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MATHEMATICAL LOGIC

Thisiswhere we start. Basic mathematical logic consists of statements, truth-values, and logical opera-
tions. We will define the operations NOT, AND, OR, IFAND ONLY IF, IF... THEN and
EXCLUSIVE OR intermsof truth tables. We will begin to distinguish between defined and undefined
terms.

In this chapter, you can learn anew kind of “arithmetic’ — a calculus of statements. Except for afew ex-
amples, at first | want you to just follow aong, and not worry about assigning any meanings to the state-
ments we work with. In fact, we will be working only with names of statements, for the most part! The
only thing that matters here is the truth-values of the statements we discuss, not what the statements mean,
so letters will be used as names of statements. Meaningful statementswill come later. For now, please,
just make it your business to learn how to make compound statements. Please think of a statement name,
suchas A or B, asa“place-holder” for atruth-value: TRUE or FALSE. Please note that state-
ment names are variables!

STATEMENTS

We will be working with mathematical statements. Here are some examples. “1<2,”
“3>4" “Every integer larger than 1 ispositive,” “Every continuous function on a closed and bounded
interval assumes maximum and minimum values.” Thefirst oneisatrue statement. It hasthe truth-value
TRUE. The second oneisfalse. Itstruth-valueis FALSE. Both statements refer to specific numbers.
The third one refers to many numbers; it istrue, and is a more complicated sort of statement than the first
two. It mentionsintegers, and positive, apparently a property of some of the integers. The fourth
statement is atheorem from Calculus. It isabout certain functions and certain sets.

In order for a statement to make sense as a mathematical statement, the terms, or words, that it contains
must each have a definite meaning. Some of the terms will have been defined using other known terms —
these terms are called defined terms, that is, previoudly defined terms. Some terms used will be primitive
or fundamental terms, whose meanings are assumed to be known — these are the undefined terms.
Usually an undefined term is explained at great length, but not by using defined terms, or other undefined
terms. What isour first undefined term in this chapter? YES! It is“mathematical statement!” Another
oneis“mathematical object!” Some other “primitive” (undefined) terms are zero, one, and two. Much
of our discourse will consist of explanations, directions, and so on. Such discourse, or sentences, or
statements, are usualy not mathematical statements. Most of them will be about mathematical statements.
The mathematical statements themselves will usually be about sets or functions. In contrast to everyday
statements, mathematical statements are required to have a definite truth-value, or, to be either true or false,
but never both, and to always have the same truth value.
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We will build mathematical statementsin a standard way, away that normally will alow usto determine
their truth-values. We will be concerned with whether the mathematical statements that we build are true
or false. The process of demonstrating that a true mathematical statement has the truth-value TRUE, or
that afalse mathematical statement has the truth-value FALSE, iscaled a proof. We will be making
proofs that some mathematical statements aretrue. We will be making proofs that some mathematical
statements are false. To do this we need to use some mathematical logic. We will study some, and use it
constantly. At first we will skim this material to become familiar with it, so you can refer to it later, asthe
need arises. Thisisnot acourse IN logic; it'sacourse that USES logic. So we won't be as thorough as a
course in mathematical logic would be. We will be using logic somewhat informally.

Except for some examples, the preceding paragraph contains no mathematical statements, merely statements
about them, in English. Sometimes we use words in mathematical statementsin a different way than in
usual language, whether everyday or literary. In mathematical usage, we want aword that has a technical

meaning to have the same, precise meaning every timeit isused. Ambiguity isnot allowed. But everyday

language thrives on ambiguity. And we use mathematical terminology ambiguously sometimes, especialy

when we expressideas. How can you tell? At first, ask!

Here are two more undefined terms. TRUE and FALSE. Part of the explanation of ‘ mathematical state-
ment’ is. amathematical statement must have a definite truth-value. The definition of truth-valueis:
oneof TRUE and FALSE. Thus, “truth-value’ is now adefined term. We similarly define the terms
“true” and “false” as adjectives to apply to statements that have the truth-values TRUE and FALSE, re-
spectively. Noticethat a“term” isnot amathematical statement: a“term” does not have atruth-value. A
mathematical statement has to assert that something istrue in order to have atruth-value. Statements such
as “1<2” or “3>4" are mathematical statements. We are going to be a bit more flexible, though,
and alow our idea of “mathematical statement” to include some assertions, for example “x >y,” that
don’'t have atruth value, but DO have atruth-value when valuesfor x and y are specified. We will
simply call these “statements.” The difference between “x>y” and “2>1," or “3>4" isthat
“x>y" refersto unspecified objects x and y. We cal these variables, and we need rules for their
use. Theseruleswill comelater. “Variable’ isan undefined term that we use to describe some of the
symbols that occur in mathematical statements.

One objective of the course is to encourage you to make your own criteria of exactness, of expectations you
have of those who address you, mathematically or otherwise, in order that you understand what they mean.
Then you can meet those expectations in your own discourse. 1f someone else doesn’t quite fulfill your ex-

pectations of exactness, etc., the thing to do is to ask questions, lots of them!

LOGIC OPERATORS and COMPOUND STATEMENTS
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Suppose we are given two mathematical statements, named A and B. We are going to define
some new mathematical statements that incorporate A and B. They are called compound statements.
Their truth values will be determined solely by the truth-valuesof A and of B.

(1.01) Exercise: What are the possibilities for the truth-values of A and of B? How many pos-
shilities are there, for their pairs of truth-values? How many possibilities are there, for the triples of
truth-values of three statements A, B and C?

O truth tables

Y ou might want to skip to the next subsection, and come back to this one later, if at al, for it deals only
with the nomenclature and purpose of truth tables

The way we will define compound statementsisto list al the possible combinations of the truth-values
(abbreviated T and F) of the sSimple statements (that are being combined into a compound statement) in atable,
called atruth table. The name of each statement is at the top of a (vertical) column of the table. The tops
of the columns form a (horizontal) row of the table, and we will refer to that row asthe “zeroth” row of the
table so that we can refer to the rows with truth-values by numbers starting with 1. One (or more, if more
than one compound statement is being defined) column is reserved, on the far right, for the truth value of the
compound statement being defined. The truth values used to define the truth-value of the compound
statement appear in one row.

Example:
A B ??
T T TT?
T F TE?
F T FT?
F F FF?

The four possible combinations of truth-valuesfor A and B are shown, one possible combination in
eachrow. Thus, “row 2,” or the “second row,” containsthe symbols T, F, TF?, inthat order. This
signifiesthat A istrueand B isfase. Thesymbol TF? hastobeoneof T or F. Thedouble ?? is
acollection of symbolsthat includesonly A and/or B and some operation symbol. The TF? in row 2
will then be replaced by the defined truth-value of the statement signified by ??. Notice that the only im-
portant thing about a statement isitstruth-value! We might think of the table as an input-output table: the
truth-valuesin the first two columns of row 2 are the “inputs;” the truth-value in the last column of row 2
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isthe“output,” namely the truth-value assigned by the truth-table to the compound statement ?? when A
isfalseand B istrue. TheLogic operatorswill al be officialy defined by truth-tables!

O the denial of a mathematical statement

The simplest compound statement is built using just one mathematical statement, say A, and the
word “not.” The new statement is called “the denial of A.” Wewrite “not A” for the denial of A.
The symbol ~, thewords“it isnot true,” or some other, synonymous construction may also be used.
Thus “not A,” “~A,” “Aisnot true,” mean the same thing. Here, “not” isalogic operator. The
symbol “~" iscalled the negation sign. Thelogic operator “not” iscaled aunary logic operator
because it operates on one statement. Please make up your own way to deny a mathematical statement.
None of the foregoing is our officia definition of the denial of A. That distinction isreserved for the
truth table for not A:

(1.02) Truth Table for: not A
A | ~A
T| F
F| T

The truth-values, abbreviated, of each statement appear in the column below it. Thistruth tableisfor two

statements, A and ~A. Thelast columnisreserved for the truth-values of the compound statement be-

ing defined.

It is very important for you to realize that a compound statement is itself a
statement!

A compound statement may have a truth-value different than some or all of the statements that are part of
it. Thetruth-value of not A isthe opposite of the truth-value of A. Thislast sentenceisaso avalid
definition of not A. Wewill always use truth tables to define logic operators, though. The meaning of
not A isprobably the same as your everyday meaning.

(1.03) Exercise: Supposethat C isafase statement. What is the truth-value of the compound
statement ~C? What is the truth-value of the compound statement ~(~C)? Notice the use of paren-
thesesto make it clear that “not” isapplied to ONE statement.

[0 the combination of two statements into one that is true just when both are true

Suppose we have two mathematical statements, say A and B. We will define anew statement, called by

June 12, 1998



1 Advanced Calculus: a rigorous approach 5

some their conjunction, that istrue when both A and B aretrue, and false otherwise. It isbuilt with
theword “and,” thesymbol “[]” or some other, synonymous construction. The new statement is
caled “A and B.” Here, “and” isalogic operator, or logical connective. Itiscaled abinary logic
operator because it operates on two statements. Hereisitstruth table:

(1.04) Truth Table for: A and B
A B AB
T T T
T F F
F T F
F F F

The truth-values of each statement appear in the column below it. All 4 possibilitiesfor the pairs of truth-
valuesof A andof B are shown in the two columns on the left. The (defined!) truth-value for AB,

when A and B haveaparticular pair of truth-values, isin the same row as the particular pair of truth-
values. For example, when A isfalse and B istrue (second row from the bottom), A[IB hasthe as-

signed truth-value FALSE. The meaning of A and B is probably the same as its everyday meaning.

(1.05) Exercise: Supposethat C isafalse statement, and D isatrue statement. What isthe
truth-value of the compound statement (—C)[ID? What is the truth-value of the compound statement
CI(~D)? What isthe truth-value of the compound statement ~(C}(~D))?

(1.06) Exercise: Suppose that the compound statement CL(~D) istrue. What are the truth-val-
ues of the statements C and D? You are deducing these truth-values.

0 the combination of two statements into one that is true when one or both are true

Suppose we have two mathematical statements, say A and B. We will define anew statement, called by
some their digunction, that is true when one of, or bothof A and B aretrue, and false otherwise.
The new statement is built with theword “or,” thesymbol “[J” or some other, synonymous construc-
tion. The new statementiscalled “A or B.” Againwe havealogic operator: “or.” Itisabinary logica
connective. Hereisitstruth table:
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(1.07) Truth Tablefor: A or B

ALB

m|m (4[4[
T|4|T|d |
||

The truth-values of each statement appear in the column below it. All 4 possibilitiesfor the truth-values
of A andof B are shown; the truth-valuefor ACB defined by the table isin the same row as the corre-

sponding truth-valuesfor A and for B.

(1.08) Exercise: Supposethat C isafalse statement, and D isatrue statement. What isthe
truth-value of the compound statement (—C)[ID? What is the truth-value of the compound statement
CI(~D)? What is the truth-value of the compound statement C[ID? What is the truth-value of the
compound statement ~(C(~D))?

Themeaning of A or B isprobably NOT QUITE the same asits everyday meaning! The mathematical-
logic meaning is often rendered in everyday language as “and/or.” In many everyday contexts, “or”
means “one or the other, not both.” That isused inlogic too, and is known as “exclusive or.”

(1.09) Exercise: Please make atruth table for “exclusive or,” which | will denote A [ B:

Truth Table for: “exclusive or”

A B AlB

The truth-values of each statement should appear in the column below it. All 4 possibilitiesfor the
truth-valuesof A and B should be shown; the (defined) truth-value for ACB should bein the
same row.
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Maybe the next way of combining two statements should be “I1f A, then B.” Instead, let’s combine A
and B in such away that the truth of the new statement would mean that A and B have the same truth-
value, whether TRUE or FALSE.

0 the “logic” version of equality is called equivalence, meaning: equal truth-value

Suppose we have two mathematical statements, say A and B. We will define anew statement that has
truth-value TRUE when both of A and B aretrue, and when both of A and B arefase. The new
compound statement has truth-value FAL SE otherwise, that is, when A isfase, and B istrue, or vice
versa. Itisbuilt with the words “is equivalent to,” the symbol “ = ,” thesymbol “=,” thewords
“if and only if,” the abbreviation “iff,” or some other, synonymous construction. Thus, “A is
equivalent to B,” “A = B,” and “A if and only if B” have the same meaning. We have yet an-
other binary logic operator, “ =.” Hereisthe truth table:

(1.120) Truth Table for: A if and only if B
A B A-B
T T T
T F F
F T F
F F T

Important note:
A if and only if B isthe way to say, in the language of logic, that (as far aslogic is concerned) A “=" B.

(1.11) Exercise: Supposethat C isafalse statement, and D isatrue statement. What isthe
truth-value of the compound statement (—~C) = D? What is the truth-value of the compound statement
C < (—=D)? What isthe truth-value of the compound statement C = D? What is the truth-value of the
compound statement ~(C < (~D))?

Our last way to combine two mathematical statementsisimplication, the one that differs most from ev-
eryday usage, and the one probably used more than any other in mathematics. “If A then B,”

“If A, then B,” “A impliesB,” “A 0 B” are common notations. Incidentally, A is sometimes
called the antecedent, and B the consequent. The definition of If A then B isamatter of lan-
guage, as used in mathematical logic. So, even if you think it makes no sense, you need to understand
this particular construction! The binary logic operator “[1” isdefined, as are the others, by itstruth table:



8 Mathematical Logic - Chapter 1

(1.12) Truth Table for: If A, then B

Al B

m|ml|4[(4 >
T|4|T|d |
|4 |n |4 (O

(1.13) Exercise: Supposethat C isafalse statement, and D isatrue statement. What isthe
truth-value of the compound statement (~C)[1 D? What is the truth-value of the compound statement
CO (=D)? What isthe truth-value of the compound statement CL1 D? What is the truth-value of the
compound statement ~(CO (~D))?

(1.14) Exercise: Suppose that the compound statement CL D isatrue statement. In order for C
to be true, what must the truth-value of D be? This exercise contains the explanation of why we
sometimes say “(thetruth of) D isanecessary condition for (thetruth of) C,” or “(thetruth of) C
isanecessary condition for (thetruth of) D,” Please notice that we start with the assumption that

CO D istrue!

(1.15) Exercise: Suppose that the compound statement CL D is atrue statement. Which truth-
vaueof C assuresusthat D istrue? This exercise contains the explanation of why we sometimes

say “(thetruth of) C isasufficient condition for (thetruth of) D,” Please notice that we start with
the assumption that CO D istruel

(1.16) Exercise: Suppose that the compound statement CLJ D isfase. What are the truth-values
of C andof D?

The main difference with ordinary usage liesin the last two rows of the truth tablefor A [0 B. Weas
sign to the compound statement the truth-value TRUE whenever A isfalse, no matter what the truth-
vaueof B isl Thestatement “A [0 B,” when A isfase, issometimes called “vacuously true,” or
“a vacuous statement.” Some students argue with this usage, and | don't disagree, at the everyday
level of language, except to point out that those cases don’t come up, usualy, in everyday situations (but
what about in jokes?!). In mathematics, we want mathematical statements to have atruth-value, no matter
what the truth-values of statements contained within them may be. Inthiscaseit is most useful to assign
thevalue TRUE when A isfase. Why useful? Hereisan example.

Example: “If a>b and b>c, then a>c.” Most people agree that this, interpreted as a statement
about numbers, is atrue statement. Let us see what this statement meanswhen a=1,b=2,and c=0.

June 12, 1998
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Welook at “If a>b and b>c, then a>c.” It hasvariables a, b and c. When we substitute in the
chosenvalues 1 (for @), 2 (for b) and O (for ¢c) weget “If 1>2 and 2>0, then 1>0." First,
we need to identify the parts of the statement that play therolesof A and B in “If A, then B,” or,
insymbols, A B. Thepart “1>2 and 2>0" will play theroleof A in A [0 B. Noticethat A
isacompound statement, the conjunction of the two statements “1>2" and “2>0.” Thepart “1>0"
will play theroleof B in A B.

Now A, aso known as the antecedent, is “1>2 and 2>0,” andisfalse, and B, also known as
the consequent, namely “1>0,” istrue. Therefore, the whole statement, A [0 B, istrue, according
to the truth table, even though A isfase.

Let us see what this statement meanswhen a=1,b =2, and ¢ = 3. Theantecedent, “1>2 and

2>3 isfase and the consequent, “1>3,” isalsofase. Again, according to the truth table, the
whole statement, A [ B, istrue. Since we wanted the whole statement to be true, thisis why we say
an implication is true even when the antecedent isfalse— for in that case, the falsity of the antecedent is
not allowed to say anything about the truth-value of the consequent. And we get the benefit that the theo-
rem staystrue — we don’t have to make specia “side’ conditions that the antecedent — the A statement
in A implies B — has to be true.

Pardon me for harping on it, but there is another point to be brought out. Thistime, it will sound more
like everyday discourse. The point is, whenever we know, or are given, that the statement

A implies B isatrue statement — that its truth-value is TRUE — and we also know that A istrue,
the truth table saysthat B must betrue also. Thisis such an important point that it has a name, modus
ponens (Latin: method of affirming), and is called arule of inference. It isaso aninstance of a
principle of deduction. Thereis avariant, called modus tollens (Latin: method of denying)?! that
says when we know B isfalse, and A impliesB istrue, then A must also be false. Please check it
out with the help of the truth table!

(1.17) Exercise: Supposethat C isafalse statement, and D is a statement whose truth-value is
presently unknown. Suppose that the compound statement (—C)U D istrue. What isthe truth-value
of the statement D? What is the truth-value of the statement D, if you aregiventhat (~C)O D is
false? What is the truth-value of the compound statement ~(DO (~D))?

We are now done with defining compound statements by means of truth tables. But we are not done with
compound statements, or with truth tables! What we have defined is enough to handle anything! Indeed,
we have defined more than is actually needed — and, or and not are the only logic operators needed to
deal with all situations, and some people have even shown how to define asingle binary logical connective

1Encyclopaadia Britannica, Fifteenth edition.
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that can, in turn, be used to define al the others!2 We have defined:
one unary logic operator,

not (symbol: ~),
four binary logic operators,

and (symbol: [),

or (symbol: [),

if and only if (symbol: =),
implies (symbol: ),

and you have been asked to define afifth binary operator, exclusive or (symbol: [1). You will be ex-
pected to be able to write down the truth tables for any one of these logical connectives.

Important Note:
If we have several statements to put together into acompound statement, we just use these logical connec-
tives, and parentheses, arranged so that we are only connecting two statements at atime with abinary op-
erator, and only negating one statement at atime with the “not” operator. For example, we can't tell what
ADBLOC means, but we cantell what (ACB)CC and AL(BLC) mean, and their meanings are differ-
ent!
(1.18) Exercise: Construct the truth tables for each of the compound statements (ACB)CC and
Al BOC). You can use one “combined” tableif you wish. How do they differ?

DENIAL OF COMPOUND STATEMENTS; TAUTOLOGY; CONTRADICTION
We now begin to learn how to use these operators. We will be learning some algebraic sorts of things —

indeed, Boolean algebra s, in effect what we will study. We begin by showing that the denial of A
and B islogically the sameas not A or not B. We will use atruth table.

A B AB ~(ADB) | (~A)Q ~B)
T T T F
T F F T
F T F T
F F F T

2Mathematical Logic, by Willard Van Orman Quine, revised edition, Harvard U. Press, 1981, pp 45 - 49.
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How do wefill in the last column? Welook at the partial row 1, under A and B. Wefind that both
statements are true, so the denial of each oneisfalse. When we connect two FALSEswith or, we get
FALSE, soweenter F inthelast placein the second row of the table. Next, we do the same sort of thing
inthenextrow. There, T, F get deniedto F, T, and connected by or which givestheresult T

(check, using the truth table for or if you need to). Please finish the last column now! You got, if you
did it correctly, the result that the last two columns agree underneath their headings. Now, please use the
filled-in truth table above to complete the next truth table:

~(ADB) = (~A) ~B)

m|m(4[(H]|>
M4 (7|4 |o

If you did it correctly, you found that all the missing entriesare T. That is, the complicated compound
statement (~(AB)) = (~A)[{ ~B) istrue no matter what the truth-values of the statements that com-

priseit are. Thisisknown asatautology. If we think of the truth-valuesin a compound statement as

inputs to a process of truth-value calculation, atautology hasoutput T no matter what the inputs are.
Please verify that (~A)[A isatautology. A compound statement is NOT atautology if a choice of truth-
values can be made for the statementsin it, that resultsin atruth-value F for the compound statement.
Please notice, in the preceding paragraph, how parentheses were used to make sure that each logic opera
tor had the right number of “operands.”

(1.19) Exercise: Define tautology.

Just as atautology is aways true, no matter what the truth-values of its component statements (if any) are,
acontradiction is aways false, no matter what the truth-values of its component statements (if any) are.

Example: The statement A [0(~A) isawaysfase, because A and ~A cannot both be true.

Example: Construct the truth tables for ~(AOB) and (~A)[l ~B) and compare them.
Solution: First, we make atable that displays all the possible combinations of truth-valuesfor A and B:
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m|m[4[(H|>
M= (7|4 |w

Then we add a column and put ~(A[B) intoitstop cell:

~(ACB)

m|m(4[(H]|>
M| (7|4 |o

Now the calculations can begin. Row 1 showsthat A and B are both true. Thus, A[B istrue, and
~(A[B) isfase. We'll put F inthelast cell of row 1. Row 2 showsthat now, A istrueand B is
fase. Then ACB isdtill true, so ~(ALB) isfalse. We'll put F inthelast cell of row 2. Row 3
works the sameway row 2 did, sowe'll put F inthelast cell of row 3. Thelast row showsthat A and
B arebothfalse, so ACB isfase, andthus ~(ACB) istrue. We'll put T inthelast cell of row 4,

and we get the table

A B ~(AOB)
T T F
T F F
F T F
F F T

For the next table, the one for (~A){I ~B), we Il work from the one above to get the pairs of truth-val-
ues, and just do the calculations, then build the completed table. When the truth-valuesare TT, with the

first one alwaysbeing A’s truth-value, and the second one B’s, thetruth-valuesfor ~A and ~B are
FF, againin A-B order. Combining these with [I yieldsthetruth-value F, so F will gointo thetop

empty cell of our table. We can save alittle work by noticing that aslong asoneof A and B istrue,
(~A)[0 ~B) must be false, because one of the negated statements in it has to be false, and so the whole

conjunction ( the fancy name for an “and” compound statement) must be false. That means that the next
two cellshavean F too. Inthelast cell, we'll get a T, though, because bothof A and B arefase, so
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the conjunction of their denials must be true. The completed tableis:

A B (~A)X ~B)
T T F
T F F
F T F
F F T

Compare the two tables means to look at the last column, and see how they differ. They do not differ, at
least not below their top entries. That is, ~(AOB) and (~A){l ~B) have the same truth-values, no

matter what the truth-valuesof A and B are.

EXERCISES and PROBLEMS

Most, but not all, of these exercises amount to “logic equations’ that are worth remembering!

(1.20) Exercise: Show, by constructing its truth table, that (~(A0B)) - (~A)0(~B) is atautol-
ogy. Thisisan easy exercise; please be sure you do it! Thisisone of DeMorgan’s Laws.

(1.21) Exercise: Show, by constructing its truth table, that (~(AOB)) - (~A)0(~B) is atautol-
ogy. Thisisan easy exercise; please be sureyou do it! Thisisthe other DeMorgan’s L aw.

(1.22) Exercise: Construct the truth table for the compound statement ((~A)CB) = (A B).
What does the truth table tell you about the two statements (—~A)CB and ALl B?

(1.23) Exercise: Construct the truth table for the compound statement (B[l A) = (A B). What
does the truth table tell you about the two statements B[O A and A B?

(1.24) Exercise: Construct the truth table for the compound statement (—BLJ ~A) = (A B).
What does the truth table tell you about the two statements ~B[J ~A and A B?

Important: The statement ~B[] ~A iscalled the contrapositive of the statement ALl B.

Did omitting parenthesesin ~B[ ~A confuse you? Officidly, it should have been written (—B)[{I ~A),

but sinceweknow “~" isunary, ~B and ~A are single statements, so the parentheses are not needed.
(1.25) Exercise: Construct the truth table for the compound statement
((AOB)LC) = (Al BLIC)). What does the truth table tell you about the two statements (ACB)CC
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and A BOC)?

(1.26) Problem: In how many ways can the last column of the following table be filled with T's
and F's, oneper cell? List dl of the possibilities. Y ou're building all possible truth tables for com-
pounding two statements!

T |m ||+
7|4 ||+

(1.27) Problem: Thisisreally severa problems! Make one copy of each of the answersto the
previous problem, add arow ontopto hold A and B — thismakesit look almost like atruth table
— thenfill in the last entry in your added row with a compound statement made from A, B, and
logical connectives, that has that table for its truth table. There can be many correct answers! But
the shorter your answer is (by counting characters), the better! Hereis an example we' ve already
done:

mm AP
M| |[7n |4 |w
[T |4

is one of the tables you get in the previous problem. Having memorized the truth tables for the im-
portant |ogic operators, we recognize that we can put “Al B” inthe empty cell, and get alogic

formulafor this truth table.

(1.28) Problem: Construct the truth table for the compound statement

((AO B)OBO C))O (AO C).
Onething you have to do isto figure out how many rows you need to display al the truth-value pat-
ternsfor A, B and C. The correct number is not four! What does the truth table tell you about the
next sentence? If A implies B, and B implies C, then A implies C.

Do the previous Problem first — otherwise the following exercises are Problems!
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(1.29) Exercise: Construct the truth table for the compound statement
((AO B)O(BO C))O (CO A).

(1.30) Exercise: Construct the truth table for the compound statement
((AOB)(AOC)) = (Al BOC)).

(1.31) Problem: Find alogic formulathat islogicaly equivalent to (ACB)C(ALC), but shorter.

(1.32) Problem: How many rows, not counting the top one, are needed to construct the truth table
for acompound statement made from N statements?



