
[i] beamlets, as singular Radon measures in 2-D, can be naturally embedded in H−1; and in return,

[ii] H−1 can be completely described by beamlets due to the denseness of beamlets, as well as a
beamlet expansion formula in H−1.

Our tools are mainly from real, functional, and classical wavelet analysis.
We now elaborate the background and motivations of the present work.
Image modeling stays at the very core of contemporary image processing and computer vision

(see, e.g., [9, 31, 37, 46]), and provides the crucial regularity conditions for many illposed inverse
problems in the fields [7]. Stochastically, images have been modelled as Markov or Gibbs random
fields with coherent image structures that are discernable by well structured visual filters [20, 45, 46].
Deterministically or functionally, images have been modelled by function spaces including, for
example, Sobolev spaces, Besov spaces in wavelet and multiresolution analysis [10, 12, 13, 16, 29],
and the space of functions with bounded variations (BV) as first introduced into image restoration
by Rudin, Osher, and Fatemi [2, 5, 6, 8, 35, 36, 38, 44]. Images from these spaces are all Lebesgue
measurable, however.

In the late 1990’s, Mumford (also see [31]) emphasized that the scaling characteristics observed
from image statistics [18, 23] imply that measurable functions are insufficient tools for faithfully
modeling complex natural images, and that generalized functions or distributions could serve better
for this purpose. The idea was independently revived in the inspiring work of Meyer in 2001 [29]
in which the theory of the so-called G-distributional textures was developed out of Rudin-Osher-
Fatemi’s image restoration model [36]. Subsequently, Osher, Sole, and Vese [34] further simplified
the texture model by directly turning to the Sobolev distribution space H−1, which is computa-
tionally more tractable than Meyer’s. H−1-textures have been further explored in the recent works
of, for example, Daubechies and Teschke [11] using wavelets, Lieu and Vese [25] using even high
order Sobolev distributions, Shen [39] for segmented image decomposition, and Aujol et al. [3, 4]
for several sophisticated image processing tasks.

Despite all the new theoretical and computational degrees of freedom induced by Sobolev dis-
tributional textures, it has never been made clear in the literature as to how such textures actually
look like from the vision point of view, and what their most generic features are. For example,
in what sense can the popular texture samples sketched in Figure 1 be legitimately modelled and
computed by H−1 distributions?

(e) neurons(b) bricks(a) straws (c) fingerprints (d) nets or fabrics

Figure 1: What do these typical textures (schematically drawn) have in common in image pro-
cessing, computer graphics, and computer vision? They can all (i) be better modelled by H−1

distributions (as proposed by Osher, Sole, and Vese [34]) than by ordinary 2-D measurable func-
tions , and (ii) be efficiently approximated by the beamlets of Donoho and Huo [14].

The theory of beamlets and beamlet decomposition, on the other hand, was developed by
Donoho and Huo [14, 15] for a completely different purpose on signal detection.
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