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Abstract.

Human vision works equally well in a large dynamic range of light intensities, from only a few photons to typical
midday sunlight. Contributing to such remarkable flexibility is a famous law in perceptual (both visual and aural)
psychology and psychophysics known as Weber’s Law. The current paper develops a new segmentation model based
on the integration of both Weber’s Law and the celebrated Mumford—Shah segmentation model (Comm. Pure Applied
Math., 42, pp. 577-685, 1989). Explained in details are issues concerning why the classical Mumford—Shah model
lacks light adaptivity, and why its “weberized” version can more faithfully reflect human vision’s superior segmentation
capability in a variety of illuminance conditions from dawn to dusk. It is also argued that the popular Gaussian
noise model is physically inappropriate for the weberization procedure. As a result, the intrinsic thermal noise of
photon ensembles is introduced based on Bose and Einstein’s distributions in quantum statistics, which turns out to
be compatible with weberization both analytically and computationally. The current paper focuses on both the theory
and computation of the weberized Mumford—Shah model with Bose—Einstein noise. In particular, Ambrosio-Tortorelli’s
I'-convergence approximation theory is adapted (Boll. Un. Mat. Ital., 6-B, pp. 105-123,1992), and stable numerical
algorithms are developed for the associated pair of nonlinear Euler-Lagrange PDEs.
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1. Introduction and Motivations. The current work targets at integrating two facts into the
celebrated segmentation model of Mumford and Shah [34]: Weber’s Law in vision psychology and
retinal physiology, and the Bose—Einstein statistics for photon ensembles.

Light adaptivity is a remarkable feature of human visual perception. Entering a relatively dimmer
room from an outdoor stroll in the sun, few people ever feel much difference in image interpretation,
although physically the average ambient light intensities have undergone a major change. This function
has been quantified into a famous law in psychology and psychophysics due to Weber [47] and later
Fechner [20], whose physiological foundations have also been extensively explored in contemporary
mathematical biology [19, 31, 35, 38, 41, 44, 45]. Section 2 will give a further detailed account on the
important implications of Weber’s Law.

Light adaptivity has not yet drawn commensurate attention from the communities of image pro-
cessing and vision modelling. It is partially due to the fact that many multimedia image processing
tasks only involve localized still images, typically like those captured by a digital camera in a fixed
environment at a fixed time. Similarly, many application-driven problems such as medical imaging
only deal with images with very much fized patterns of intensity distributions, often computed by
inverse problem solvers in imaging or signal acquisition technologies.

For dynamic vision systems of either mobile robots or surveillance cameras, light adaptivity then
becomes indispensable due to the constant changes of incident light in a dynamic environment. In [43],
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the first author has made the preliminary attempt to introduce it into the total variation based
denoising scheme by Rudin, Osher, and Fatemi [40]. In the current work, we take a more systematic
and detailed step in integrating light adaptivity (i.e., Weber’s Law) into the celebrated segmentation
model of Mumford and Shah [34].

Segmentation is a fundamental task in both machine and human vision. To segment is to partition
an image scene ) into disjoint regions corresponding to individual objects, built upon which all vision
tasks of higher levels can be further developed using tools from pattern analysis and recognition [26]
and learning theory [37].

In the deterministic (or cartoonish [34]) modelling, David Mumford and Jayant Shah formulated
the segmentation problem as: given an image observation sample ug which might be degraded by
noise, a cartoonish image v and an edge set I' are to be sought so that on each connected component
of Q\T', u is smooth or stationary. The solution to segmentation is therefore modelled as an estimation
problem, which inevitably falls into the general framework of Bayesian inference [22, 33]:

p(u,F7UO) _ u U u L
Sy = PO Dpluo [ 0.1) -

For the sake of estimation, the probability of the observation p(ug) is simply a fixed normalization

max p(u, T | ug) =
u,I’

constant. By taking the logarithmic likelihood E[-] = —logp(+), or formally the “energy” according
to Gibbs’ canonical ensembles [23, 33], one arrives at the deterministic segmentation formulation

min E[u,T" | ug] = E[I'l + E[u | T + Elug | u, T

u)

Mumford and Shah modelled the three terms by
BEms[u, T | uo) = aH () + ﬁ/ |Vu|*dzdy + )\/ (u — ug)>dady, (1.1)
Q\l Q

where H! stands for 1-D Hausdorff measure, and «, 3, and ) are weighting parameters, and will be
called visual potentials in the present paper '. This Mumford-Shah free-boundary model has attracted
a great deal of attention from the communities of partial differential equations (PDE), calculus of
variations, geometric measure theory, and computational mathematics [1, 2, 3, 4, 7, 8, 15, 17, 24].
Some interesting new applications can also be found in, e.g., [10, 11, 13, 14, 18, 42, 46].
The following proposition first shows that the Mumford—Shah model lacks light adaptivity.
PROPOSITION 1.1 (Gray scale shift-invariance of the Mumford—Shah model). Suppose that

(s, I's) = argmin,, p Eslu, T | ug]
is an optimal estimator of the Mumford—Shah model. Then for any constant gray scale shift 0,

(us +0,T) = argmin,, p Eng[u, T' | ug + 0].

It immediately implies that an edge can be detected in a dimmer image scene ug if and only if

when it can be in a brighter scene, say ug + 100. In particular, for example, a same intensity jump of

1 Physically, the parameters are like pressure, surface tension, or chemical potentials in statistical mechanics [16, 23].
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strength dug = 10 is perceived with no difference no matter if it is embedded in a dimmer environment
of ug =~ 20 or a brighter one of ug ~ 200. These conclusions are inappropriate according to Weber’s
Law on human visual perception and the principle of light adaptivity.

Following the initial attempt of the first author in [43], the current work intends to introduce light
adaptivity into the Mumford-Shah segmentation model (1.1) by incorporating Weber’s Law. The new
model is called the weberized Mumford—Shah segmentation model, where the procedure “weberization”
was first introduced in [43].

Furthermore, since weberization necessarily requires to interpret images as light intensity distri-
butions, the shift-invariant Gaussian noise Eug | u,I'] in the original Mumford—Shah model becomes
physically unjustifiable (though mathematically still a good approximation). For instance, in the

Gaussian noise model
uo(z,y) = u(z,y) + n(z,y) with n subject to the normal distribution N(0,c?),

the image observation ug could become negative (esp. in a low-luminance scene when w is small),
which is incompatible with Weber’s Law where uy and u are both light intensities. By exploring the
very physical nature of light, i.e., ensembles of photons subject to the Bose—Einstein statistics, we are
able to propose a new noise model called Bose—FEinstein noise which is compatible to weberization.
The organization of the paper goes as follows. Section 2 reviews the role and essence of Weber’s
Law in both vision psychology and retinal physiology. Section 3 shows the lack of light adaptivity in
the original Mumoford-Shah model by analyzing a concrete family of ideal step edges in Theorem 3.1.
The weberization procedure is developed in Section 4, together with the development of the physically
compatible noise model derived from the Bose—Einstein statistics of photon ensembles. Section 5 then
studies the admissible space, the existence theorem (in 1-D case), and the Euler-Lagrange equations of
the weberized Mumford—Shah model with Bose-Einstein noise. The techniques employed therein are
very similar to those for the classical model [2, 3, 4, 24, 17, 34]. In Section 6, Ambrosio and Tortorelli’s
I'-convergence approximation techniques [3, 4] are adapted to the new model, and a linearization based
iterative algorithm is designed for integrating the system of nonlinear Euler-Lagrange equations. The
performance of the new model, as well as its comparison with the classical Mumford—Shah model, are

finally demonstrated through two examples.

2. Weber’s Law and Light Adaptivity at Retinas. In this section, we briefly introduce the
background and roles of Weber’s Law in both psychology and physiology.

2.1. Weber’s Law in Psychology and Psychophysics. Weber’s Law was first qualitatively
described by German psychologist E. H. Weber, and later quantified by the great psychologist G. T.
Fechner, the father of modern psychophysics.

Generally, for both visual and aural perception, let u denote the strength of the mean-field back-
ground, and du the difference or contrast between the background signal and a target signal embedded
within. Let T'(du | u) be the yes-no binary decision of an average human observer for detecting the
target signal under a fixed background level u. Then psychological evidences show that T'(- | w)

behaves like a Heaviside function H (éu — d,u) for some threshold d,.u depending on u:

Tu(0u | u) = H(0u —d,u) =1, du>d,u; 0, otherwise.
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For each fixed background level u, this threshold d,u is often called the just-noticeable-difference
(JND) in psychology. Weber’s Law says that the JND is linearly proportional to the mean-field w.

Weber’s Law. There exists a constant W, so that for a large range of background mean field u,

Os

=W (2.1)

W has been naturally called Weber’s constant or Weber’s ratio in the literature.

This empirical statement of Weber’s Law can get deepened in the light of perceptual modelling.
First, the classical statement (2.1) implies that the detection function T'(du | u) could also be expressed

as

0
T(ou | u) = H (—“ - W) : (2.2)
u
again based on the Heaviside 0-1 function. In the continuum or physiological setting (see next sub-

section), such binary output can be further mollified as follows.

Modified Weber’s Law. Let T(0u | u) denote the continuous confidence function of perceptual
target detection. Then there exists a monotonically increasing function f(dw) on dw € (0,00), so
that f(0) =0, f(co) =1, and T'(du | ©) = f(du/u). Moreover, according to the classical statement of

Weber’s Law in (2.1), f should bear a sharp transition near Weber’s constant dw = W.

Both statements clearly suggest that to human visual or aural perception, the relative contrast
dw = du/u is a variable more suitable to work with, and can be considered as the net input to the
perceptive decision algorithms that human subjects subconsciously employ.

A very enlightening inference from Weber’s Law was made by Shapley and Enroth-Cugell [41],
and is also highlighted in Keener and Sneyd’s book [28].

Shapley and Enroth-Cugell’s Inference from Weber’s Law. Under Weber’s Law, what human
vision perceives are the surface material properties of the objects in a visual field, instead of their
reflected light.

From Darwin’s Natural Selection point of view, one can immediately feel the message encoded
into Shapley and Enroth-Cugell’s inference. Vision systems that remain stable and insensitive to
illuminance changes are apparently superior to those of the opposite. It is simply because in 3-D
environments lighting conditions constantly vary from dawn to dusk, while objects mostly remain
more stable. Such variation is more noticeable in forest environments where shadows of trees or tall
bushes constantly change the apparent intensity values of moving animals. Being able to perceive
objects instead of their reflectance therefore helps the survival of both preys and predators.

4



We now give a brief derivation of Shapley and Enroth-Cugell’s inference and refer the reader
to [28, 41] for further details. Consider a simple scene only consisting of a background and a target
object. Further assume that the background surface as well as the target surface are planar, and the
incident light strikes perpendicularly to the two. Let Rp and Ry denote the reflectance indices of
the background and the target separately, and I the incident light intensity. Then the reflected light
intensities (i.e., observations) up and ur are given by

ugp=1xRg and wur =1 X Rrp.

According to Weber’s Law, the visually perceived difference is given by

IUB —UT| _ |IRB —IRT| _ |RB _RTl
up IRp Rp

which is indeed independent of the incident light!

2.2. Weber’s Law as Modelled in Mathematical Biology. The contemporary theory in
mathematical biology believes that Weber’s law is realized at the retinal portion of the visual system,
and is implemented by the biochemical mechanisms of the photoreceptors, i.e., via various ion channels
or pumps across the membranes of rods and cones [19, 31, 35, 38, 41, 44, 45].

Let Iy denote the steady background luminance (or light intensity), and V;(Ip) the corresponding
steady membrane potential (of a tagged cone or rod). When I is suddenly increased by an amount
of 61 to a new level I, the membrane voltage undergoes a transient change V (¢):

V(0) = Vollo) and  V(t — o0) = Vo (1),

and in between there is a peak or valley turning point. Let V(I | Iy) denote the turning point
potential during such a transition, with a possible normalization on the sign and base level. Then
Vo(lo) = V(Lo | Io).

Based on the response measurement of a red cone of the turtle, Normann and Perlman in 1979 [35]
(also reproduced in Keener and Sneyd [28]) obtained a remarkable experimental result that demon-
strates a strong pattern well fitted by the Naka-Rushton equation [28]:

V(I1o) I
Viax 1+ A(Ly)

(2.3)

where Vi,ax denotes the saturated and constant potential level, and A = A(Iy) the half-saturation
level, so that when I = A, V(I | Iy) = Vinax/2. For convenience, we shall normalize the potential so
that Viypax = 1.

Under the condition of ideal or exact adaptation: Vy(Ip) = const., we have

I
const. = Vo(lo) = V(Io | Ip) = le(fo)’

implying that A(Ily) = aly for some constant a. In reality, the ideal adaptation condition is only an
approximation [35].

Let 61 = I — I denote the contrast change. Then by (2.3), the peak potential response is
V(I|l) = = = f(61/1), ow) = ———.
(T11o) (a+ DIg+0I  a+1+61/I, F@I/To),  fw) = T
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This is consistent with the modified Weber’s Law in Section 2, and provides a solid physiological
foundation for an otherwise purely psychological law.
Define the net peak response by 6V = 6V (01 | Iy) = V(I | Ip) —Vo(lp). Then it is easy to establish

a o1

+0((01/10)*).

Thus the so called peak sensitivity S = S(Ip) is

.oV 1
Stlo) = Jim 5T > o

which is another equivalent statement of Weber’s Law. Response sensitivity decreases as the back-
ground luminance grows stronger, resulting in stable potential responses (i.e., without quick saturation
of membrane potentials by intense bright light), as well as constant performance (i.e., without losing
perceptive accuracy in dimmer environments) across a broad range of background luminance levels.

Mathematical modelling efforts in simulating the Weber’s Law can be categorized into two classes:
algorithmic simulations based on system designs [44, 45], and biochemical simulations based on the

dynamics of ions channels and chemical reactions.

3. Mumford—Shah Segmentation Lacks Light Adaptivity. In the Mumford—Shah model

presented in the Introduction:
i Byo[u. T | ] = oM (1) + / Vul2dady + A / (u — up)?dady,
u, O\I' Q

the penalty on intensity irregularity (i.e., the second term) is enforced solely based on the measurement
of Vu. The underlying assumption is that the gradients are perceived independent of the background
mean fields. But this is inappropriate according to Weber’s Law, which claims that light changes are
perceived by human vision with an adaptive modulation by the ambient mean fields. Therefore, the
effectiveness of the Mumford-Shah segmentation model is at risk in dimmer environments.

Besides Proposition 1.1 in the Introduction, we now analyze an intriguing example to further
illustrate how the Mumford—Shah segmentation model lacks light adaptivity, as contrast to Weber’s
Law for human visual perception.

Suppose the image domain = R x (0,1), and the images to be segmented are a one-parameter
family (us | 0 > 0) of ideal vertical edges along the y-axis:

us(x,y) =26+ 6 x (2H(x) — 1) = 6H(—x) + 36H (x), (3.1)

where H(t) denotes the canonical 0-1 Heaviside transition function. The intensity jumps along I'g =
{0} x (0,1) are

[uslr, (y) = U<S(0—~_7 y) —us(07, y) = 26.

On the other hand, the mean field near the edge is defined by a local averaging

1
(us) = —/ us(w, y)drdy = 26,
2A J(Za,4)x(0,1)
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which is independent of the windowing size A in this ideal setting.
To human visual perception, by Weber’s Law, the strength of the edge I'y for any given § is

measured by Weber’s ratio:

<[u,;]> = ;ﬁ =1, independent of § !
Us

Therefore, if it is assumed that Weber’s threshold constant W in (2.2) is less than 1, human perception
should always be able to report or detect the existence of the edge I'y.
But this is not the case for the machine vision of a robot that implements Mumford—Shah’s

segmentation model:
min Eys[u, I' | us] = alength(T) + 6/ |Vul2dzdy + A / (u — ugs)*dady. (3.2)
O\T o

THEOREM 3.1 (Mumford-Shah Model Lacks Light Adaptivity). For any fixed set of positive
visual potentials (a, B, \), there exists a critical parameter §. = d.(c, 3, ), such that for any weaker

luminance 6 < d.,
Ems[uvro | U5] > min Ems[va ¢ | u5]7 (33)

where ¢ denotes an empty edge set, and v any Sobolev output on Q\ T'. That is, if the luminance gets
weaker below certain level, the hypothesis of the existence of an edge is not favored in Mumford and
Shah’s segmentation model.

Proof. First notice that for any desirable segmentation (u,I'g),
Epnslu,To | us] > alength(Ty) = a.

Second, we investigate any compatible segmentation v = v(z,y) that fails to report the presence
of the ideal edge I'y, for which the Mumford—Shah cost energy is

Enslv, ¢ | us| = ﬁ/ﬂ \Vo2dzdy + )\/Q(v — ug)?drdy < .
By the Schwarz inequality A + B > 2/AB,
Buslv 6 us] = 2/BX | (V0] o = usldedy
= V/BA (/ V(38 — v)?|dzdy + / V(v— 5)2|dxdy) :
ot Q-

where QT = (0,00) x (0,1) and Q= = (—o00,0) x (0,1). Notice that the equality holds in the first
line if almost surely, A(z,y) = B(x,y). By the vertical translation invariance of both the domain and

(3.4)

image ug, it can be further assumed that v = v(z) is essentially 1-dimensional and V = d/dx. As a

result,

0

Ems[v, ¢ | us) > /BA (/000 |V (386 — v(x))Q\dx—i-/

— 0o

[V(v(z) — 6)2|dx) : (3.5)
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On the other hand, the compatibility condition also implies that

) 0
/0 (36 —v(z))*dr < 0o and / (v(x) — 0)%dx < oco.

— 00

In particular, there is a sequence of (x,,) so that as x,, — 400, 11111 v(zy,) = 3. Therefore, according
n—-1+0oo

to the definition of total variation,

/OOO V(35— v(a))?|dz = lim. Om" V(36 — v(x))?|de
> lim |35 - ? — (35 — o(e)

= (36 —¢)?, n — oo,

where ¢ = v(0). Notice that equality holds in the second line if v(z) is monotonic.

Similarly, one can show that

/0 [V (v(z) — 5)2dx > (c— 5)2,

— 00

and the equality holds if v is monotonic. Hence in combination, (3.5) leads to
EmS[U7¢ ‘ Ué} > v/ BA ((C - 6)2 + (35 - 0)2) .

Varying ¢ = v(0), one easily sees that the lowest value on the right hand side is obtained when
¢ =26 = (us). Therefore,

Ewslv, ¢ | us) > 24/ 62. (3.6)

On the other hand, the lower bound in (3.6) is indeed attainable. To see it, define a Sobolev
function v.(z) € H} (—00,00) by the following procedure. On (0, 00), v.(z) solves the linear initial

value problem

v.(0) =25 and vl(x)=+/A/B (35 —v.(z)), x>0 (3.7)

and on (—00,0), v.(x) solves the backward initial value problem

v.(0) =25 and vl (z) =~\/N/B (vi(z) —9), x<O0. (3.8)

Then all the equality conditions are indeed met in all the preceding inequalities starting with (3.4).

On the other hand, this optimal v, can be easily solved explicitly:
v (@) = (36 — 5e"VNBL) H(z) + (6 + 5eVVB ) H(—z).
Therefore we have proved that
mvinEms[v,QS | 5] = Ems|ve, ¢ | us) = 24/ 62.

Finally, define the critical luminance level §. = d.(c, 5, A) = /a/(2v/BA). Then the inequality (3.3)
holds for all § < ¢, which completes the proof. O
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4. Weberized Mumford—Shah Model with Bose—Einstein Photon Noise (WMS-BE).
In this section, we introduce the main model by incorporating Weber’s Law into the Mumford—Shah
model. In addition, we introduce a new noise model based on the quantum statistics of photons - the
Bose—Einstein statistics, that is compatible to the idea of weberizing the Mumford—Shah model, in

particular, the interpretation of pixel values as positive light intensities.

4.1. Weberized Mumford—Shah Regularity. To introduce light adaptivity into the classical
Mumford-Shah segmentation model, we propose to incorporate Weber’s Law through the following
procedure.

The gradient at any pixel (z,y) is |[Vu(z,y)|h 2 \/(0znu(z,y))? + (6y,nu(z,y))?, where h > 0
denotes the grid size, and

O pu(z,y) = u(z + h,y) —u(r,y) and 6, pu(r,y) = u(r,y + h) — u(z,y)

are the contrasts along = and y. In many digital applications, h could be treated as a fixed constant.

To apply Weber’s Law in a localized setting, one attempts to have the local contrasts é, pu or
dy,nu modulated by the associated local mean fields. As well practiced in nonlinear image filtering
and the theory of scale spaces (see Catté, Lions, Morel, and Coll [6] for example), the local mean field
can be defined through Gaussian smoothing with some window size 0 < 1. That is, define

1 332 +y2
Go‘(x7y) = m €xXp <_ 20_2 5

and define the local mean field (u) at (z,y) to be

<U>(£E,y) = ug(x,y) =Gy * u(:c,y)

Here for convenience it has been assumed that the imaging domain = R2. For a finite domain,
one may run the linear heat equation to the image and terminate the process at a stopping time T
Then according to Weber’s Law, the perceptual responses to the luminance contrasts d, pu(z,y) and
Sy nu(z,y) are |0, pu(z, y)|/us(z,y) and |8, pu(x,y)|/us(x,y). Thus the perceived gradient is

¢@wv+@wVNVum

(u0)2 (ua)2 U

As a result, this suggests that as a penalty for irregularities, the bulky energy E[u | I'] in the original

h <1

Mumford—Shah model should be replaced by its perceived version

[Vu/?

2
O\I Ug

Eyu|T]=p dxdy.

On the other hand, as long as u € L>®(Q\ ') (a property that will be justified later), Ey[u | I'] <
oo requires that u belongs to the Sobolev space H!(2\ I'), making unnecessary the local smoothing
procedure u — u, = G, * u for robustly getting the localized mean field (u). Thus one could simply
take (u)(x,y) = u(x,y) at each pixel, and refresh the weberized regularity to

[Vul?

Byfu|T)=p [ =

dxdy. (4.1)
O\T
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4.2. Compatible Noise Model: Bose—Einstein Statistics. Parallel to the weberization of
the bulky regularity energy Efu | I'] — Eyw[u | I'], it is also necessary to update the noise model or the
fidelity cost function Efug | u].

In Weber’s Law, the signal u represents light intensity, a nonnegative quantity well defined in
both wave and particle mechanics. In particular, for example, © = 0 corresponds to the very specific
and important physical meaning that there is no single photon or light at all (the black hole condition,
as called by the first author in [43]). Therefore, the phase space of w is not translation invariant and
the associated noise model must demonstrate such characteristics.

Due to the central limit theorem, Gaussian white noise has been the most popular noise model in
the literature and has led to the least square fitting energy:

Eplug | u, T = Ealug | u] = )\/ (u — ug)*dxdy.
Q

Many works [9, 39, 40] have also studied the multiplicative noise model

Uo(l',y) = U(.’E,y) X (1 +n($7y))v

with n again modelled by Gaussian. As a result, the fitting energy becomes [39, 40]

Ug 2
E =X — — 1) dzdy.
il = . (2 <1)

Mathematically and computationally convenient, the physical foundations of both these noise models
are unclear, however. In particular, there have been no physical mechanisms of light (or photons)
that can reproduce these noise models when the u-values are interpreted as light intensities.

Our approach to noise modeling below is based on the very nature of photons, or the Bose—
FEinstein statistics, and therefore is physically consistent with the weberization procedure. Moreover,
later analysis and computation show that it indeed leads to a well behaved new segmentation model.

By the quantum theory of (free) electromagnetic field, the Hamiltonian can be decomposed into
a sum of singleton harmonic oscillators, each of which is identified by a specific base frequency wy,
k =1,2,---, or equivalently, quantal energy e, = hwy, where h is the Plank constant. The energy
spectra of an ex-harmonic oscillator, modulated by its ground state e /2, consist of

07 €k, 2€k, iy MER,

In terms of the basic photon i, the quantal energy ney can be interpreted as a group of n particles.
A complete description of a state of the light is therefore specified by the so called occupation
numbers: w = (u1, ug, ---) € Z, where Z, denotes all nonnegative integers, and each u; counts
the number of ¢;-photons. Since photons are bosons, each uy can indeed be any nonnegative integers,
as contrast to the fermions (e.g., electrons), for which ug can only be either 1 or 0, representing the
on-off states of being occupied or not [16, 23].
At thermal equilibrium with a fixed temperature T, an ensemble of photons obey the Bose—

Einstein statistics. That is, for any state w with total energy

Elu] = Zuksk = hZukwk,
k=1 k=1
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the Bose—Einstein probability p(u) is analogous to Gibbs’ canonical ensemble:

plu) = Ziﬁ exp(—BE[u]),

where = 1/(kT) is the inverse temperature normalized by the Boltzmann constant k. Therefore the

partition function is given by

Z exp(—fE[u]) = Z Hexp(—ﬂskuk)

Zg =
uoizifoc uezi k=1 (4.2)
=11 3 oot = I == -
Hence, for any ej-species of photons, the average occupation number is
(wy = 220 _ 1 k=1,2,--. (4.3)

9(Bex) ©efer — 17

As a simplified model, let us now consider monochromatic light or an ensemble of photons of a
same species with quantal frequency wg and energy g = hwg. Let ug denote the observed number of
photons each time, and u = (up) its mean.

At thermal equilibrium with temperature 7', the Bose—Einstein distribution becomes

( EoUo

_ —0.1.---.
kT>7 uo )

1 1
p(uo) = Z_@ exp(—fBeoug) = Z_g €Xp

And the partition function and the average number are

1 1

Zg = i and u = (up) = e 1 (4.4)

Therefore,

-1
o= U and Zp=(1-— =1
e Ttu an 3 ( T+u + u.

When the light is not too weak so that the mean number of photons u > 1, one has fey < 1 and

1 1
“E Gy p(uo)ZP(“(J'“)'—VEeXp(_%)'

In particular, in the continuum limit, one can assume that ug € (0,00), and the above is precisely the
exponential distribution with average observation w.

Therefore, the logarithmic likelihood function is given by
e(up | u) = —lnp(ug | u) =Inu+ %.

For a given imaging plane or lattice 2, the sum of this likelihood function over the entire domain

(assuming free photons without spatial interactions) yields the new fidelity energy

Eyelug | u] = )\/Q e(uo(z,y) | u(z,y))dedy = X

11

uo(,y)
A (111 u(z,y) + ) dxdy, (4.5)

u(z,y)



which is different from the popular Gaussian or least square models either additive or multiplicative.
We shall call it the Bose-Einstein noise model.

Notice that the form of e(ug | ) does require the purity of the photon species at a target sensor.
However across the entire imaging plane or domain €2, the independent summation in Ey. does not
demand a spatial uniformity of the species. That is, near two distinct sensors A and B, the photon
species can be wa and wp with w4 # wp, which makes F}, more plausible in approximating real
situations. Notice that in the wave theory of light, all the above can be similarly explained via the

stationary phase method in asymptotic analysis (see, e.g., [5]).

4.3. The Model: Weberized Mumford—Shah with Bose—Einstein Noise. In combination
of the preceding two subsections, we thereby propose the following weberized Mumford-Shah model
with Bose—Einstein noise:

Egmsbe|t, T | ug] = E[T] + Ewlu | T] + Eveluo | u]
(4.6)

[Vl

2
=aoH (D) + 3 5 —dzdy + )\/ <lnu + ﬂ) dxdy.
o\r u Q u

Unlike the classical Mumford—Shah model, here the images u and ug are both understood as light
intensity distributions as in Weber’s Law, or equivalently, both count the number of photons. In
particular, we must have u(z,y), wuo(z,y) >0, on .

Or more conveniently, define the logarithmic intensities
w(z,y) =nu(z,y) and wo(z,y) =Inug(z,y).
Then the weberized Mumford—Shah energy naturally applies to w and wg:
Egmsbe[w, T | wg] = E[T'] + Ew|w | T] 4+ Epe[wo | w)

L ) 3 (4.7)
=oH (F)—I—ﬁ/ [Vw| dmdy—&—A/ (w+ € ™) dxdy.
o\ Q
Notice that w and wy can now both take negative values. In fact the last model (4.7) looks more
similar to the original Mumford—Shah model except for the noise model and the logarithmic transform.
We have thus successfully completed the modelling stage, and the rest of the paper will focus on
the analysis and computation of the model (4.6) or (4.7). One can benefit profoundly from the rich
existing literature on the classical Mumford-Shah model [2; 3, 4, 17, 24].

5. Study of the WMS-BE Model.

5.1. Admissible Spaces. From the last term on Bose-Einstein noise in the new model (4.7),
it is natural to assume that w(z,y) € L'(Q). On the other hand, as in the classical Mumford-Shah
model, the first two terms on the logarithmic prior suggest that w belongs to SBV(f2), the special

functions of bounded variations: Dw = Vw + [w] x H!|,, where Dw denotes the vectorial Radon

1"7
measure associated with the distributional derivative of w, Vw the Lebesgue continuous part (or the

Sobolev component), and [w] the jump along the oriented jump set I' = T, which is well defined
almost surely according to the 1-D Hausdorff measure.
12



The logarithmic transform of the noise model also requires e®°@¥)~w@¥) ¢ L1(Q). By the
principle of L? duality, it is therefore natural (pragmatic, convenient, but not necessarily unique) to

assume that
e € L®(Q) and e“ € LY(Q).

Consequently, wg € L>(£2). The next theorem shows that one can simply demand w € L>*°(f) as a
result.

THEOREM 5.1. Let wy(z,y) be a minimizer to the weberized Mumford—Shah model Egmsbe[w, T |
wo| (4.7) with Bose—Finstein noise. Assume that the logarithmic light intensity observation wy €
L>(Q). Then w, € L®(Q) and ||wy]||oo < ||wol|co-

Proof. For any real parameter a, define a nonlinear function by

P(t|a)=t+e* " teR. Then,

Y(t|la)=1—e*"" and ¢"(t|a)=e""".

In particular, ¢ (- | a) is strictly convex for any fixed a. Since 1)(£o0) = 400, and ¢'(a | a) = 0, we

conclude that t, = a is the unique minimizer of (- | a) for any a. As a result, for any ¢, ts with
(ti—a)(t2—a) >0 and |t; —a| < |t2 —a,

one has 9¥(t1 | a) < 9¥(t2 | a) and the inequality holds if and only if ¢; = ¢,.
Now assume |lwg||cc = A and define the truncated function from the minimizer w, by

A
|w. (z, y)|

>, (z,y) € Q.

wae) = w o) x (1
Following the preceding preparation, at any pixel (z,y), identifying

a=wo(z,y), t1=[wdalz,y), and ts=w.(x,y),
one arrives at

P([wila(@,y) | wo(z,y)) < d(wi(z,y) | wolz,y)),
as well as
Qw([w*]A(x,y) | wo(x, y))dedy < /Qw(w*(%y) | wo(x, y))dxdy. (5.1)
The equality in the last equation holds if and only if a.e.,
[wi]a(z,y) = wa(x,y), or equivalently, |wioo <A (= ||wollco)-

On the other hand, according to [4, 24], it is sufficient to work with w, € C1(Q\ I'). In particular,

one can further assume that A is a regular value of w,, meaning that the level sets w, = +A are 1-D

manifolds. (Otherwise simply replace A by some A + ¢ with |¢] — 0. This is guaranteed by the
13



denseness and openness of regular values in differential topology [32].) Then, as a Radon measure on

O\ T (whose notation will be omitted in the next two lines for simplicity), one has

Dlwia = Dlwslalgy, <4y + Plwsdal gy, 5.4y + Plwsdal gy, -y
= Vuw,

{Jwx|<A}"

The second term vanishes since [w.]4 is constant on the open set |w.| > A, while the last term
vanishes because w,, and therefore [w,] 4, are continuous along the 1-D manifolds |w.| = A (see, e.g.,
[25]). Remind that here all terms are restricted on Q \ I'. Therefore,

/ \V[w,]a|?dzdy < / |Vw, [2dzdy. (5.2)
O\T O\T

In combination of (5.1) and (5.2), one arrives at
E[ [wi]a, T | wo] < Elwy, T | wp.

Since w, is a minimizer, the equality must hold. Then the theorem directly follows from the equality
condition of (5.1). O

Notice that in the proof one could circumvent the C! characterization of [24] by turning to
the continuity of the truncation operator [-]4 (both weak and a.s.), mollification approximations of
HY(Q\T), and the weak lower semi-continuity properties of Sobolev norms [29]. The proof also clearly

demonstrates the good behavior of the Bose-Einstein noise for mathematical analysis.

5.2. Existence Theorem. The remarkable works [2, 3, 4, 24, 17] on the existence of solutions
to the classical Mumford—Shah segmentation can be naturally adapted to the weberized Mumford—
Shah model with Bose—Einstein noise. For completeness, in what follows, we prove the existence of
Ewmsbe in the 1-D case. After some necessary adaptation being made, the techniques are nothing very
different from the existing literature. For much more involved high dimensional cases, we refer to the
aforementioned works in the classical literature.

We assume that the image domain is the unit interval I = (0,1), and denote by T, or equivalently
T'y the jump set of an admissible image u on I.

THEOREM 5.2 (Existence of Optimal Segmentation by WMS-BE). Suppose wg = Inug € L*(I).
Define w = Inu, and

D = {u(x) : [|[w|oo < [|wolloo, #Tw < 00, w e HY(I\T)}.

Then the minimizer in D exists to the weberized Mumford-Shah model with Bose—FEinstein noise:

Ewmsbelu, T | ug] = a#T + 3 VZ|2da;+A/ (1nu+ @)dx,
I u I u
or equivalently, its logarithmic version Eymsbe|w, T | wp].
Notice that the restriction ||w||ec < ||wollco has been well justified by Theorem 5.1.
Proof.
14



(a)

(b)

First notice that Fymsbe|w, ® | wo] < oo for w = 0 € D. Thus one can assume that there is a
(logarithmic) minimizing sequence {w,}32; C D whose Eymsbhe energies are bounded by some
finite value, say, M.

Let I';, denote the associated jump set of w,,. Then {#I',} is uniformly bounded. With a possible
subsequence refinement, one could assume that #I',, = N for n =1,2,---, and that

I, ={z" <2 <...<aWcrL

By the pre-compactness of bounded sequences in R, with possibly another round of subsequence

refinement, one could assume that there exists a limiting set (possibly a multiset)

I*={z;<azs<---<aiy}cI=]0,1],
and for each j =1: N, xgn)
For any € > 0, define the (relatively) closed e-neighborhood of T* in I = (0, 1) by

—>ac;fasn—>oo.

I't={yel : dist(y,I'") < e},

and its open complement I, = I \ I'!. Then as ¢ — 0, I. monotonically expands to I. For any

fixed e, there exists an n., so that for any n > n., w,’s are bounded in H'(I.) since

M

lanlipry = [ wd@ao+ [ (ol e)Pde < ol + 5

= €

as long as I'), starts to be included within I'}.

Choose any sequence () with ¢, — 0 as k — oo. For €1, by the compactness of H(I.,) in
L*(I.,) [30], one could refine a subsequence of (n)s2;, denoted by (n | 1)32,, so that (w 1)),
is a Cauchy sequence in L2(I.,).

Repeating this process, for each step k > 2, one could find a subsequence (n|k) of (n|k — 1) so
that (W, k) )oz; is a Cauchy sequence in L2(I;, ). Finally, define w} = w), k =1 : oc.

Then it is clear there that there exists a unique w* € L2 (I\I'*), so that wj — w* in any L?(I.).

In particular,
[w* [l < flwollso-

Furthermore, by the L? lower semi-continuity of Sobolev norms, on any I,

/ |(w*)’|2darzsup/ |(w*)'|2dx§supliminf/ |(w;;)'|2dxgnminf/ \(w})|2da.
I\T* e JI. e k—oo Jp, I\T (1)

k—oo

Since (w}) is a minimizing sequence, we conclude that w* € H*(I \ I'*), [y« C I'*, and w* € D.

With a possible subsequence refinement, one could assume
wi(x) — w*(x), ae z€l.
Following the notation in the proof of Theorem 5.1, we then must have

P(wy(2) [ wo(x)) = (w™(z) |wo(x)) ae wel,
15



as a result of the continuity of (¢ | a). Since wp and all w}’s are bounded by A = ||wg||co, SO is

Y’s by
[$(wi(x) | wo(a)| < A+e*, V.

Then, by Lebesgue’s Dominated Convergence Theorem,

/Iz/)(w* | wo)dx = klirgo/lw(w,t | wo)dz.

(g) In combination of the last two itemized results, we arrives at
Ewmsbc[w*a]-—‘w* | wO} S hkni,g.}f Ewmsbc[w]ta]-—‘wz | wa

Since (wy) is a minimizing sequence, w* € D has to be a minimizer, which concludes the proof.

5.3. Euler-Lagrange Equations. To derive the Euler-Lagrange equations, one defines two
conditional cost functions associated with Fynspe, similar to the classical literature.

For a given jump set I', define the conditional bulk energy of w to be

Elw | T,w] = / B(w, Vw | wo)dzdy, (5.3)
o\r

where the bulk function
B = B(w,Vw | wg) = B|Vw|* + A(w + e“°~%).

Let wr = argminFE[w | I',wg] be the minimizer for the given jump set I', which is unique due to
the strict convexity. Then wr € H*(2\ T') must solve the following Euler-Lagrange equation in the
distributional sense

0

on_ (o8
T dw oVw

) =—28Aw+ A (1—e"""), (5.4)

on each connected components €2; of Q\ I', with Neumann adiabatic boundary condition dw /97 = 0.
Notice that 9Q; Cc 9QUT.
Next, for the current estimation w = wr, to compute the variational effect caused by the pertur-

bation of I", define the conditional energy

E[l' | w,wy] = E[T' | B] = aH*(T) +/ B(w, Vw | wo)dxdy.
O\r

Assuming that T is piecewise C!, near any regular point z(s) € I' parameterized by the arc length s,

a perturbation I' — I'. can be locally expressed by
x(s) = x(s) = x(s) +e(s)N(s),  |e(s)| <1,

where N(s) is unit normal at x(s). Adapted to the perturbation of I' — T'. is the local necessary
extension of the bulk function B(z,y) = B(w,Vw | wy) — B¢(z,y). Locally according to the
16



orientation of NV, the region is segmented by I' into the tail half and the head half, labelled by “—”
and “+” separately. Accordingly, B is segmented into Bi components on each half. Following the
perturbation of I' — T'., locally, B, with o(s) = —sign(e(s)) can be extended onto the new stripe

territory by
Bi(x(s) +tN(s)) = By(x(s)), te]0,e(s)).

The conditional energy E[I" | B] is naturally perturbed to E[I'c | Bf], and the standard calculation

then gives rise to
SE = E[l. | B°] — E[T' | B] = (—axN — [B]N) - (eN) + O(£?), (5.5)

where [B] = [B](s) = B4+(s) — B_(s) denotes the jump across I', and « the signed curvature, both
coupled with N so that although N can have binary uncertainty, both KN and [B]N are unique (and

kN points to the center of curvature). Therefore, if (w, ") is a minimizer, the jump curve must satisfy
ak + [B(w, Vw | wg)] = 0.
For the sake of numerical computation, as done in Chan and Vese [15], the variational formula (5.5)

offers a strategy for local interface motion that is similar to the active contour technique [27]:

ox(s,t)
ot

To the jump set or interface, this is a combination of two motion mechanisms: the mean curvature

= akN + [B]N. (5.6)

motion and the motion driven by an external bulk energy B.

The free boundary nature of the Mumford-Shah model makes the computation highly nontrivial.
There are many remarkable works on effective implementations of the model, including the finite
element or finite difference methods [7, 8], the level-set method of Osher and Sethian [15, 36, 46], and
the T'-convergence elliptic approximations first proposed by Ambrosio and Tortorelli [3, 4]. In what
follows, for the weberized Mumford-Shah model with Bose-Einstein noise, we adopt the approach of

I'-convergence approximations and explore the corresponding computational issues.
6. I'-Convergence Approximation and Numerical Computation.

6.1. I'-Convergence Approximation of Ambrosio and Tortorelli. For I'-convergence ap-
proximation, the edge set I' is encoded by the so called auziliary function z = z(x,y), or the canyon
function, which is close to 1 almost everywhere except near the edge set, where it sharply drops to
zero or close. Thus, I' looks like a canyon if z is understood as the height field of a territory. The rate
as well as the amount of dropping along the edge set are controlled by an approximation parameter
€ — 0. Hence z depends on e: z = z.(x,y).

First, the length cost E[I'] = aH!(I) is replaced by its phase-field approximation [3, 4]:

E.[z] = oz/ﬂ (a|Vz|2 + (24&_1)2) dxdy. (6.1)

Next, one approximates the weberized regularity energy Fy[u | I'] using the canyon function by

2
Buful )= 5 [ (2 + 00 dsay, (6.2)
Q
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where o, stands for any positive scalar parameter that vanishes faster than . The role of o. is to
enforce the uniform ellipticity of the integral even near the edge set I' where the well function z could
be zero or close. Notice that in terms of the logarithmic luminance function w = In u, one has

Bylw|z] =0 /Q (22 + 0.)|Vu P dady, (6.3)

Finally recall that the Bose—Einstein noise leads to the generative data model

Buuo [ ] =) [

(w+ e"°™") dady = )\/ Y(w | wo)dady, (6.4)
Q Q
where (¢t | a) = t + exp(a — t) as in the preceding sections.
In combination of (6.1) and (6.3), we propose the I-convergence approximation to the weberized

Mumford—Shah model with Bose—Einstein noise

Eymsbe[w, 2 | wo, €] = Ecz] + Ew[w | 2] + Eve[wo | w]

= a/ﬂ (5|Vz|2 - %) dady (6.5)

+ ﬂ/ (22 + 0.)|Vw|*dzdy + )\/ (w+ e"°™") dady.
Q Q

Following Ambrosio and Tortorelli’s work on the classical Mumford—Shah model, it is possible to
establish the existence and convergence theorem, whose proof will be omitted.

THEOREM 6.1. Assume that wyg € L*(Q2) as in the preceding theorems. Then
(a) For any fized € > 0, the minimizer to Eymsbe|w, z | wo, €] exists.
(b) As e — 0, the sequence of cost energies Egwmsbe|W, z | wo,€] converge to Eymsbe|w, T | wo] in the

F—COTM}ST’QBTLCE SENnse.

6.2. Euler-Lagrange Equations. To derive the Euler-Lagrange equations for (6.5), define the
two conditional cost energies as in Section 5. First, for a fixed current estimation of the well function

z, one defines the conditional energy
Eymsbe[w | wo, €, 2] = ﬁ/ﬂ(z2 + 0.)|Vw|2dxdy + )\/Q (w+ e"°™") dady. (6.6)
Variation on w: w — w + dw in H'(Q) leads to the Euler-Lagrange equation
0=-28V- (2> +0.)Vw+ A (1 —e""), (6.7)

with Neumann adiabatic conditions dw/07 = 0 along 9. Notice that unlike the Gaussian noise
model, the Bose-Einstein noise model makes the Euler-Lagrange equation nonlinear.
For the current best estimation of the logarithmic image w, define the conditional cost energy

_ 12
%) dudy + ﬁ/ﬂ(z2 + 0.)|Vw|*dzdy. (6.8)

Bumevelz | wo, &, 1] = a/ (5Vz|2 4
Q
Variation on z: z — z + §z in H'(Q) leads to the Euler-Lagrange equation:
z—1 9
0=a(—-2Az+ 5 + 26z|Vw|?, (6.9)
€
similarly with Neumann boundary condition. Any minimizer (w;, 2.) t0 Eymsbe|w, 2 | wo, €] in H(£2)
therefore must satisfy (6.7) and (6.9) in the weak sense.
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6.3. An Iterative Algorithm. In this section, we propose an iterative algorithm for solving
the system of nonlinear Euler-Lagrange equations just established above.

For a given w, define the linear elliptic operator

4
Ly = —42A + (1 + 66|Vw|2> .
!
Then the z-equation (6.9) simply becomes
Lyz(z,y) =1 (z,y) € N (6.10)

with Neumann boundary condition.

For the w-equation (6.7), define a positive analytic function

Al—et X [P
o) = 55— =55 | < rap>o0.
Then (6.7) becomes
0=—V-(22+0.)Vw + (w — wp)(w — wp) (6.11)

Furthermore, for given z and w, define the positive linear elliptic operator
M, ==V (2% +0:)V + ¢(w — wy).
Then (6.11) can be written as
M. ww = ¢(w — wo)wo, (6.12)

which of course becomes nonlinear for w since the operator M, ,, itself involves w.

The combination of the structures in (6.10) and (6.12) suggests a natural iterative algorithm.
Starting with an initial guess (w(®), 2(9)), at step n, (w1, 2(**1) solves the follow system of linear
equations on (w, 2):

M) aymw = $(w™ — wo)wy,
o ( ) (6.13)
Lw(n)z = 1,
with Neumann boundary conditions for both w and z. This system of decoupled and linear elliptic
equations can be efficiently integrated using any linear elliptic solvers, among which we adopt finite

difference based iterative methods.
6.4. Numerical Examples and Comparison with the Mumford—Shah Model.

6.4.1. I" convergence approximation to the Mumford—Shah model. To make comparison,
we also need to establish the I'-convergence approximation to the ordinary Mumford—Shah model, with
either Gaussian noise or Bose—FEinstein noise.

In the case of Bose-Einstein noise, the Mumford—-Shah model becomes

Basve[t, T | wo] = aH D)+ 8 [ |Vul?dzdy + )\/ (1nu + @) dwdy,
O\l Q u
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whose I'-convergence approximation could similarly be established:

—1)2
Epnshelu, z | ug, e] = a/ (5|Vz2 + M) dxdy
Q 4e

(6.14)
+ ﬂ/ (22 4 0.)|Vul*dxdy + /\/ <1nu + @> dzdy,
Q Q u
Similar to the preceding section, one obtains the Euler-Lagrange equations:
9 A
0=—-28V-(2*+0.)Vu+ ﬁ(u — up),
(6.15)

-1
0=a (25Az + 225) + 26|Vu|? 2,

with Neumann adiabatic boundary conditions. Notice that without weberization, the equations are
naturally about (u, z) instead of (w = Inw, z), as in contrast with Eqn. (6.7) and (6.9).
This system of nonlinear elliptic equations can be similarly integrated by iterations based on

stepwise linearization. That is, at each step n, (u("+1), z("+1)) solves the follow system on (u, z):

A
., (6.16)
0= (—2€Az + 22—5> +26|Vu™|? .

As before, o, denotes any scalar sequence that vanishes faster than € as ¢ — 0F.

These are the equations to be solved for comparison with their weberized versions in (6.13).

In the case of Gaussian noises, the system of equations (6.15) and (6.16) still hold after the removal
of u? or [u(™]? in the denominators associated with the fitting terms, which is of course a coupled
linear system.

6.4.2. Strength of edges based on I'-convergence approximation. I'-convergence approx-
imation also provides a natural way to define the strength of an optimal edge well function z., which
can be a useful measure in evaluating and comparing the performances of different models. To the
best knowledge of the authors, we are the first to endow the edge well or wall function with such
meaning.

We define the edge strength at bandwidth € by

fe = / |Vse(z,y)|dedy = TV (s.),
Q

i.e., the total variation of the “wall” function s. = (1 — z.)?. This has been primarily motivated by
the analysis in the beginning of Section 6.1, in particular, the Schwarz inequality (?7), as well as the
construction technique in the proof by Ambrosio and Tortorelli [4].

For the optimal wall function s., denote its height by d. € [0,1]. Then the edge strength is
approximately given by

fle = TV (s.) =~ 2d. length(T"), (6.17)
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which justifies 7). as a measure of edge strength - larger d. values correspond to stronger edges. Here
the factor 2 comes from the two sides of the “wall.” Approximation (6.17) at least holds locally along
any stationary (i.e., with almost constant height) segment of the walls, and can be further justified by
the celebrated co-area formula of De Giorgi [25], and Fleming and Rishel [21] on the total variation

Radon measure (also see [12, 25]):
1
TV(s:) = / |Ds.| = / length(s. = A\)dA, (the co-area formula)
Q 0

where (s = A) denotes the A-level set of s.. For simplicity, s. has been assumed to be smooth,
otherwise, the length measure should be replaced by the perimeter of the cumulative level sets {s. >
A}. Therefore, if the wall is steep in the transition from the ground value s_ to the peak value sy, as
should be in the case of small €, each level set s. = A consists of two slightly translated copies of the

edge curve I' on either side of the wall. As a result,
Sy
TV(se) ~ / 2length(I")dA = 2(s4 — s_) length(T"),

which is precisely (6.17).
Practically, or at least locally along a stationary edge segment, it is also convenient to simply
consider the relative strength

= max z.(x,y) — min z.(x,y),
T e (@) (z.y)€Q e(:9)

which is proportional to d. = sy — s_ just defined above. It could be considered as the absolute
strength 7). modulated by the length of the underlying segment according to (6.17), and can be useful
in comparing the relative edge strengthes output from different models (e.g., Figure 6.1 and 6.2).
Visually, one simply inspects the darkness of the well functions along the targeted edges, since their
maximal values are always close to 1 for small € (as guaranteed by the term (z — 1)2/(4¢) in the

I-convergence approximations). Thus, darker edges are stronger.

6.4.3. Two examples and comparisons. We illustrate the performance of our new model
through two image examples: one synthetic and the other an image of a real 3-dimensional scene
designed by the first author.

The synthetic image example in Figure 6.1 is to verify and highlight the light adaptivity of our
new model, while the real image in Figure 6.2 is to compare the performances of our new model with
the classical Mumford—Shah model (6.15) and (6.16) in terms of light adaptivity.

Both figures have been generated by Matlab codes, which implement the two algorithms (6.13)
and (6.16). The Matlab codes for the several files involved, as well as the real image designed by the
first author (in Figure 6.2), are available under request.

Both noises have been simulated by using Matlab’s random number generators, and Figure 6.1
involves simulated Gaussian noise while Figure 6.2 simulated Bose—Einstein noise. Notice that the
least square fitting energy is employed in both models in the case of Gaussian noise.

Since it is better to read the interpretation of the computational results while staring at the
figures, our comments, views, and explanations are detailed directly in the captions of the two figures.

From these examples, we conclude that
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(a) The weberized Mumford—Shah model indeed faithfully embodies Weber’s Law, and demonstrates
clear light adaptivity parallel to the way that human vision functions.

(b) Due to the gray-scale shift invariance, the classical Mumford—Shah model does not faithfully
simulate light adaptivity of human visual perception as predicted by both Weber’s Law and
retinal physiology [28, 20, 47, 45].

noisy image Uy

Weberized image output u Weberized edge output z

0.3, disks=0.1

bg=

=0.3

0.5, disks

bg=!

0.7, disks=0.5

bg

Fic. 6.1. Performance via a synthetic image: light adaptivity of the weberized Mumford—Shah model (via T'-
convergence approzimation). Each noisy image is obtained from the immediately above by a simple intensity increment
of 0.2 everywhere in the scale of [0,1]. By the weberized Mumford—Shah model, as consistent with Weber’s Law, the edge
functions z are distinct and have relative strengthes ne = max z. — min ze = 0.98,0.75,0.20 separately. The classical
Mumford—Shah model is contrast shift-invariant (see Proposition 1.1), and therefore makes no distinction among the
three, which is less faithful in vision modelling according to the real perceptual responses characterized by Weber’s Law.
All three examples are computed using a same set of visual potentials (c, 3,\) as well as the I'-convergence bandwidth
€.

7. Conclusion. Towards a more faithful model of human visual segmentation, the current paper
introduces the light adaptivity feature into the celebrated Mumford-Shah segmentation model [34],
as inspired by Weber’s Law in both vision psychology and retinal physiology [19, 20, 31, 35, 38, 41,
44, 45, 47]. To be consistent with the intensity (or photon counting) interpretation of images in the
weberization procedure, the traditional gray scale shift-invariant Gaussian noise model is accordingly
replaced by Bose-Einstein photon noise.

Both theory and computation have been developed for the weberized Mumford—Shah model with
Bose-Einstein noise. In particular, Ambrosio and Tortorelli’s I'-convergence approximation procedure
has been adapted to the new model, and the resulting system of nonlinear Euler-Lagrange equations
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origal clean image with simulated noise

Weberized image output u weberized edge output z

ordinary MS image output u

F1a. 6.2. Performance comparison via a real image between the ordinary Mumford—Shah model and its weberization
(via T-convergence approzimation). The 3-D scene has been arranged to create an image with a large dynamic range
of intensity values. In particular, the shadows have been intentionally introduced to create dimmer regions. Notice that
for objects in the shadows (i.e., the control panel B, cell phone D, and the mouse and mouse pad C), the detected edges
are still strong in the weberized Mumford-Shah model while much weaker in the ordinary Mumford-Shah model. That
is, along the shady edges, the relative strengthes ne are much stronger from the weberized model. On the other hand,
the boundaries of the shadows themselves (e.g., shadow A of the pen holder) against a brighter background are stronger
in the ordinary Mumford-Shah model than its weberization. From the constancy of the edge strengths of the control
panel (B) or the mouse (C), it is clear that the weberized model is insensitive to external illuminance conditions, and
able to capture object edges equally well whether under direct illumination or in the shadows, which is consistent with

Shapley and Enroth-Cugell’s inference in Section 2 and Weber’s Law.

are numerically integrated by a stable iterative algorithm based on a linearization technique.
Computational results have convincingly confirmed the light adaptivity feature of the new model.
Comparison with the classical Mumford—Shah model further highlights the noticeable improvement

achieved by the new model.
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