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ABSTRACT

Halftoning has been a significant topic in image processing due to many emerging applications, various diversified
approaches, and challenging theoretical analysis. Inspired by the wealthy literature on halftoning, as well as the
recent PDE (partial differential equations) approach in image processing, the current work proposes a novel
progressive halftoning algorithm by empolying the celebrated anisotropic diffusion model of Perona and Malik
(IEEE Trans. Pattern Anal. Machine Intell., 12:629-639, 1990), and a properly designed stochastic strategy for
binary flipping. The halftone outputs from the proposed model are typical samples of some random fields, which
share many virtues of existent deterministic halftone algorithms, as well as show many interesting features like
the blue noise behavior. The new model is independent of traditional windows, tiles, or paths, and allows direct
parallel implementation.
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1. INTRODUCTION: OVERVIEW AND CONTRIBUTIONS
1.1. Brief Overview on Halftoning Models and Algorithms

Halftoning (for gray scales) refers to the process of converting a continuous-tone (or contone) gray scale image u
to a binary one b, so that bi-level printers or other display devices can successfully output such an image. Thanks
to enough resolutions and automatic lowpass filtering by the human vision system (HVS), halftone images can
well approximate the original contone ones to human observers.

The three key ingredients to a typical halftoning process are: (i) the contone-halftone (v — b) conversion
model or algorithm; (ii) the printer model, which specifies the physical layouts (i.e., the physical dimensions of
ink dots) of printed binary values and their superpositions (e.g.,!:2); (iii) the HVS model, which models how the
human vision system perceives the distribution of the printed dots (e.g.,3®). These three are independent but
also closely interlaced, often leading to jointly optimal halftoning processes.’® Algorithm-wise, many works
have been mainly focused on the first ingredient, i.e., the contone-halftone conversion algorithm. So will be
the primary focus of the current work. Such model-independent study has also been inspired by the profound
implications of halftoning in the broader information technology, for instance, its intrinsic connections to the
sigma-delta model for A/D conversions,®” and to information hiding and digital watermarking.® °

In what follows, it shall be assumed that the contone image u has been normalized into the canonical range of
[0,1]. For convenience, the symbols a, 3, - - - shall also be employed to denote general pixels which are commonly
expressed by (4,7)’s with ¢ =1 : n and j = 1 : m for an image of n by m. Thus for instance, u, denotes the gray
value at a pixel a. Let Q denote the collection of all pixels.

The core tool in most classical halftoning algorithms is the thresholding operator T

1 ifa>p
0 ifa<p’

T(am)—{

for any a € [0,1], and a given threshold p € (0,1). For example, for p1 =1/2, by = T'(uq | 1) at any pixel o € Q
yields a naive algorithm which is often insufficient due to the artificial edges and blocks it generates.

There are three major classes of successful halftoning algorithms in the literature.
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[a] Dot Dithering (or Screening). The blocky effect in the above naive algorithm can be fixed by adopting
spatially varying thresholds p = po for a € Q.1912  The threshold field p is typically made periodic by a
suitable tiling of 2 using non-overlapping blocks of a fixed size I x J (e.g., I = J = 8). Then u is completely
determined by its IJ values and their spatial distribution on a template tile.

[b] Error Diffusion. The error diffusion model of Floyd and Steinberg!? relies upon four important components:
(visiting path, u’s, F(a)’s, wa,g’s),

where as shown in Figure 1, p denotes the threshold for T'(- | p), F(«) the error propagation front at any
pixel a, and w, g’s the error distribution weights. The original choices in'3 have witnessed some well known
artifacts such as worms and limited cycles.'® !> Many remarkable works have since emerged to improve the
halftone qualities by adopting better paths,'®'7 spatially varying thresholds,* 118 proper frontal masks,!!
and adaptive weights.5 11:16:19

path /
/ \
threshold M ' @ |

diffusion front F(o)={ B, v, &, ..}

Figure 1. Four key components of an abstract error-diffusion halftoning model: the ordered path visiting all the pixels,
the thresholds p’s, the error propagation fronts F'(«)’s, and the error distribution weights wag’s.

[c] Dot Diffusion. Knuth’s dot diffusion algorithm'® adopts both the tiling structure in dot dithering and the
error diffusion mechanism. By periodic tiling, error diffusion in the dot diffusion model is confined within
each tile. All the I.J pixels in a template tile T of I by J (e.g., I = J = 8) are properly ordered or
ranked by the class matrix® R = (r;;)rxs = (Ta)acr s0 that {r, : a € T} = 1: (I.J), and the pixels are
ordered by {a,- - ,ar;} with ro, = k. Within each tile, the halftoning path then follows this specific order.
Furthermore, the error at a current pixel «y, only diffuses to those surrounding pixels (out of 8) whose ranks
rg are higher than k, and the weights are assigned according to some fixed rules. In the recent work of, the
class matrix has been designed optimally subject to proper HVS models.

Besides these models, there have also been in existence numerous other successful halftoning techniques, e.g.,
via look-up tables, least square minimizations, Markovian random fields, direct binary search (DBS), and fuzzy
algorithms.l’ 4,11,20-22

Some notable features in all these successful models and algorithms are: (a) spatial tiling, as in the old JPEG
protocol; (b) a priori diffusion patterns for the errors; (c) the algorithms are sequential, or made periodically
parallel by tiling; (d) single round or pass to complete the contone-halftone conversion; (e) no straightforward
continuum description as the grid sizes converge to zero. In terms of the competing complexities among modeling,
analysis, and computation,?® these features are unnecessarily advantageous or disadvantageous. The many
interesting works mentioned above have been devoted to the better understanding of all these ingredients.

1.2. Main Contributions of the Current Work

Inspired by all the above remarkable works, in the current paper we propose a new halftoning model and
algorithm, which is built upon the celebrated anisotropic diffusion model of Perona and Malik?* for adaptive
image denoising and enhancement.



The new model is progressive and can be symbolically denoted by (see Fig. 2)
bt = PMSF(V" | u,7), n=0,1,---,

where u is a given contone image to be halftoned to some binary image b, and 7 a natural positive parameter
for the Perona-Malik diffusion. For each n, the model consists of two steps - the PM step, followed by the SF
step. The PM step is mainly achieved by the Perona-Malik type of diffusion, while the SF step is a suitable rule
for stochastic flipping.

u (given contone image)

e
%@% PM (e]u,T)
)

b |0

) (n+1)
SF(b | (1), f)

!

f (reference random field)

Figure 2. The flow chart of the proposed new halftoning model.

The main characteristics of the current work can be highlighted as follows.

[1] For the first time, the two major noticeable literatures on diffusions, i.e., error diffusions in halftoning
processes and Perona-Malik’s celebrated anisotropic diffusions for adaptive image enhancement, are connected
and integrated.

[2] Error diffusion via Perona-Malik’s model is image adaptive, and does not significantly exchange errors among
different objects.

[3] There are no preassigned artificial tiling, error flow patterns, or distribution weights.

[4] The new algorithm improves halftoning qualities progressively, instead of only using a single pass, and allows
global parallel implementation.

[5] The core technique for making feasible Perona-Malik’s adaptive error diffusion is an effective stochastic
strategy for on-off flipping.

[6] There are no hard thresholds involved. At each stage it is the diffused error field that offers the likelihood
information for progressive flipping.

The next section (Section IT) first gives a brief overview of the global structures of the new halftoning algorithm
that consists of two key steps. Section III explains in detail the PM step involving a modified version of Perona-
Malik’s anisotropic diffusion. Section I'V explains the design and analysis of the SF step. Computational examples
and their performances are discussed in Section V.

2. DESCRIPTION OF THE MAIN MODEL AND ALGORITHM

Let Q denote the image domain, which could be a continuum like a rectangle, or a discrete lattice. A general
point in € will be called a pixel, and denoted by «, 3, etc. Let u be a given normalized contone image, so that
at any pixel «, the image value u,, belongs to [0, 1].

For convenience, for a halftone image b, b, =1 will be called an “on” pixel and b, = 0 “off.” It is also assumed
that a printer deposits an ideal black ink dot at a pixel « if and only if b, = 0, i.e., when the pixel is “off.”



The proposed new model, referred to as the PM-SF model or algorithm for short, is progressive based upon
the iterative procedure described by

bt = PMSF(V" | u,7), n=1,2,---, (1)
where,

(i) b™ is the halftone estimation at a stage n,
(ii) u the original contone image to be halftoned, and

(iii) 7 a natural parameter to be explained later.

Assuming that the halftone sequence (b™) converges in some suitable sense, we then define > = lim,, o, b" to
be the ultimate halftone image of the given contone target u.

At each stage n, the PM-SF model as an operator is constituted of two parts - the PM step and the SF step,
i.e., edge-adaptive error diffusion of Perona and Malik’s type,?* followed by a properly designed decision rule
for stochastic flipping. The PM step takes the form of

e"(r) = PM(e" |u,7), e"=u-—-">", (2)
whose output, the diffused error e™(7), is then fed into the SF step,
bt = SF(b™ | (1), f). (3)

By iterations, they accomplish the progressive updating of the halftone image. Here in the SF step, f = (f4) is
random field consisting of independent and identically distributed (i.i.d.) random samples which are uniformly
distributed in [0,1]. The PM step is a deterministic process, while the SF step is stochastic since it reacts to a
random reference field f. The effective action of the SF step is in fact independent of f statistically speaking.

In short, at each stage n, the proposed PM-SF halftone model bears the following form:
bt = PMSF(b" | u,7) = SF(b"™ | PM(u — b" | u,7), f). (4)

The next two sections elaborate in full details on these two main steps.

3. THE PM STEP: PERONA-MALIK TYPE OF ERROR DIFFUSION
3.1. The Classical Perona-Malik Model

The celebrated anisotropic diffusion model of Perona and Malik?* was introduced as a new tool for adaptive
image denoising and enhancement. The key characteristic compared with traditional linear diffusion models or
the linear scale-space theory?® is that the diffusive activity is automatically adapted to edges. Ever since David
Marr’s pioneering works on computer vision and artificial intelligence,?%'27 edges have been long recognized as
the most important type of visual cues in visual perception.

A general Perona-Malik diffusion model bears the following form?2*:
ou
5 = v lo(IVuVa], (®)

for u = u(x,t) on a Lipschitz domain z = (21, z2) € €, and often with Neumann’s adiabatic boundary condition.
Here the diffusivity coefficient D = ¢(|Vu|) depends upon the image w itself instead of being fixed, making
the equation nonlinear and challenging for rigorous mathematical investigation.?®2° For image denoising and
enhancement, the initial condition of (5) is the given noisy or degraded image u(z,0) = ug(z).

In order to achieve ideal image enhancement, such diffusion must be terminated at some proper stopping
time T. Since diffusing processes are all anti-gradient random walks in the microscopic scale, without being



stopped in the middle, a diffusion process will inevitably converge to an uninteresting constant image (with zero
gradients everywhere). There are several ways in the literature dealing with the issue of stopping time, including
for example, optimal control or via the connection to the noise level in variational models.3°

The desired action of the Perona-Malik diffusion is furnished by the image dependent diffusivity coefficient
D = g(p) with p = |Vu|. Qualitatively, D should behave like an edge signature function so that

D =0(1), away from edges where p~0; and =~0, near edges where p ~ oco. (6)

In this manner, the “flux” flow j = —DVu can be effectively confined within each homogeneous patch, and the
edge blurring effect is controlled and diminished. Following Perona and Malik,?* some plausible candidates of
g for achieving such desirable effects include, the Gaussian

g(p) = Aexp(—bp?), for some two positive constants A and b, and

the Cauchy function

A
= ———, for two positive constants A and b.
9 =17 0 wo positiv
Another useful candidate is motivated by Rudin-Osher-Fatemi’s total variation Radon measure®! as well as the

mean curvature motion32:

1

1
g(p) = —, or its regularized version,
p

for some positive weight b.

We refer t0%% 29 for further mathematical explorations into the wellposedness of the Perona-Malik diffusion
and its regularized variants, as well as to the extensive contributions made by Weickert and his colleagues for
efficient numerical computations.?® Other recent novel applications and extensions of Perona-Malik’s nonlinear
diffusion mechanism could be found, e.g.,.33 38

3.2. The PM-Step of Error Diffusion

In the proposed new halftoning model, the PM step has been closely inspired by the Perona-Malik diffusion briefly
covered above. Necessary modification also has to be made to suit the specific application of error diffusion in
halftoning.

At step n, if the halftone image b™ already well approximates the given contone image u, the error field
e" = u — b" will manifest spatially homogenous oscillations. As a result, the edge information in the original
contone image u cannot be clearly read in €™, and it becomes less appropriate to directly apply the Perona-Malik
diffusion for e™:

n

%(I, t) =V -[g(|Ve|])Ve(x,t)], with the initial condition e(x,0) = e"(x).
A natural way to dissolve the concern is to turn to the original contone image u, and solve the following linear
diffusion equation instead:

0
8—(;(50,0 =V - [g(|Vu|)Ve(z,t)], with e(x,0)=e"(x) =u(z)—0"(x), z € . (7)
The Neumann adiabatic boundary condition will be similarly imposed along 9€2. Thus to e(x,t), the diffusivity
coefficient D is actually provided by the given contone image u(x). For any given stopping time T' = 7, we shall
then define the diffused error at step n by:

e" (1) =PM(e" | u,7) = e(x, 7), (8)

where e(z, 7) is the solution to (7) at stopping time 7. Recall that in the discrete setting a pixel z is also denoted
by «a, and e(x,T) by e (7).

The key motives behind this novel design of error diffusion can be highlighted as follows:



[a] Suppose u is a constant contone image, and b its ideal halftone version. Then the error field e(x) = u(z) —
b(x) should be maximally homogeneous in space. Consequently, diffusion as a lowpass filtering process can
effectively diminish the error after some sufficiently long diffusion time 7. For a general contone image,
therefore, the magnitude of e(x,7) or el (7) signifies the degree of imperfectness of the current halftone field
b2 at a.

[b] Salient spatial features of large magnitude still remaining in the diffused error field e”(7) have been caused
by less ideal halftoning, and can thus be employed to improve the halftone quality in the next SF step.

[c] Both conceptually and perceptually in terms of image and vision analysis, it is desirable to confine error
diffusion within each homogeneous object in the original image u. This is furnished by the Perona-Malik
diffusivity D = ¢g(]Vu|) adapted to the given contone image u.

For cartoonish or piecewise constant images, we can further quantify the statement [c] on error confinement.

THEOREM 3.1. Suppose u is piecewise constant with each piece occupying a Lipschitz domain. Let B denote
any of these generic patches (assumed to be an open domain). Then under the PM error diffusion (7) and the

assumptions that g(0) = A > 0 and g(oo) = 0, the net total error on B: E(t) = / e(z,t)dx does not change
B

with time at each fized step n.

Proof. The rigorous mathematical statement of the theorem and its proof will inevitably depend upon a
mollification process on u (so that the classical derivative Vu can be well defined, as in?®). Here we give a
heuristic but more straightforward proof.

Since the image u is piecewise constant and B is a generic open patch, the size of the gradient p = |Vu| is
exactly zero on B, and infinity in the interior boundary of B (i.e., 9B N ). Thus in terms of the diffusivity
coefficient, one has

D=g(p)=A, onB; while =0, alongdBNAQ. 9)

Therefore, by the divergence theorem on the Lipschitz patch B,

@ :%Le(m,t)dmZLet(xat)dx

dt
/v [DVe]d p%4 (10)
= . e|jar = —Sas
B op O

:/ Da—(ids—F/ Da—(ids:(),
aBna 07 oBnaa On

where 77 denotes the outer normal of OB and ds its arc length. The last equality follows from (9) and the
Neumann condition de/07 = 0 along 2. This completes the proof. O

Next we discuss how to employ the salient information in the diffused error e™(7) in order to polish the
halftone quality, i.e., the stochastic-flipping (SF) step.

4. THE SF STEP: STOCHASTIC FLIPPING OF ON-OFF’S
4.1. The Intuition Behind the SF-Step

Suppose at a given pixel a, e?(7) is positive and noticeably large. It means that on average near «, there are
not enough “on” pixels (or too many black dots). One should then employ this information to turn on more
pixels near a.

Similarly, if at a given pixel «, e”(7) is negative with noticeably large magnitude, one should then perform
the opposite, i.e., turning off more pixels near « since negativity implies that on average there are too many
“on” pixels.



Accordingly, it becomes natural to adopt the following decision rule. First copy b”t! from b”, and then,

if e?(7) > 0, turn on b2+ if b7 was off; else

11
if e?(7) < 0, turn off b7 if b” was on. (1)

This updating is to be applied to each pixel a € .

A closer check shows a problem with such a deterministic decision rule. Consider for example a constant
contone image u, = 0.5. Suppose one starts with an initial halftone guess b2 = 0, i.e., with all pixels off. Then

e

O =y =02 =05, and €2(7)=0.5>0.

[e3 [e3 [e3

Thus by the updating rule (11), all the pixels are to be turned on and the new halftone image becomes b}, = 1.
Repeating the processing, one ends up with a sequence of halftone approximations (b");2, which alternate
between purely off-tone images and purely on-tone images. In particular, they would never converge to any
reasonable halftone estimation 5°.

This motivates the following stochastic flipping (SF) rule, which is the second key component of the proposed
new halftone model.

4.2. The Algorithm of Stochastic Flipping (SF)

Instead of the deterministic binary decision rule in (11), the SF algorithm adopts the stochastic (or fuzzy)
approach, and strictly speaking outputs a random field instead of a deterministic single halftone image.

As before, at step n, first copy b" ! from b". Then if e?(7) > 0 at a pixel « (i.e., undershooting), one applies
the following stochastic rule:
with some probability ¢, turn on b2 to b2+ = 1 if it has been off; (12)
otherwise when e”(7) < 0 (i.e., overshooting), one then instead applies:

with some probability g, , turn off b7 to b7*! = 0 if it has been on. (13)

Since the decision is pixelwise decoupled, this stochastic rule clearly admits parallel implementation.

The optimal choice of the flipping probabilities ¢X’s can be determined as follows. First consider e (7) > 0.
For any given pixel «, let W be a local homogeneous (with respect to w) window with |W| number of pixels.
After the PM diffusion with stopping time 7, u,, is very much unchanged due to the homogeneity assumption,
while b2 is updated to b2 (7) so that e (1) = uq — b2 (7). The diffused value b2 (7) is a spatial average, and can
be effectually treated as the single pixel expectation E[b?], and hence the percentage of the on-pixels within the
window W. Thus the number of off-pixels is given by (1 — b%(7))|W|. The goal of the flipping probability ¢ is
to increase the number of on-pixels to the ideal level u,#W. As a result, one requests

(1 =ba(P)IW| x g4 = ua|W| = b5 (1)|W],
7) > 0. Thus

4 uq —bi(T) en(r)
C 1 =br(r)  14en(T) —ua

since the pixels which are already on will not be altered when e (
al

q

In the same manner, when el (7) < 0, on behalf of the off-pixels one requires

bW x g5 = (1= )W = (1= bW, g5 = —a)_

U — €2(T)

These formulae for ¢ can also be established using conditional probabilities in probability theory.

Define for any x € (—o0, 00),
x
w@)=— 2 14
Go () [r— (14)



where the logic function 1,>¢ = 1 for > 0, and 0 otherwise. Then as long as the pixel value u, € [0,1], one
must have g(z) € [0,1] for any z. The above flipping probabilities ¢& at any given pixel o can then be uniformly
expressed as:

dn = quo(en(7)), regardless of the sign of e (7). (15)

o

To effectively carry out the flipping task, a convenient way is to first generate a reference random field f on
the image domain 2, so that

(fo | @ € Q) is a field of i.i.d. random variables uniformly distributed in [0, 1]. (16)
Algorithmically, the SF step described by (12) and (13) is to be realized by
bt = SF(b" | e"(7), f)
as follows. First copy b"*! from b". Then (12) is numerically computed by: if e?(7) > 0,
turn on b7 to b7t =1 if f, < ¢" (no action otherwise); (17)
and similarly for (13), if eZ(7) < 0,
turn off b7 to b7 = 0 if f, < ¢” (no action otherwise). (18)

If « is already on in the former case, or off in the latter, these actions do not alter the current on-off status.

Coupled with the PM step in the preceding section, this completes the description of the entire new halftoning
model. Next we develop some theoretical analysis for the SF step.

THEOREM 4.1 (EQUIVALENCE). Indeed (17) is equivalent to (12), and (18) to (13).
The proof is a straightforward exercise in probability and thus omitted.

To help understand the convergence of the SF step, define at each step n the updating profile d™ to be
dio= it =], aeq. (19)

Then d" is binary and d? = 1 if and only if the status of « is updated to the opposite. Thus we further define

1
R" = 9] Z dn to be the flipping rate per pixel (frpp) at step n, (20)
(6119

where || denotes the total number of pixels in Q. For example, R™ = 5% would mean that at each pixel «, the
likelihood that b7+! differs from b” is less than 5%.

If the algorithm converges in certain sense, one should be able to expect small frpp R™ in the end. But unlike
any deterministic algorithms, due to the stochastic nature of the SF step, d™ is also a random field and the frpp
R"™ a random number. We should thus analyze the properties of both d and R™ in the probabilistic framework.
Let E[X] denote the expectation or average of a given random variable X.

n
(e

THEOREM 4.2. At each step n, given b™, e™(7), and consequently ¢t = qo(e%(7)) as in (15), the average

(expected) frpp for the stochastic flipping process is given by

E[R"] = ﬁ S x (0 + sign(en (7)) g (21)
aef)

Here sign denotes the standard sign function, and x(w) the indicator function of the closed unit interval [0, 1]:
x(w)=1, wel0,1]; 0, otherwise.

Proof. By definition, it suffices to show that at each pixel «,

Eldg] = x(bg + sign(eq (7)) ¢a- (22)



We then consider separately two cases. First suppose b7 = 0. When e”(7) < 0, no flip can occur and b7+! =0,
which implies that d? = 0 regardless of the random reference value f,, and E[d"] = 0. When e?(7) > 0, one has

E[d}] = Prob(d? = 1)
= Prob(b" ! = 1| = 0,¢"(r) > 0) (23)
=da, by (12).
Secondly, suppose b = 1. Then no flip can occur when e”(7) > 0, implying that d? = 0 and E[d?] = 0. When

€2 (1) < 0, one similarly has E[d] = ¢/. In combination, we have established (22), and thus the theorem as well.
O

In particular, it is useful to have the following upper bound solely based on the diffused error from the PM
step.

THEOREM 4.3. Suppose the given contone image u, takes value from [6,1 — §] at any pizel o, for some fized
0 € (0,1). Given the PM diffused error e™(7) at each step n, the upper bound for the average frpp of the stochastic

flipping process is given by
e ()l

" <
BlR) < F ot

(24)

where the vectorial I*-norm has been applied.

Proof. Since |x(w)| <1 for any w, the preceding theorem suggests
n 1 n
| | ac)

By the definition (14), for u, € [§,1 — 4], the following inequality must hold true:

ol _ Jol
S+ x| = 67

ga(z) < x € (—00,00).

In combination, the average frpp can be bounded by

n o 1 lea (D) _ lle?(7)lir
BIR" < 17 2 5 6|Q|l '

In the next section, we shall apply the results of both Theorems 4.2 and 4.3 to partially characterize the
computational performance of the PM-SF halftoning algorithm. For instance, an average frpp with F[R"] < 4%
would imply that on average there are only less than 4% of all pixels whose halftone values in b™ are flipped to
their opposites in b”*!. Thus acceptable convergence has been reached both statistically and practically.

5. COMPUTATIONAL EXAMPLES AND DISCUSSIONS

In this section, we demonstrate the numerical performance of the proposed PM-SF halftoning algorithm through
some generic examples. Since there have been no universal criteria for objectively rating or comparing various
halftoning models, we shall mainly discuss the blue noise characteristics of the current model in the end.!? 16

Fig. 3 shows the halftone ramp image by the PM-SF model (the bottom panel), and its comparison with the
output from Floyd-Steinberg’s (F.-S.) original error diffusion model'? (the top panel). The PM-SF model avoids
all the structured artifacts (often called “worms” or “tearing”) that emerge from the F.-S. model, and clearly
shows the characteristics of an isotropic random field. (Many works mentioned in the Introduction have also
improved the original F.-S. model by introducing more adaptivity, as explained earlier.)

In Fig. 4 and 5, we have shown the halftone images for two popular test images by the PM-SF algorithm. In
Fig. 5, in addition, we have also plotted the average frpp (flip rate per pizel, defined in the preceding section)



Halftone ramp image via Floyd—-Steinberg

Figure 3. The halftoned ramp image by the PM-SF algorithm. (Note: due to PDF compressions as well as screen or
printer distortions, the displayed or printed halftone images in this section may not be the original MATLAB outputs.
Proper zooming rates (e.g., 100%, 150%, or 200% for Acrobat Reader 5.0 or 7.0) should be accordingly adjusted.)

versus the progressive step number. It is evident that statistical convergence has been reached when the average
frpp drops down to about only 2% and stabilizes.

Finally, we investigate the blue-noise characteristics of the halftone images by the proposed PM-SF algorithm.
Blue noises generally refer to signals or images whose power spectra are only concentrated on the high-frequency
end. For instance, a 1-D discrete signal is a blue noise when its power spectrum is given by P(f) = 15, 17(|f])
for some f,, > 0, where f is the normalized frequency variable so that f € [—1,1]. It has been long acknowledged
that good halftoning algorithms should be able to generate blue-noise binary images.'? 16

In Fig. 6 and 7, we compare the power spectra of the halftoned constant images u = ¢ for both the F.-S. error
diffusion model and the proposed PM-SF model. The power spectra have been estimated by the FFT and moving
averages (see, e.g.,3?). When ¢ = 0.35 (Fig. 6), the power spectra of both models demonstrate the blue-noise
behavior. In addition, the isolated bright lines in the left panel shows that the F.-S. halftoning model introduces
directional structures, while the rotational invariance in the right panel shows that the PM-SF halftoning model
does not. When ¢ = 0.5 (Fig. 7), it is well known that the F.-S. algorithm produces the regular check-board
pattern, so that b(i,j) = cos(im) cos(jm), and the power spectrum is concentrated on the single component of
the highest frequency (see the arrow on the left panel). On the right panel, the power spectrum of the PM-SF
halftone image does not differ much from the preceding case of ¢ = 0.35, and shows its universality in halftoning
different continuous tones.

6. CONCLUSION AND ACKNOWLEDGMENTS

In this paper, we have introduced a novel progressive halftoning algorithm based on the celebrated edge-adaptive
diffusion model of Perona and Malik?* (PM), and a properly designed stochastic flipping (SF) strategy inspired by
the probabilistic interpretation of the diffused errors. Motivations and implementations of these two key models
have been explained in details. Generic computational examples further highlight the main characteristics of the
proposed PM-SF halftoning model: anti-worming and isotropicity on regions with smoothly varying continuous
tones, no significant error “leakage” across edges, and outputing a binary random field instead of a single
deterministic one. The new model is independent of specific tiles, windows, or visiting paths, and can be easily
implemented in parallel processors.

The author wishes to thank Professors Ingrid Daubechies, Chai Wah Wu, and Sinan Giintiirk for their
inspiring and generous support to the current project.



Figure 4. Halftoned Lenna by the PM-SF algorithm.
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