish (10) for v’s
Oy

in the form of df/dx or 0g/0y. Take v = 0f/dx for example. By (11), for any € > 0, there exist
some resolution level j, some coefficients c¢1.y, and some cubes Q1.y in D;(Q2), such that

N
If =" eaxqullz <e

n=1

Then one has
N

[ — ch —XQullz-1 <IF =) enxaullze <. (12)

n=1

On the other hand, assume Qn = (an,bp) X (cn,dy,), and define two vertical side beamlets:

'77—; = {bn} x (cn,dn), and Yo = {an} x (cn,dy).
Then in H™!, one has
0
v — (1 1 - _
5 X = (= Y |+ (U | = =7 + 7 s

and (12) yields the desired beamlets approximation in H ~':

Hv—zcn (=)l <e (13)

This completes the proof. O
More specifically, for any cube @, let 0*Q denote its four side beamlets. For any scale j, define
the ensemble of all such side beamlets at scale j by

Bi)= |J 0@
QED;(Q)

Then based on (13) (and a similar formula for v = 9g/dy), one can easily prove the following
corollary.

Corollary 2 For any scale j € Z, one has (in H=1(2))
B;(2) C span{B;+1(Q)}, and H™(Q) = closure <k lierrl span{Bk(Q)}> .

Next we show that a multiscale beamlet decomposition formula is possible in H ~*(£2) when
is a rectangular image domain. After normalization one can assume that the image domain € is
the unit square Q = (0,1) x (0,1).

10



4.2 Haar’s Orthonormal Wavelet System on (2

As in the classic wavelet theory [10, 27, 43|, define the template Haar scaling function and wavelet
on the unit interval (0,1) by:

ho(s) =11)(s),  and  hi(s) =1, 1/2)(8) — L1/2, 1)(8),

which in the multiresolution framework lead to an orthonormal wavelet expansion of L2(0,1). By
tensor product, they induce the 2-D template Haar scaling function and three wavelets on 2:

ha(w) = h(t1,t2)(x17x2) = ht1 ® htz = ht1 (1‘1) htz (w2)7

with the type index a = (t1,t2) € {(0,0), (1,0), (0,1), (1,1)} = A. For convenience, also define
the wavelet type-index set

A" = { (170)7 (07 1)7 (17 1)}7

which correspond to the horizontal, vertical, and diagonal oscillations, separately.
Let I denote a generic dyadic subcell of 2 so that

TeB={277 - {(ki,k1 +1) x (ko, ko + 1)} : 5=0,1,---, and k1, k2 € {0,1,--- ,2/ —1}}.
That is, associated with the cell symbol [ is a unique pair of data: resolution level j, and the
location of the lower left corner 277 (ky, ko) of the square cell. Symbolically, one can thus identify
I with the triple (j; k1, k2). For each dyadic cell I € B and wavelet type-index o € A*, define the
associated Haar wavelet hq r(z) by:

hOC,]({E) = ha,f(acl,xg) = 2jha (2jx1 — k1,2ja:2 — kg) .
Then the following is a well known theorem in wavelet theory [10, 43].
Proposition 3 Together with the template Haar scaling function ha—o,0) (x), the Haar wavelets
{hoi(z) [ € A", T € B}
consist into an orthonormal basis for L*(Q).
4.3 Haar Molecules of Beamlets and Haar Potentials

Based on the classic Haar wavelets, we now introduce the notion of Haar molecules of beamlets. As
in chemistry, here a molecule refers to a specific configuration of finitely many individual beamlets
(or atoms).

Definition 5 (Haar Molecules of Beamlets) For each Haar wavelet hq 1(x), define two asso-
ciated Haar molecules of beamlets by:

1 2 9
ba,)l = 8—1'1}106’](1.171.2)7 and bg’)l = 8—1'2}1&7]('%17'%2)'

Proposition 4 For each i € {1,2},a € A*, and I € B, the Haar molecule (see Figure /)

bg’)l € span{beamlets in }.

11



Proof. Due to the scaling and translation similarities, it suffices to prove the claim for the
template wavelets when I = (j = 0;k1 = 0,k9 = 0). Take type a = (1,1) and ¢ = 1 for example.
By definition, as well as Dirac’s delta function, one has

m _ 0 _ d
by = g P (2) = ha(@2) x 5= h(ar)
0
= (Lo, 1/2)(®2) = Lgay2, 1y(w2)) x or1 (Lo, 1/2)(@1) = L 2, 1) (1)) (14)

= (1(07 1/2)(3;2) - 1(1/27 1)(%2)) X (5(1‘1) - 25(1‘1 - 1/2) + 5(%1 - 1))
= 70,0 — 70,1 — 271/2,0 T 271/2,1 + V1,0 — V1,15

where the six beamlets in the last step are given by
vs,0 = {s} x (0, 1/2), and vs1 = {s} x (1/2, 1), s=0,1/2,1.

The last step of beamlet representation has been made possible by the general equivalence:
1 1
/ d(z1 — 8) f(z2)p(x)dx1dae = / f(IL‘Q)dl'g/ d(x1,22))0(x1 — 8)dxy
Q 0 0

1
:/0 F(@2)d(s,m2)dws = | F(2)p(2)aH (),

Vs

for any f € L?(0,1), s € (0,1), test function ¢(z) € D(Q), and the beamlet v, = {s} x (0,1). Thus
the generalized function v = §(z1 — s) f(z2) can always be identified with the color beamlet (f|vs|.
On the other hand, a piecewise constant color beamlet is apparently spanned by ordinary beamlets.

Other cases of « and i can be proven similarly. This completes the proof. O
TN | |
I I
2 | o
S s
I 1
| |
| |
2 I I
. ____ ! ]
1) 2
Haar molecule ;" Haar molecule by 1

(1)

Figure 4: Left: the Haar molecule b(i 1 consisting of 6 vertical beamlets half of which are negative

(shaded bars). Right: another Haar molecule bgg)l). The number beside a beamlet denotes its
multiplicity (or color) in the molecule (see the last expression in Eqn. (14)). Pay attention
to the oscillatory nature of these generic molecules, which is known to be important in texture

modeling.

Definition 6 (Haar Potentials) For each Haar molecule b(()i)l withi € {1,2},a € A*, and I € B,
)

we define the associated Haar potential BSI to be the unique element in H&(Q) which solves the
grounded Poisson equation in the distributional sense:

—ABS)I — D on Q: and B

) _
a,I’ a71|89 =0.
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4.4 Beamlet Expansion in H~! via Haar Molecules

Theorem 6 Let (-, -) denote the dual action of H~' and Hol on the unit square domain 2. Then for
any v € H=Y(Q), one has the following beamlet expansion via Haar molecules and Haar potentials:

v = Z <v, B£)1> bg,)p (15)
1€{1,2},acA*,IeB
which converges strongly in the norm of H™ 1.

Proof. By Riesz representation in Proposition 2, given v € H~!, let ® € H{ denote the potential
of v which solves the grounded Poisson equation in the distributional sense:

—Ad =0, on €, and (I)‘aﬂ =
Then J = —V® = (—®,,, —®,,) € L*(Q,R?), and one has the Haar wavelet expansion:

—®,, = Z (=@, hat) har, i=1,2.
acA*, IeB

Notice that since / ®,.(z)dr = 0, the wavelet expansion does not need to include the ordinary

Q
term of (—®,,) at the coarsest scale j = 0.

Since div : L?(Q,R?) — H~! is a continuous operator according to Proposition 1, from the L?
infinite series one arrives at:

v=div(J) = Y (~u,)a

i=1,2

0
= Z Z 5027 a—xiha,l (16)

aeA* IeBi=1,2
i
= Z <_q)1'i7 hOc,I> bgc,)l‘
1€{1,2},a€A* IEB

On the other hand,
<—(I)xi, ha,1> = <(I)’ (ha,l) > = <(I)’ b((j)1>

= (@, -aBl)) = (-2, BY)) = (v, B)).

In combination with (16), this leads to the molecular beamlet expansion:

v = Z <v, BS)I> bg’)l.

1€{1,2},a€A*,I€B

The infinite series converges strongly in H ~!, which concludes the proof. O
In terms of imaging and signal analysis, the above beamlet expansion has a clear meaning. For
any given H™ ! texture or signal v, in order to perceive its projection or reaction to a Haar molecule

b((l)l, one has to apply the smoother Haar potential B )1 of that molecular to probe the signal (i.e.,

via <v, BC(:)I>)
Theorem 6 or the expansion formula (15) may have suggested that the Haar molecules and Haar

potentials consist into a biorthogonal system [10, 43]. This is, however, not the case because of the
non-commutativity between 9/0x;’s and (—A)~! due to the grounded boundary condition.
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5 Conclusion

In the current work, an intriguing connection has been made between the H ~! texture model first
proposed by Osher, Sole, and Vese [34] (and also subsequently developed by many others), and
the nonconventional generation of geometric wavelets called beamlets first developed by Donoho
and Huo [14, 15]. The most striking discovery for these seemingly uncorrelated realms can be
summarized into one sentence: beamlets are densely embedded in and hence can completely describe
H~! textures.

Thus on one hand, our work has discovered the natural functional space that accommodates the
untraditional wavelets - beamlets, and on the other hand, the work answers the crucial questions at
the heart of contemporary variational texture modeling - “how does a typical H ~'texture pattern
look like, and how can one synthesize such a typical example when requested?” This unexpected
theoretical bond has also been confirmed by the existing computational results such as the one in
Figure 5 from Shen [39].

We also wish that the current work could inspire a newer look at the original works of Donoho
and Huo [14, 15] on beamlet modeling, analysis, and computation.

given image Uy

edge set I

JI/\

piecewise H* smooth (cartoonish) component

Figure 5: The computational result from Shen [39] confirms that natural H ~!-textures (on the lower
right panel) do demonstrate the compositional characteristics of multiple beamlets, as theoretically
predicted by the current work.
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