
Figure 3: Left: a diskette preimage; Right: a planar preimage.

[d] (Smooth Preimage Monoid) Define the generator set

Ss = {(M, ∂M) |M is a connected C(2) submanifold with borders}. (8)

That is, as in differential topology [18], for each boundary point x = (x1, x2) ∈ ∂M , there is an
open neighborhood Ux and a C2 invertible map φ that maps Ux onto R2, so that

φ(Ux ∩ M) = {(x1, x2) | x2 ≥ 0}, i.e., the upper half-plane.

Then we shall call Ismooth = I∗(Ss) the smooth preimage monoid. The C2 regularity condition
has been imposed so that curvatures along the boundaries are well defined (C1,1 also suffices as in
Mumford and Shah [21]) .

Notice that although the above generator sets look quite regular, they can already generate very
complex preimages and patterns. The underlying motivation and philosophy are therefore clearly rooted
in the fundamental fact of physics: the complex physical world arises from its simple generators of basic
particles such as quarks and protons.

Definition 5 (Minimal Generating Sets). Suppose S generates a preimage monoid I. Then S is
said to be minimal if

A /∈ I∗(S \ {A}), ∀A ∈ S.

That is, no proper subset of S alone can re-generate the entire monoid I.

Definition 6 (Prime or Atomic Preimages). An element aγ in a preimage monoid I is said to be
prime or atomic, if

aγ /∈ I∗(I \ {aγ}).

Let A(I) denotes the collection of all prime or atomic preimages, and will be called the atomic set of I.

Notice that if I is compared to the (commutative) monoid of natural numbers under multiplication,
a prime or atomic preimage is then analogous to a prime number. The following proposition is evident
from the above definitions.

Proposition 1. For a given preimage monoid, it is always true that A(I) ⊆ S(I) for any minimal
generating set S(I).

Definition 7 (Regular Preimages). A preimage (a, γ) is said to be regular if its 2-D Hausdorff
measure (identical to the 2-D Lebesgue measure in R2) H2(a) is nonzero, and ∂a = ∂(a◦). Otherwise
it is said to be degenerate.

Theorem 7. A preimage (a, γ) is regular if and only if a 6= φ and a = a◦.

Proof. First suppose (a, γ) is regular. Then a 6= φ since H2(a) > 0, and

a = ∂a ∪ a◦ = ∂a◦ ∪ a◦ = a◦.
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