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SETS, RELATIONS, FUNCTIONS, TOPOLOGIES and
DEFINITIONS

Y ou'’re probably familiar with the notion of “function” by now. For many it isadifficult concept
to understand. Maybe it’s actually an undefined term for you, so far! For, what isafunction? “A
rule that assignsto each element of a set called the domain an element of another set, called the
range.” But what, mathematically, isa“rule?” What does*“assign” mean, mathematically?

In this chapter we will give adefinition of function, using sets, that answers these questions, and
does a good job of making the concept of function precise, and, hopefully, clearer, but possibly
disappointing. The definition will be madein terms of ordered pairs — we will define a“function”
in terms of its graph, a set of points of the form (X, f(x))!

Perhaps you will meet topologies here for the first time! A topology is a collection of setsthat sat-
isfies three set-theoretic conditions, the “axioms” for atopology. All you've learned so far about
“continuity” can be described in an abstract, short, set-theoretic way, that can be applied in many,
many ways!

We will also develop, as we go, standard ways of working with definitions. So far, new terms
have been defined by putting them in bold type, followed by words used to define the new term.
We will continue this practice for a few paragraphs.

We start with sets A and B. We construct the set of all ordered pairs (a, b) of elements a in
A, b in B. Theset of all these ordered pairsis caled the Cartesian product of A and B, and
isdenoted AxB. If oneof A and B isempty, then AxB = 0. Thenameisin honor of Rene
Descartes, the inventor of analytic geometry. There is some terminology to describe ordered pairs.
If (a, b) isan ordered pair, then a iscalled thefirst member of (a, b), and b iscalled the
second member of (a, b). Sometimes coordinate, component, element, or term are
used in place of “member.” By definition, two ordered pairs (a, b) and (c, d) areequal if
a=c and b=d. Thatis, their first members are equal and also their second members are equal.
All thiswas done, in terms of sets, in an Exercisein Chapter 2. Hence my choice of “first and
second members’ of (a, b) to emphasize the connection with sets. But we can also take “ordered
pair’ to be an undefined term, and regard “ordered pair” asa*primitive” mathematical object.

(4.001) Exercise: Writeout AxB, giventhat A ={1, 2,3} and B ={2, 3, 4}.
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Hereisasneaky definition: arelation isaset of ordered pairs, that is, asubset R of a Cartesian
product! Thisisan extremely general definition. Any subset R whatever of AxB isareation.
In particular, AxB, aswell asthe empty subset of AxB, arerelations. So the new term
“relation” isnot very useful initself — but it isvery useful in conjunction with further specifica-
tions on the nature of the relation! If therelation’snameis R, and (a b) belongsto R, weaso
write aRb toindicatethat a and b are“related.” Wesay that R isarelation between
(the elementsof) A and (of) B. We usually leave out the words in parentheses — but
leaving them out can be mideading! Thesets A and B need not have any elementsin common,
nor do they have to belong to the same universal set. However, if A and B arethesame, so R
0 AxA, wesay that R isarelation on A. Here are some examples of relations. Most of
these examples are relations usually expressed inthe aRb format.

Example: Therelation of equality is expressed as the subset of AxA, aso known as the diag-
onal, of AxA , denoted A, and defined, using set selector notation, by the assignment equation
A:={(aa: adA}. Thenameof thisrelationisusualy given by the symbol “=." Thus, we
say “a=b" tomeanthat (a b) 04, and thismeansthat thereisan element ¢ in A suchthat (a,
b) = (c, c). By theway equality of two ordered pairs was defined, this means that

a=cand b=c. Thatis, a and b arethe same element of A, just bearing different names.

Note that this relation involves e ements of the same set, so equality isarelationon A. Please ob-
serve that this discussion does not define the relation “equality!” We already defined equality as
“same mathematical object.” The discussion only expresses equality in the format of “arelation.”

Example: Therelation not equal isthesubset NE of AxA that isthe complement of the diag-
onal A definedinthelast example. That is, an ordered pair (a, b) isin NE if andonly if a and
b arenot the same element of A. Thisrelation isusually expressed “a b” instead of

“(a, b) ONE.” Inequality isarelationon A.

(4.002) Example: Hereisanimportant relation: Sl, for setinclusion! Supposeaset X is
given. We construct arelation on ZX, namely a subset of 2X><2X, asfollows. supposethat A
and B aresubsetsof X. Thenwe construct SI by requiring that (A, B) O SI if and only if the
mathematical statement A O B istrue.

(4.003) Problem: Formulate a definition of therelation BT, “belongsto,” that isarelation
between X and 2x, that describes elements of X belonging to subsets of X.
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(4.004) Problem: Formulate adefinition of equality for relations. That is, how can we tell
whenrelations R and S areequa?

(4.005) Example: Therelation lessthan ontheset A ={0, 1, 2, 3,4, 5, 6} isthe subset
of AxA given,inlistform, by LT :={ (O, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (1, 2),
(1,3), (1, 4), (1,5, (1,6), (2 23),(2 4, (25), (2 6), (3 4), (3 5), (3, 6), (4 5),

4, 6), (5,6)}.

(4.006) Exercise: Identify thisrelation on N in words:
{(0,0),(1,1), (24,39, (4, 16), (5 25), (6,7, ... }.
The relation is a subset of NxN.

(4.007) If R isardation, RO XxY, itsinverse relation, R™L isthe subset of YxX
given by R ={(y,X)0YxX:(x,y) OR}.

Thustheinverse of arelation is made by just interchanging the members of each ordered pair in R!
(4.008) Exercise: Consider therelation LT givenin (4.005). What isLT 19
[0 kinds of relations

The most important kinds of relations for us are orderings, functions, equivalence relations,
“belongsto” and set inclusion. We begin with some ssimple “kinds’ of relation. Then we'll study
the concept of “function” carefully. We will then digress to discuss a basic subject used with
functions, called “topology,” and define * continuous function,” using topologies. Then we will
study equivalence relations. We have already discussed “belongsto” and set inclusion. Thedis-
cussion of orderings will begin, in earnest, in the next chapter. Along they way, there will be di-
gressions about Definitions.

Here are some conditions we can put on arelation. If acondition “X” istrue about arelation R,
then we say relation R “hasthe X property,” or “isa“X” relation.”

A relation R is called
(4.009) reflexive if “ROAxA and (foral ain A)((a @ OR)” istrue.
That is, for all a in A, a isrelatedto a. Also, thissays “A 0 R.”
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(4.010) symmetric if “R0AxA and (foral (a,b) OR)((a,b)0RO (b,a OR)” istrue
That is, “aR b implies bR a" istruefor al a b.
(4.011) transitive if thefollowing statement istrue about R: “R 0 AxA and,
(DaoA)(OboA)(OcoA)((ab)oR and (b,c) OR) O (( ¢) OR)).”

Thatis, aRb and bR c implies aR c. Anexample of thiswould be the relation “less than.”
WE Il use these three properties of arelation later, to define “equivalence relation.”

(4.012) Exercise: Which of the properties reflexivity, symmetry, transitivity does
therelation “equality” have?

(4.013) Exercise: Which of the properties reflexivity, symmetry, transitivity does the rela-
tion “lessthan” have?

(4.014) Exercise. Which of the properties reflexivity, symmetry, transitivity does the rela-
tion “less than or equal to” have?

(4.015) Exercise: Show that set inclusion (see (4.002) ) isatransitive relation.

(4.016) Exercise: How would you define “antisymmetry,” as a property of arelation?
(4.017) Exercise: Hereisamathematical statement that islogically equivalent to one of the
definitions just given. Determine which oneit is, and say why.

(DaoA)OboA) ((ab)0R) 0 ((b,a OR))

The point of the last exerciseis that definitions can be given in different ways. Y ou are requested

to make up more understandable versions of definitions, and bring them to my attention.

(4.018) Exercise: Make up amathematical statement that islogically equivalent to the def-
inition of trangitivity, but uses quantifiers differently.

0 introduction to the overwhelming importance of definitions
We are soon going to make a definition (of function). Wewill start listing aimost all definitionsin

amore formal manner than before; they will have a heading of their own: Definition: By the
way, hotation isimportant in mathematics! We will treat notation like definition. In fact, notations
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will be defined like terms; it’ s just that notation defines a symbol, rather than aterm, so notation,
from now on, will get aheading too, like that for definition: Notation: Asusual, the term, or the
notation being defined will appear in bold type the first time. Related terminology will also appear
in bold type. Sometimes terminology will be introduced in the text, smply by placing it in bold
typewhileit is being explained.

FUNCTIONS

We are going to define “function” asakind of relation! That is, we are going to list some condi-
tions that arelation might, or might not, satisfy, and declare that arelation isafunction if it satis-
fiesthese conditions. Y ou probably aready have the ideas behind these conditions'!

A common “definition” of “function” is: arulethat assignsto every element, x, of the domain,
X, adefiniteelement y of therange, Y. Wewill use this method to define functions! But
there are problems with this* definition!” What does “rule” mean? What does “assign” mean?
What does “ definite” mean? Obvioudly, these terms do mean something. The problem is, what?

| claim that the “officia” definition — to be given shortly — makes these terms meaningful.

We are now ready to define “function” as a specia kind of relation — agraph. The definitionisa
bit long, because it needs to include terms such as “domain” and “range.” In fact the definition de-
fines three terms, and some synonyms! The definition we will use may be controversial! Thisis
because | will insist that non-empty sets be used in the definition! Allowing empty domain or
range produces exactly one “graph,” the empty set, and constant hassles in dealing with the empty
case, whether directly, or implicitly, by careful phrasing designed to work “vacuoudly.” We don't
need that sophistication right now. You can play with it on your own, or deal with it later!

[0 at last, the definition of “function”
(4.019) Definition: Let X and Y be non-empty sets. A function (mapping, transfor-
mation, operator, etc.), F, withdomain X and range Y isasubset, F, of XxY that

satisfies the following conditions:

(1) Foradl x inthedomain, X, of F, thereexists y intherange, Y, of F such that the
ordered pair (x,y) belongsto F.

(2) For al ordered pairs (x,y) in F, andfor al ordered pairs (u,Vv) in F, if x=u then
y = V.
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The officia definition isnot very clear, so here are some explanatory remarks.

Let’ s see whether the official definition works like the “usual definition: arule that assignsto ev-
ery element, x, of thedomain, X, adefiniteelement y of therange, Y. ” Hereiswhat
“assigns’ means, in the “officia” definition.

For every x in X, thereis, by (1), anordered pair (X,y) in F that has x asitsfirst member.
Accordingto (2), (x,y) istheonly ordered pair in F that has x asitsfirst member. Let y be
the element “assigned” to x. We nearly alwaysrefer tothisassigned y as F(x).

Notice, please, that the same y can appear as the second member of different ordered pairsin F.
What (2) saysisthat we can’'t have two different ordered pairsin F that have the sasmefirst
member. Condition (2) is sometimes called the “vertical-line test,” because aset G contained in
the plane (the plane viewed as the set of ordered pairs (X, y) of real numbers) isthe graph of a
function with domain S (asubset of R) if and only if every vertical line thru a point (on the

real axis, that is) in S contains exactly one point (X, y) in G.
Hereiswhat “definite’” means:

Isthis y definite? Well, accordingto (2), if (x,y) isin F, andalso (x,v) isin F (thisis
what (u,v) OF and u=x means),then v=y. Thatis, for each x 0 X, thereisexactly one y
such that (x,y) O F.

Hereiswhat “rule’ means:

The vagueness of what “rule” means is replaced by this unsatisfying answer: theset F of or-
dered pairs1Sthe“rule!” Thisis unsatisfying because we are used to defining functions with
formulas. Then we find people defining functions using two or more formulas, depending on
where the x inthefunction islocated, and so on. The point is, there are too many “rules,” too
many kinds of “rules’ to classify. Our expectation that “rule’ can be understood simply is doomed
to disappointment, so we giveit up.

(4.020) Notation: There are several notations used for functions. The most common is

F(x), and it usually means, in Calculus, the numerical value of aformula, e.g. F(X) = 1+ 42 -

For us, from now on, F(x) will officially mean the y that isthe second member of the ordered
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pair (x,y) in F. Thus, theordered pairsin F can all be expressed as (X, F(x)). The function
itself issimply denoted F. But this“officialese” does not always work well, so we will often use
F(x) to stand for the function itself, rather than asingle value of it. Thisisespecially useful when
the function is defined by aformula, such as x2. Another common notation is Fy, so that or-
dered pairsin F arewritten (x, Fx). Thisnotation isamost always used when the domain of the
functionis N. That is, asequenceisafunction with domain N, and asequence F is often de-
noted {Fn}. There can be some confusion when subscripted variables denote partial derivatives,
s0 Fx isseldom used when F isafunction of one or several rea variables. Incase F isalin-
ear function, Fx isusedinstead of F(x) to connote amatrix multiplied times avector, even

: .. o . d , .
when the linear function is not multiplication by amatrix. For example, g f isoften used to

denote the linear operation of differentiation. Here, the domain of thefunction 5 is

“differentiable functions,” and the rangeis “functions.” Sometimes we want to emphasi ze that the
function hasdomain X and range Y, and then we use the notation f: X - Y. Thisisread “f
maps X to Y,” or “f isafunctionfrom X to Y,” or “f takes Xto Y,” andsoon. Thereis
notation similar to f: X - Y that isuseful sometimesfor drawing diagramsthat illustrate the ef-

fects of combining functions:
X ‘: y- Wewill use this when we deal with composite functions, to be defined shortly.

(4.021) Exercise: Formulate adefinition of equality for functions. That is, how can we
tell when functions F and G areequa?

(4.022) Definitions and terminology: Let F be afunction with domain X and range Y.
(Notethat thisimplicitly saysthat X and Y are non-empty — another reason to memorize defini-
tions!) Then inthe equation y = F(x), that identifies y asthe second member of the ordered pair
(x,y) in F, x iscaledanargument of F, and y avalue. We say afunction F maps X
into Y, transforms x (in X) to F(x) (in Y), sends x (in X) to F(x)

(in Y), and soon. When F has the same domain and range, that is, when X =Y, wesay F
is a function on X.

(4.023) Definition and notation: If F isafunction, with domain X and range Y, then

theimage of (asubset) E (of X) under F isthesetofal y in Y suchthat y =F(x) for

some X in E. Theimageof E under F isdenoted F(E). In set selector notation,
FE)={yoY: (OxOX)(xOE and y=F(x)) }.

When E =X, F(X) iscaledtheimageof F. It consistsof all the y in Y that are values of

X's in X. Sometimes when people use the term “range” they mean “image’ in the sense of this

definition.
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Example: Let F={ (x,y) OR2:y=x2}. Foreach x in R, F(X) =x2. Theimageof F is
[0, ), theimageof [-1, 1] is [0, 1]. Note that we have not officialy defined intervals, or R;
they’re just being used for an example. In thisexampleit is natura to confuse the name of the
function with the formula defining it. We usually say F(x) = x2, thinking of x asavariable
quantity, not just a particular but unspecified number. So the name of the function isusually x2,
not “ squaring function,” though “squaring function” is a fine name for the function x2.

Example: Let F={ (m,nN)ON2:n=m/2, if m iseven, and n=2m if m isodd}. The
imageof F is N. Theimage of the set of odd integersisthe set of even positive integers that
have remainder 2 when divided by 4:

F({nON: nisodd})={nON: niseven and n>0 and n—2 isdivisibleby 4}.

Let E={1,2, 3}. Then F(E) ={1, 2, 6}. Noticethat theimage need not be written so that the
valuesof F match the arguments that the values were assigned to.

(4.024) Problem: Prove that each of the following relationsis true, for an arbitrary func-
tion, and arbitrary sets A and B inthedomainof F.

(@ F(AnB) O F(A) n F(B),

(b) F(AOB) = F(A) O F(B).

(4.025) Problem: Find examples of functions F and sets A and B inthe domain of F,
such that the following inequations are true. Y ou may use different functionsin different parts.
(@& F(AnB) F(A) n F(B),

(b) F(AC)  (F(A))C.

To find out whether some given y is, or isnot, intheimage of F, we have to be ableto solve the
equation F(x) =y, where x istheunknown. To find out whether some given y is, orisnot, in
F(E), theimage of E under F, we have to be able to solve the equation F(x) =y, where x is
the unknown, and show that thereissuch an x in E. Thus, in the squaring example, 25 isin
theimageof F. But 25 isnotintheimageof [-1,1].

(4.026) Definition and notation: Let F be afunction with domain X and range Y. Let

S beasubset of Y. Thenthe inverseimageof S under F isthesetof al x in X such

that F(X) 0S. Theinverseimageof S under F isdenoted F‘l(S). In set selector notation,
FYS) :={x0X: Fx)OS}.
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Example: Let F bethe squaring function. It hasdomain R and range R. Let S={25}.
Then FXS)={-5,5}. If S=[-1,1], FXS) =[-L 1]. If S=[0, 1], wetill have F(S) =
[-1, 1]. Noticethat, in contrast to images, I—“l(S) can be empty for some non-empty S. For ex-
ample, if S={-1}, then F‘l(S) ={xOR: FX)O0{-1}} ={x0OR: x2=-1}=0.

(4.027) Exercise: Let F beafunction with domain X andrange Y. Show that, for all
subsets A and B of Y,

@ FY(AnB) =FL(A) n F1(B),

(b) FLXADB) = F1A) 0 F(B),

(©) FYA%) = (FHA)),

(d) FL(AaB) = FL(A) a FL(B).

Please notice how this Exercise contrasts with Exercises (4.024) and (4.025)! Because of
thisexercise, it's“nicer” to work with inverse images than with images.

(4.028) Problem: Let F beafunction with domain X andrange Y. Show that the def-
inition of F1 constructsafunction from 2" into 2X.

Just asthere are kinds of relations (and “function” is officialy akind of relation ), there are
[0 kinds of functions

(4.029) Definition: A function F is one-to-one (one-one, injective, 1-1) if, for al u
and v that areinthedomain of F, F(u) = F(v) implies u=v. Thatis, if the ordered pairs
(u,y) and (v,y) arein F, and F is one-to-one, then u=v.

Please compare thisto condition (2) in the definition of “function:” (2): For al ordered pairs
(x,y) in F, and for al ordered pairs (u,Vv) in F, if x=u then y =v. Thiswas called the
“vertical-linetest.” In this new definition, of one-to-one function, the condition gets turned
around; we might write a condition (3): For all ordered pairs (x,y) in F, and for all ordered
pairs (u,v) in F, if y=v then x =u. Thiswe can cal the “horizontal-line test.” But thereis
asubtle difference! For this test saysthat every horizonta line that passes thru the image of F
contains exactly one point of F. It does NOT say that every horizontal line that passes thru the
range of F contains exactly one point of F! It does say that every horizontal line that passes

thru the range of F contains at most one point of F.

Example: Thefunction F, withdomain N andrange N, givenby F(n) =n2, is one-one,
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because F(n) = F(m) means n2=m2, so n2—m2=(n—m)(n+ m)=0. One of the facts about
integers we take as known is that when the product of two integersis 0, at least one of the two
integersis 0. Thus, from thisfact and the equation (n—m)(n+m) =0 wededucethat n—m=0
oo n+m=0. If n—m=0, then weknow that n=m, sowearedoneif that istrue. What if
n+m=0? Then, since n and m are non-negative, the only way their sum could be 0 isfor
each of them to be 0. But then, they were equal to start with, so the second part of the proof turns
out to be redundant — but it “ had to be done,” from the point of view of proof.

A concept sort of obverse to one-one is many-to-one. A function F is many-to-oneif it is not
one-to-one. This means that there must exist at least one y in Y (and oneis enough) such that
there are two different ordered pairs (u, y), (v,y) in F. Thatis, F(u) =y =F(v), with u v.
Anexample: X :=[-1,1], Y =R, F(X) :=x2. Both (-1,1) and (1, 1) arein F for y=1.

(4.030) Definition: A function F with domain X andrange Y is onto (surjective) if,
foral y in Y thereexists x in X suchthat y=F(x). Thatis, foral yOY thereexistsin F
an ordered pair (x,y) that has y asits second member.

Example: Let F={ (m,n)0N2:n=m/2, if m iseven, and n=2m if m isodd}. We
saw this example before. Noticethat F({nON : niseven}) = N. Therefore F isonto.
In particular, for all functions f: X - Y, f isontoif and only if theimageof f is Y.

If we want to know, for agiven vy, forjust what x itistruethat F(x) =y, thenwe
have to solve the equation F(x) =y with x asthe unknown. A fancy way of saying F isonto
is foral y in Y, FX{y}) O.

(4.031) Exercise: Usethe F inthe preceding example, and find all solutions, x, of
F(x) = 14. Find all solutionsof F(x) = 3.

(4.032) Definition: A function F with domain X andrange Y isinvertible (has an in-
verse, isbijective) if F isboth one-to-one and onto. In the special casethat F has domain
X and range X, aninvertible function is sometimes called a per mutation.

Now we can state and prove atheorem! It will be an easy proof to follow, but not so easy to think
how to do, until you have seen some examples. Now, we have proved some theorems already,
but without ballyhoo. We will be using the following format for theorems pretty much from now
on. It makesthem easy to find, and separates their proofs from other stuff. This proof will be a
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lot longer than it needsto be, because it contains alot of careful explanation.

(4.033) Theorem: A function F withdomain X andrange Y isinvertibleif and only if
thereexistsafunction G withdomain Y andrange X such that

(1) For dl x in X, G(F(x)) = X,
and
(2 Fordl y inY, FG(y)) =Y.

What the theorem “says’ isthat the statement “F isinvertible,” (which really means “F isone-
to-one and onto,” which really means what is in the definitions of “one-to-one” and “onto,” and
makes use of the definition of “function”) islogically equivalent to the compound statement
made of the two statementslabeled (1) and (2) in the theorem. After stating atheorem, we need
to present an “argument” — reasoning and explanation — designed to convince the reader that the
theorem isindeed true. Thisargument iscalled a*“proof.” We will signal the start of a proof with
“Proof: .“ The end of a proof will either be obvious, or will be indicated with phrases such as“as
desired,” “completes the proof,” and so on. The following proof will be much longer than neces-

sary, because it contains alot of explanation of why what is being done is being done!

Proof. Thetheorem hasthelogical form A - B. We must show two statements are true:
(ND: A0 B, and (I1): BO A. Sometimes peoplewrite (II) as A0 B. Hereare (I) and (II).
(D: “F isinvertible’” O “Thereexistsafunction G withdomain Y andrange X such that

(1) For dl x in X, G(F(x)) =X,
and
(2 Fordl y inY, F(G(y)) =y.”

(I): “Thereexistsafunction G with domain Y andrange X such that

(1) For dl x in X, G(F(x)) = X,
and
(2 Fordl y inY, F(G(y)) =y.” O “F isinvertible.”

Let usbeginwith (1). By definition, “F isinvertible’” meansthat F is one-to-one and F is
onto. This means that the statements in the definitions of function, of one-to-one function, and of
onto function are all given to betrue. Herethey are:
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(@ Foradl x inthedomain, X, of F, thereexists y intherange, Y, of F such that
the ordered pair (x,y) belongsto F (Every x in X isthefirst member of an ordered pair in F).

(b) For al ordered pairs (x,y) in F, andfor al ordered pairs (u,Vv) in F, if x=u
then y =V (F passesthe vertical-line test).

(c) Fordl uand v in X, F(u) =F(v) implies u=v (F isoneto-one).
(d) Fordl y in Y thereexists x in X suchthat y=F(x) (F isonto).

Let usconstruct arelation G, asasubset of YxX, asfollows:
G={(,X)OYxX:(x,y)OF}.

recall that G = F_l, the inverse relation, is not the inverse function, yet. The construction

amounts to “reversing” all the ordered pairsin F. We have to show that G is afunction.
| assert that G isafunction, and that the statements
(1) For dl x in X, G(F(x)) = X,
and

(@ Fordl yinY, FG(y)) =y

are true mathematical statements about G. Thus, there are three thingsto do: “prove’ that G isa
function, and “prove” that (1) and (2) aretrue.

To provethat G isafunction, | need to show that these mathematical statements aretrue:

(&) Fordl y inthedomain, Y, of G, thereexists x intherange, X, of G such that the or-
dered pair (y, x) belongsto G.

(b*) For @l ordered pairs (y, x) in G, and for al ordered pairs (v, u) in G, if y=v then
X =U.

Let usshow that (a*) istrue.
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We are given that statement (d), above, istrue; namely, foral y in Y thereexists x in X such
that y = F(x).

In other words, since F isonto, for all y in Y, thereexists x in X suchthat (x,y) OF.

By definition of G, (y, x) isin G.

Therefore, (a*) istrue, because we chosean arbitrary y in Y, and, for that y, found that an x
in X exists such that the ordered pair (y, X) is in G.

The process used here was: deduction from true mathematical statements. Let yg begivenin
Y. Since (d) istrue, (3.3) Rule5 alows usto deducethat “there exists x in X suchthat yq
= F(x)" istrue. By (3.3) Rule 6, wecanselectan Xg in X suchthat “yg = F(xg)" istrue.
Consider such an xg asselected now. Thus, for the given yg, we have “found” xg in X such

that yg = F(Xg). Thismeansthat (Xq, Yg) belongsto F, so that, by construction, (yg, Xo)

belongsto G. We have shown that, for an arbitrary y in Y, thereexists x in X (not arbi-
trary, because it dependson y) suchthat (y, x) isin G. But then the “universal and” statement

(a*) istrue. Thiswas the goal, so now we can go on to the next statement.

Let usshow that (b*) istrue. Supposethat (y,x) and (v, u) arein G. Supposethat y =v.

Thismeansthat (x,y) and (u,Vv) arein F, by our construction of G. Our notation for thisis
asothat F(x) =y and F(u) =v. Weare given that statement (3), above, istrue; namely, for al
uand v in X, F(u) =F(v) implies u=V. Recdl that we have to substitute the letters we are working
with for the letters used in the statements in definitions. SO we choose u=u and v =X. Thenwe are

giventhat F(x) =y and F(u) =v, andthat y =v. Thismeansthat F(x) = F(u), sofrom (3)

we deducethat “x =u" istrue. Thus, (b*) istrue.

(4.034) Exercise: Justify the steps in the argument proving that (b*) istrue, using the
Rulesfor deductionin (3.3).

Now we know that G isafunction, because the two defining conditions, listed hereas (a*) and
(b*), that something be called afunction, are truefor G.

We next need to show that (1) and (2) aretrue.
If you don’'t remember what (1) and (2) say, you need to look at them again, now. This sort of
referencing happens alot in proofs. We have atendency not to look back, that can mean trouble!
To show that (1) istrue, let x be an arbitrary element of X. Then G(F(x)) isthe second mem-
ber of the ordered pair (F(x), G(F(x))) in G that has F(x) asitsfirst member. Also,
u:=G(F(x)) isaneement u in X and (F(x),u) 0G, so (u, F(x)) OF, by theway we con-
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structed G. Since (u, F(x)) O F, we know that F(u) = F(x). Since F is one-to-one, thereis
only oneelement u in X suchthat F(u) = F(x), namely x. Therefore, the ordered pair (F(x),
G(F(x))) in G must be (F(x), x). Thus, G(F(x)) = x, by theway equality of ordered pairs was
defined.

(4.035) Exercise: Justify the stepsin the argument proving that (1) istrue, using the
Rulesfor deductionin (3.3).

To show that (2) istrue, we start with an arbitrary y in Y.

Since F isonto, we know thereisan x in X suchthat F(x) =y.

Thatis, (X,Y) = (x, F(x)) belongsto F.

Therefore, (F(x), X) =(y, X) 0 G, so G(y) = X.

Then F(G(y)) = F(x) =.

Thisiswhat had to be shown. Thus, (2) istrue, and (I) is, at last, proved!

(4.036) Problem: Provethat (Il) istrue. You might be ableto start at the end of the ar-
gument for (1) and work back!

(4.037) Definition: If F isan invertible function, the function G, whose existenceis proved
in Theorem (4.033), is called the inverse function of F, or the function inverseto F.

(4.038) Notation: If F isaninvertible function, the inverse function of F is denoted F1
(4.039) Problem: Show that, if F isaninvertible function, sois FL and (F‘l)‘lz F.

(4.040) Problem: Show that F isaninvertible function if and only if the inverse of the
relation F, (also denoted F‘l), isafunction.

ONE-TO-ONE CORRESPONDENCES
(4.041) Definition: Twosets X and Y can be put into one-to-one correspondence,
or are in one-to-one correspondence, if there existsafunction f: X - Y that is one-to-one

and onto. The function f isthen called aone-to-one correspondence.

There is nothing new here but the name, a nice name because it gives us the sense of matching each
thing in one of the sets with exactly one thing in the other set. A one-to-one correspondence, f,
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asin the definition, has an inverse function, soif X and Y can be put into one-to-one correspon-
dence, socan Y and X. Notethat “are in one-to-one correspondence” is not arelation on “sets,”
because of the technical fact that there is no such thing as the set of all sets! However,
“are in one-to-one correspondence” IS an equivaence relation on 2X, if X isnotempty. Further
discussion of thiswould be part of a coursein set theory.

OPERATIONS INVOLVING FUNCTIONS

We have just seen an operation involving functions F that are invertible, namely, the construction
of the inverse function, F~L. In the case of functions F: R - R, thishasthe geometric interpre-
tation of “reflection in the diagonal.” You'll seeit in the next Exercise.

(4.042) Exercise: Draw the graph of F(x) = x2, for x inthedomain 0 x 1, ona
sheet of paper, using crayons, a marker, etc., that gives you bold lines. Label the x and y
axes. Also draw in, not so heavily, theline y = x. Now, hold the paper with one pair of fin-
gers at each end of the y = x line, and rotate the page about the line so you are looking at the
back side of the sheet. Hold it up to the light, so you are looking thru the paper. What you see
isthe graph of FL. What isthe common name for thisinverse function?

(4.043) Exercise: Draw the graph of F(x) = x2, for x inthedomain -1 x 1, ona
sheet of paper, using crayons, a marker, etc., that gives you bold lines. Label the x and y
axes. Also draw in, not so heavily, theline y = x. Now, hold the paper with one pair of fin-
gers at each end of the y = x line, and rotate the page about the line so you are looking at the
back side of the sheet. Hold it up to the light, so you are looking thru the paper. What you see
istheinverserelation FL, and you see why thisrelation is not afunction — it violates the
vertical-line test..

There is a basic operation involving two functions. constructing the composite function.
(4.044) Definition and notation: Let f be afunction with domain X and range Y. Let g
be a function with domain Y and range Z. The composition of f and g isthe composite
function g-f, withdomain X and range Z, whose ordered pairsare ( X, g(f(x)) ). Thisis

given in set selector notation by gef :={ (X, 2) 0 XxZ : z=g(f(x)) }.

We can draw some diagrams that illustrate functional composition:
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X i y ¢ - combined give X9°f 7.

—

Note the peculiar thing that happens! The order of f and g get reversed!

Example: Let f bethe squaring function, f(x) =x2, and g the“add 1" function given by g(y)
=y +1. Then g-f isthefunction whosevalue, g-f(x), a x isfound by first applying f to X,
getting y = x2, then by applying g to y, getting y + 1 =x2+ 1. Thisexample has been set up
to give a double example, because the range and domain are the same. So we can look at feg. The

value of thisfunction at x isfound by forming y = g(x), namely x+1, then by forming
fly) =y2, namely y2=(x + 1)2=x2+ 2x + 1 =fog(x) g-f(x) =x2+ 1, unless x =0.

This example shows that composition of functionsis NOT an always-commutative operation,
even when it can be carried out, for feg gef inthe example.

(4.045) Theorem (Associativity of function composition): Let f: X - Y, g:Y - Z,
and h:Z - A. Then he(gef) = (heg)-f.

Proof: Forall x in X, (he(g-f))(x) = h((g-f)(x)) = h(g(f(x))), and ((h-g)-f)(x) = (h-g)(f(x)) =
h(g(f(x))). By transitivity of equality, (he(g-f))(x) = ((heg)-f)(x). Thusthe two functions have the
same ordered pairs, so they are equal. The theorem is proved.

The operations of function composition and function inversion are examples of operations that

cannot always be done. But composition is always associative, when do-able.

(4.046) Exercise: Show that the composition of two one-to-one mappings is a one-to-one
mapping.

(4.047) Exercise: Show that the composition of two onto mappings is an onto mapping.

(4.048) Exercise: Show that the composition of two one-to-one correspondences is a one-
to-one correspondence.

(4.049) Problem: Show that the inverse of the composition of two one-to-one correspon-
dences is the composition of their inversesin the reverse order, and express the result in an
equation.

We now can return briefly to atopic in set theory that uses the idea of afunction, in passing.
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De Morgan’'s laws for set operations

We will sometimes have to work with sets of sets. When we do, we often use synonyms for “set”
to avoid confusion. A set of sets might be called a*“ collection of sets,” or a“family of sets,” and
the words “ collection” and “family” do not have any special connotation, such as, that the sets
somehow belong together, or are somehow related. They might be, they might not be. When we
work with afamily of sets, we may want to identify the setsin auniform way. Thisis often done

with subscripts, sometimes with superscripts. If there are, say, 5 setsin the family, we might
denotethe sets Sy, S,, S3, Sy, S. The subscripts are called indices collectively; each subscript

iscalled anindex. Theindices comprise aset caled theindex set. When we work with families
of sets, each set in the family will be a subset of some universal set for the family. Usually, but

not always, different indices correspond to different setsin the family. Suppose we have afamily
of subsets of aset X, indexed by subscriptsthat belong to anindex set A. Let'suse S, to stand

for the set in the family that corresponds to the index a. Thisis an instance of a function
that maps A into X,

Wedon't use “class’ to refer to a set or to a set of sets, because “class’ isatechnical term in Set
Theory. But we could if you want.

(4.050) Definition and notation: Let ® be afamily of subsets S, of aset X, indexed
by anindex set A. Theunion over A of thesets S, istheset of all x in X that belong

to at least one of the setsin ®. In set selector notation, this new set, denoted DO(DA or

DSD(DS isgiven by DGDA o DSDcDS:{XDX:(DGDA)(XDSG)}.

(4.051) Exercise: Show that, in the context of (4.050),
{x0X:(OaOA)(xOSy)}={xoX:(OSoP)(xo9}.

(4.052) Definition and notation: Let ® be afamily of subsets S, of aset X, indexed
by anindex set A. Theintersection over A of thesets S, isthesetof al x in X that

belong to every one of the setsin @. In set selector notation, this new set, denoted N aOA Su

or Ngygp S isgivenby N goa Sy =Ngap S={xOX: (DaOA)XDS))}.

Now we can state De Morgan’s Laws, as atheorem, atheorem-with-a-name. The name makes the

theorem easier to remember and to talk about. The theorem is going to “say” this: “the comple-
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ment of a union is the intersection of the complements,” and “the complement of an intersection is
the union of the complements.” In the theorem, we' |l use the notation AC for the complement of
aset A thatisasubset of aset X, sothat A®=X ~A.

This will be one of our first FORMAL Theorems. There will be many more. A theoremisa
mathematical statement that is supposed to be a“big deal,” so it gets a specia heading. Each
Theorem requires aproof. Thiswill start with Proof: inthistext. Each Theorem needs to be
remembered, not memorized. There are as many ways as there are people to remember theorems.
Y our way needs to include understanding what the Theorem “says,” and understanding how the
proof proves the Theorem. Y ou may also want to remember the ideas that lie behind the Proof:,

and you may have to ask what the ideais. Theideais very often not apparent!

(4.053) Theorem (De Morgan's Laws): Let @ be afamily of subsets S, of aset X,
indexed by anindex set A. Then

0e _ c 0e _ c
ajaDAS N oA Sy v and EPGDAS _DCXDAS :

Proof: We use the standard way of showing two sets are equal: show that each is contained in the

other. Suppose x O %]CXDA S B Then x does not belong to any of thesets S,. That is, for
al a0A, xOS,. Since x 0O X, thismeans XDSS, forall a OA. Thisistrueforal o OA,

C
SO X [ naDAS

We have shown that %]O(DA S BC onN aOA SC, and it remains to show that the reverse

inclusion istrue. Suppose x 0 N ;1 S§ . Thatis, x belongsto every one of the sets S .
Thus, x belongsto none of thesets S,. Therefore, x does not belong to any of thesets S, so

X does not belong to ] a0A Sq- Since x doesbelongto X, x belongs to the complement of

[] anA S namely to g] a0A Sq BC. This completes the proof of the first statement, and the

proof of the second oneissimilar.

(4.054) Exercise: Make the changes necessary in the preceding proof of the first of De
Morgan’'s Laws that make it into a proof of the second of De Morgan’s Laws.

We can now make the second version of the fundamental assumption that allows usto construct
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universal sets at will.

A fundamental assumption, second version: Let @ be a family of sets S
that are not contained in the same universal set. Then a set X exists that con-
tains all the elements in the sets S, and no others. This set is called the union

of @, and is denoted DSDCD S.

0 an extremely important general definition: a topology

A very important example of afamily of setsisa“topology,” afamily of subsetsof aset X that
satisfies three special conditions invented to “abstract” the idea of “continuity.”.

One application of De Morgan’s Laws occurs after the definition of “closed set” in terms of “open
set.” You will be asked to prove that closed sets satisfy some conditions “dual” (viacomplementa-
tion) to those satisfied by open sets.

The word “topology” has avery different definition in adictionary than the one we'll use here!
Please ook up the definition in your favorite dictionary, and see whether you agree! My dictionary
says “topos’ is Greek for “place.” In keeping with the idea of sets being “places,” we often call a
set aspace, and call its elements points.

(4.055) Definition: Let X bean arbitrary set. We say that afamily T of subsetsof X isa
family of open sets for X, or a topology for X, or a topology on X, if

(i) Theempty subset of X, and X, both belongto T;
(i) Theintersection of two setsin T isadsoinT;
(iii) Theunion of an arbitrary collection of setsin Tisalsoin T.

When T isatopology for aset X, X issaidto havethetopology T. Theset X, with atopol-
ogy T, iscaled a topological space.

Note the use of “afamily of open sets,” rather than “the family of open sets!” There can be
many, many different topologies on aset. Also, noticethat T 0 2X. What set does a topology

on X belong to?

[0 examples of topologies
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The indiscrete topology, on any set X, is {O, X}.

The discrete topology on any set X is 2X. That is, every subset of X isan open setinthe
discrete topol ogy.

The indiscrete topology is the smallest topology that aset X can have (why?).
The discrete topology is the largest topology that aset X can have (why?).

(4.056) Exercise: Show that the “indiscrete topology” and the “discrete topology” arein-
deed topologies. In other words, show that those collections of sets satisfy al three conditions
in Definition (4.055). Just because we call afamily of sets atopology doesn’t make it one! The thing that
makes a set of subsetsof X atopology on X isour verification that al three conditionsin Definition
(4.055) aretrue!

The usual topology for the Plane P of Euclidean Geometry consists of all subsets of P that

contain all the pointsin a sufficiently small circular disc about each of their points. In other words,
asubset U of P iIsopen if foral poOU, itistruethat all the pointsinside some small circle
with center at p arealso pointsof U. In still other words, U isopenif, foral p in U, there
existsapoint r p suchthat al points q, that arecloserto p than p isto r, areasoin U.

An open set in the Euclidean Plane
In the figure, the gray arearepresents an open set U. The dot at the center of thecircleis p. The
dot ON thecircleis r. The dot inside thecircle, but not at p, isa q. The dot on the edge of U
isnot IN U, because every circle with center at U and positive radius has to contain points that
arenot in U, aswell aspointsthat arein U.

We will use the usual topology on P asour main example of atopology for awhile. The plane
P is“unofficial ;" we will not use the axioms of Euclidean Geometry in this course! But we will
use Euclidean Geometry “in the back room” where we get and keep ideas!
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[0 definition of “closed set”

(4.057) Definition: Let S be an arbitrary subset of atopological space X. Wesay that S is
an closed set if S isthe complement of an open set, in other words, S isclosed if S isinthe
topology on X.

(4.058) Exercise: Use De Morgan's Laws, and (4.055), to

() show that the empty set isaclosed set, and that X isaclosed set;

(b) show that the union of two closed sets isaclosed st;

(c) show that the intersection of an arbitrary collection of closed setsisaclosed set.

(4.050) Exercise: Show that the union of afinite family of closed sets is aclosed set.

A family of setsis“afinite family” if the family of sets contains finitely many sets; the setsin

the finite family don’t have to be finite sets!
[0 the topological definition of “continuous’

(4.059) Definition: Let X beanon-empty set, with atopology U. Let Y be anon-empty
set, with atopology V. Supposethat f: X - Y. Then f iscontinuouson X if theinverse
image of every open subset of Y isan open subset of X.

Note that we must be careful to keep Y and itstopology in mind! This terminology ignores Y's topology!

If more than one topology isinvolved, we can say that f is continuous with respect to the
topology U on X, andthetopology V on Y.

In other words (and symbols), “f iscontinuouson X” meansthat, for every open subset V of
Y, f‘l(V) isan open subset of X. Even more abstruse (obscure?): f1 viewed asa mapping of
sets to sets, maps open subsets of Y to open subsetsof X. I.e, 1 ZY - 2X, for every func-
tion f: X - Y, but continuous functions have the property that f‘l(V) oU.

Please learn to read the last inclusion so it tellsyou “the inverse image of aset in V isin U
Example: An easy but important example of a continuous function on atopological spaceisthe

identity function, id: X - X, constructed by therule id(x) :=x, foral x in X. Since, for
all subsets S of X, id’l(S) =S (why?), theinverseimage of an open set isitself, hence open,
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so the identity function (or identity map) is continuouson X.

Example: Any transformation of the Euclidean Plane P that weuseto move triangles and cir-
cles around on the plane, including rotations, trandations, reflections and similarities, is continu-
ous, because these transformations all preserve circles and their centers and insides. Details will be
skipped, since we're “in the back room” when we use the Euclidean Plane!

[0 an important theorem about composing continuous functions

(4.060) Theorem: Let X, Y and Z be non-empty topological spaces. For al functions
f:X - Y, andforal functions g:Y - Z, if f and g are continuous, then the composite func-
tion gof : X - Z iscontinuous.

Proof: Supposethat f and g are continuous.

To show that gef iscontinuous, we need to show that, for all open subsets W of (the topology
on) Z, theinverseimage, (gof)‘l(W), of W isopenin X.

We are given that:

for all open subsets V of Y, (V) isopenin X;
for all open subsets W of Z, g~{(W) isopenin Y.

By the definitions of inverse image and composite function,

(@) HW) ={ x O X : (gF) () DW} ={ x O X : g(f(x)) D W }
={xOX:fX)0g W)} ={x0X:x0f g Lw))}.

The definition of inverse image was used three times. Suppose W is an open subset of Z.

Since g iscontinuous, and W isan open subset of Z, V:= g‘l(W) isan open subset of Y.
Since f iscontinuous, and V = g‘l(W) isanopen subset of Y, U := f‘l(V) = f‘l(g‘l(W)) isan
open subset of X. This completes the proof!

When you learned about continuity in Calculus, the definition you worked with may have involved
alimit, or perhaps “epsilons and deltas.” If your definition of continuity involved alimit, then
your definition of limit probably involved “epsilonsand deltas.” After we build the Real Number
System, we' Il return to this topic, and see how the “ abstract, set-theoretic” definition of continuity
is connected to the one you learned in Calculus. Next, we'll study the abstract way to talk about
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“continuity at a point.”
There are some special termsthat relate pointsof X and certain subsets of X.

(4.061) Definition: For all topological spaces X, apoint X isan interior point of a set
S containedin X if there exists an open set, Q, — that is, amember of thetopology, T —
suchthat X 0 Q O S (thatis, if x belongsto an open set that is contained in S).
We say that aset S (contained in X) is a neighborhood of (apoint) X (in X) if X isaninte-
rior point of S.

Noticethat x isapoint of S, if x isaninterior point of S. The pointsin the open set Q

are thought of asbeing “closeto” x. The meaning of “close to” depends on the topology!
(4.062) Problem: Show that an open set is a neighborhood of each of its points.

(4.063) Definition: For all topological spaces X, apoint x isan exterior point of a
set S containedin X if x isaninterior point of s, the complement of S.

Noticethat x isNOT apoint of S, if x isan exterior point of S, despite the “of!”

A point of X might be neither an interior point of aset S nor an exterior point of S. Such points
will be called “boundary points.”

(4.064) Definition: For al topological spaces X, apoint x isa boundary point of a
set S containedin X if every open set that contains x containspointsof S and also contains
points of S°.

Note that “contains points of S’ means “contains at least one point of S, not necessarily more

than one! Also notethat x can aways be used for one such point.
Notice that x may, or may not be apoint of S, if x isaboundary point “of” S!

Example: Consider atriangle in the Euclidean Plane, and the pointsinsideit, to be our set S.
Recall that a (usual) neighborhood of apoint p must contain all the pointsinside some small
circlecentered a p. The pointsinside the triangle, but not the points on its sides, are interior
points, because we can imagine asmall enough circle, centered at any point in the shaded part,
that has al shaded pointsinsideit. And points outside the triangle, but not on the sides, are all
exterior points, because we can imagine asmall enough circle, centered at any point in the un-
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shaded part, that has all its pointsin the unshaded part. Finally, any point that is on a side of
the triangle is a boundary point, because every circle centered there has pointsinside it that are
in the shaded part and pointsinside it that are in the unshaded part.

Interior, exterior and boundary pointsof aset S

(4.065) Exercise: Show that apoint x isaboundary point of S if and only if every
neighborhood of x containsapoint of S and apoint of SC.

(4.066) Problem: Show that asubset S of atopological spaceisclosed if and only if S
contains all of the points that are boundary points of S. Thisisa"more descriptive” way to
“define” “closed set” than just to say that a set isclosed if its complement is open.

(4.067) Problem: Show that, if S isan arbitrary subset of atopological space X, then
for every point x of X, exactly one of the following mathematical statementsistrue:

0] X isaninterior point of S;
(i) X isaboundary pointsof S;
(iii) X isan exterior point S.

When you learned about continuity in Calculus, you learned about “continuity at apoint.” Hereis
the set-theoretic version. In thisversion, we will talk about functions defined “near” a point,
namely, in a neighborhood of the point. So when we talk about continuity at a point, we' re taking
a“loca” point of view, rather than the “global” point of view we used when we discussed conti-
nuity of functions defined on the whole space X.

[0 the topological definition of continuity at a point

Here are some concepts, topological and otherwise, that we will use right away:
neighborhood (of apoint x), meaning the point x isan
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interior point, of the neighborhood, meaning that thereis an

open set containing the point that is, in turn, contained in the set called a neighborhood,;
inverse image (of aset V) with respect to afunction (or mapping), denoted f‘l(V);
image (of aset U) with respect to afunction (or mapping), denoted f(U);

function asgraph —f: X - Y isaset f of ordered pairs contained in XxY.

First, we will see thetopological definition of afunction being continuous at a point, then soon
thereafter the topological definition of afunction having alimit at a point.

(4.068) Definition: Let X and Y be non-empty topological spaces. Supposethat Xo isa
point of X, andthat f isafunction, defined on aneighborhood of x,, that takesvaluesin Y.
Then f iscontinuousat Xq if the inverse image of every neighborhood of f(xo) isaneigh-
borhood of Xg.

In other words, f iscontinuousat Xq if f:S - Y, where S isaneighborhood of Xxg, and

for every neighborhood V of f(xo), f(V) isaneighborhood of xo.

(4.069) Problem: Show that f iscontinuousat Xq if and only if for every neighborhood
V of f(Xo), thereexistsaneighborhood U of xo suchthat f(U) O V. Inother words, f is
continuous at Xq if and only if for every (given) neighborhood V of f(Xg), thereexistsa
neighborhood U (dependingon V) of X suchthat, foral x in U, f(x) O V.

(4.070) Problem: Show that f iscontinuousat Xq if and only if for every neighborhood
V of f(Xg), thereexistsaneighborhood U of Xo suchthat f n (XxV) O UxV. Here, we
regard f asasubset of XxY — agraph!

0 when is a function NOT continuous at a point?

To answer this question, we have to look at the denial of the definition of continuity at a point.
Saying that f isSNOT continuousat X, means that there exists a particular neighborhood M of
f(Xo) such that f‘l(M) is not a neighborhood of Xo. What doesit mean for f‘l(M) not to be a
neighborhood of xo? It meansthat X isnot aninterior point of f‘l(M). Thus, X isabound-
ary point of f‘l(M) (why?). This meansthat every neighborhood of Xy containsapoint that is
not in f‘l(M). That is, every neighborhood of X, containsapoint X suchthat f(X ) O M.

(4.071) Exercise: Why is xo aboundary point of f‘l(M)?
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Thisisabout all we can say ingenera: f isnot continuousat Xq if thereisaneighborhood of
f(xo) that isavoided by the images of points arbitrarily closeto Xg.

There isonething that might be true: it could happenthat f would be continuous at xq if we
would just assign theright valueto f at xo. Whenthisistrue, X iscalled aremovable dis-
continuity of f, and f has a removable discontinuity at Xo. Thus, f has aremovable
discontinuity at Xo if thereexists yo in Y such that the inverse image of every neighborhood of
Yo isaneighborhood of xo with Xo (possibly) removed. For then we could remove the ordered
pair (Xo, f(Xg)) from f and replaceit by the ordered pair (Xo, Yo) to construct a new function
that is continuous at Xo.

There is another name given to this situation, namely “limit.” The idea of limit applies even when
f iscontinuousat Xo. Theideaof limit IGNORESthevaueof f at Xo, and simply askswhat
happens to the values f(x) when x is arbitrarily “close” to Xo, without ever
being equal to Xo. To define limit, we need a minor definition, “deleted neighborhood.”

(4.072) Definition: Let X be anon-empty topological space. Suppose that xq isapoint of
X. Thenasubset D of X isa deleted neighborhood of Xy if D does not contain Xoq,
and D O {Xxo} isaneighborhood of Xg.

Deleted neighborhoods are ssimply neighborhoods of X that have had xg removed from them.

(0 the topological definition of limit

(4.073) Definition and notations: Let X and Y be non-empty topological spaces.
Supposethat X isapoint of X, andthat f isafunction, defined on adeleted neighborhood of
Xo, that takesvaluesin Y. Suppose Yo isin Y. Then f haslimit yo at X if theinverse

image of every neighborhood of f(Xg) contains adeleted neighborhood of xo. Thisis denoted in
many ways. One common notation is Iimxaxo f(X) = Yo.

Sometimes thisiswritten Xlir)r(1 f(xX) = yo. Wesay that f hasalimit at X if there exists
- A0
Yo suchthat f haslimit yo a Xo. Often, we write f(X) - Yo as X - Xo when f haslimit

Yo at Xo-

(4.074) Exercise: Prove that, in the context of (4.073), IiquxO f(X) = yo if and only if,

for every neighborhood M of yq there exists a deleted neighborhood D of Xy such that, for
al xaD, f(x) OM (or, in other symbols, f(D) 0O M).
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(4.075) Problem: Prove that in the context of (4.073), f hasalimitat Xq if and only if
there existsafunction g defined in aneighborhood N of X suchthat g iscontinuous at
Xo and, foral x in N ~{xg}, g(x) =f(x). Proveaso that, if sucha g exists, then
Iimxaxo f(X) = g(Xo).

This Problem can (and will) be used to convert Theorems about functions that
are continuous at a point to Theorems about functions that have a limit at a
point, and vice versa!

0 when does a function NOT have a limit at a point?

To answer this question, we have to look at the denial of the definition of having alimit at a point.
Saying that f doesNOT havealimitat Xo meansthat, for ALL yg in Y, there exists a particu-
lar neighborhood V of yq such that f‘l(V) iIsNOT adeleted neighborhood of xo. What doesiit
mean for f‘l(V) not to be a deleted neighborhood of Xo? It meansthat Xo isSNOT an interior
point of f‘l(V). This means that every neighborhood of Xy containsa point that isnot in f‘l(V).
That is, every neighborhood of xo containsapoint X suchthat f(X) O V. Thishasto betrue
for EVERY yo in Y.

Thismeansthat f maps the pointsin deleted neighborhoods of Xxg to at least two different, far-

apart places, and probably more, in Y: f can't seem to make up its mind where to put the points
that are near Xg!

[0 some more definitions, in the general topological context
We can gather interior points, exterior points, and boundary pointsinto sets.
(0 interior, exterior, boundary and closure of a set

(4.076) Definitions and notations. For an arbitrary topological space X, for al subsets S
of X,

theinterior of S, denoted int(S), isdefined to be the set of all interior points of S,

the boundary of S, denoted bdry(S), isdefined to be the set of all boundary points of S,
and

the closure of S, denoted clos(S), isdefined to be the union of S and bdry(S). The ex-
terior of S isdefined to be theinterior of the complement of S. We can denote the exterior
ext(S).

Alternate notations are; S, for int(S), S for bdry(S), S for clos(S).
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(4.077) Exercise: Show that, for al subsets of an arbitrary topological space X, the clo-
sureof S istheunion of theinterior of S and the boundary of S.

(4.078) Problem: Show that, for all subsets of an arbitrary topological space X, the
boundary of S isequal to the boundary of SC.

(4.079) Exercise: Show that, for all subsets of an arbitrary topological space X, theinte-
rior of S isthe complement of the closure of .

(4.080) Problem: Supposethat X isanon-empty set. Let S be anon-empty subset of
X. With respect to the discrete topology on X, find S.

O limit point, or accumulation point, or point of accumulation

Hereis another important topological concept, “limit point,” or “accumulation point.” At first, a
limit point might seem to be a specia kind of boundary point, BUT an accumulation point NEED
NOT BE A BOUNDARY POINT!

(4.081) Definitions: Supposethat X isatopological space. Then, for all subsets S of X,
and for al points p in X, p isalimit point of S if every neighborhood of p contains at
least one point of S that is different than p. A limit point of S need not bein S, nor need
it be a boundary point of S. A point p in S isan isolated point of S if there exists a
neighborhood of p that contains no points of S other than p. Anisolated point of S isin
S. Limit points are also known as accumulation points, or points of accumulation.

Notice that an isolated point of aset S CANNOT be alimit point of S, and vice versal

(4.082) Problem: Show that aset S in atopological spaceisclosed if and only if S
contains al the limit pointsof S.

[0 making new topologies out of old ones
We can perform set-theoretic operations on topol ogies, to construct other topol ogies.

[0 wusing a topology to construct topologies on subsets: relative topology
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The next concept is “relative topology.” Thiswill makeit easier later for usto talk about such
things as “functions that are continuous on a closed and bounded interval.”

(4.083) Definition: Supposethat X isatopological space. For all subsets Y of X, the
relative topology on Y isthefamily of all subsetsof Y constructed by forming the intersec-
tionof Y and an open set in the topology on X. We say that asubset V of Y isrela-
tively open if there existsan open subset U of X suchthat V =U n Y. Some other terms
used for “relative topology” are: the topology on Y inherited from X, the topology
on Y induced by X.

| have never heard this called “the topology of X restricted to Y.” But it makes better

sense to me, to think of “restricting” the topology on X to Y!

Thereisaminor point here that is anuisancel We “officialy” think of sets of theform U n'Y
assubsets of X! They are subsetsof Y, but they officially are members of ZX. We can get
around this problem by constructing amapping p (for restriction) from 2)< to 2Y by the rule
p(S)={yOY:yOS}. If youddn't think of this minor point, that’s OK; but if you did, this

iswhat we can do to solve the problem.
(4.084) Problem: Show that “the relative topology on Y” isatopology on Y.
[0 combining two or more topologies on a set: the intersection of topologies

(4.085) Theorem: Supposethat X isanon-empty set, and that U and Uy aretwo
topologieson X. Then U :=Uq1 n Uy isatopology on X. Caution: U1 n Uy consists of
subsetsof X that are open subsets of X with respect to both of the topologies U1 and U .
The new collection, U, isnot to be construed as the collection of intersections of pairs of setsin
U; and Uy ! That would be a bigger collection!

Proof: We have to show that the three defining conditions for a topology are satisfied by U.
Since X and O arein both topologies, X and 0O arein U.

Thus, condition (i) issatisfied (see (4.055)).

If W, and W, arein U n Uz, then W; and W, arein Uy andin U;.

Therefore, W, n W, isin Uy andin Uz, by (ii).

Hence W, n W, isin Uy n Uy . Thus, condition (ii) is satisfied for U.
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Now suppose W isan arbitrary collection of setsthat arein Uy n U>.

Then W iscontainedineachof U; and Uy,

so the union, W, of al thesetsin W isalso contained in each of U; and Us,
and thismeansthat W, the union of all the setsin W, isaso containedin U n Us.
Thus, condition (iii) issatisfied, so U isatopology on X.

What worked for two topologies works for an arbitrary collection of them! Y ou will now be asked
to prove it; the proof can be made by adapting the preceding one.

(4.086) Theorem and Problem: Suppose X isanon-empty set, and that U isan arbi-
trary collection of topologieson X. Then the intersection of al the topologiesin U (namely,
the collection of all subsetsof X that belong to all the topologiesin U) isatopology on X.

Prove the Theorem.

It may be useful to you, someday, to know that a definition that consists of statements about a
(variable) family of sets (each statement of which having to be true of arbitrary members of the
family, or all subfamilies that meet stated conditions), always has the property that the intersection
of an arbitrary collection of such families also satisfies the definition’ s statements.

Some people cal thisa“meta-theorem;” otherscall it “general nonsense.”

(4.087) Theorem and Definition: Supposethat X isanon-empty set, and that A isan

arbitrary family of subsetsof X, namely a subset of 2X. There exists a smallest topology that con-
tains A, known as the topology generated by A.

Proof: Thecollection U of all topologieson X that contain Ais non-empty, because U

contains the discrete topology, namely X,
Then theintersection, U, of all the topologiesin U isatopology on X, by (4.086).

Also, U contains A because each topology in U contains A.
Now U isthe smallest topology that contains A, because every topology that contains A isin
U, and therefore contains U, the intersection of U.

Thisiswhat “smallest” means, in terms of set inclusion.
The proof is done.

(4.088) Problem: Supposethat X isanon-empty set, and that A isan arbitrary family
of subsetsof X. Construct the family W of arbitrary unions of finite intersections of sets
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that arein A, andinclude X and 0 in W. Provethat W isthe smallest topology on X
that contains A.

[0 combining two topological spaces. the product topology

Supposethat X and Y aretopological spaces. We can construct atopology on the Cartesian
product, XxY, by using the ideathat the Cartesian product of two open setsis the analog of an
open rectangle, so we can say that asubset S of XxY isopenif every point of S belongsto the
Cartesian product of an open subset of X and an open subset of Y.

(4.089) Theorem and Definition: Supposethat X and Y aretopological spaces. The
product topology on XxY isthe collection of all subsets W of XxY that satisfy the condi-
tion:

foral (x,y) in W, thereexistopensets U of X and V of Y such that

(x,y) OUxV OW.
The product topology isatopology on XxY, and it isthe smallest topology that contains all the
Cartesian products of opensets U of X and V of Y. Eachof X and Y iscalled acoordi-
nate space of the product.

Proof: We have two statementsto prove: that the product topology is atopology, and that it isthe
smallest topology that contains al the Cartesian products of opensets U of X and V of Y.
Since the empty subsetsof X and Y, respectively, are open, the empty subset of XxY can be
expressed as &0 , henceisin the product topology.

Since X and Y, respectively, are open, XxY can be expressed as the Cartesian product of two

open sets, hence XxY isin the product topology.
Now supposethat W, and W, arein the product topology.

Thenforal (Xo,Yo) in W1 n W,, weknow that there exist opensets U; and V,, i=1 and 2,
suchthat U;xV; OW,, i =1 and 2, SO (Xo, Yo) O (U1xV ) n (UyxV5,).
Now we need
0 a useful property of Cartesian products
AxB n CxD = (A n C)x(B n D).
Let’susethis, and proveit after.
Thus, (Xo, Yo) O (U1xV4) n (UsxV5) =(Uq n Uy)x(V1n V,) OW, n W, sothe product topol-
ogy isclosed under finite intersections.

(4.090) Exercise: Explain the last sentence in more detail.
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Now suppose W isan arbitrary collection of setsthat arein the product topology. If (Xo, Yo) is
inthe union of all thesetsin W, then (Xo, Yo) isinaset W of the union, and so there are open
sets U and V suchthat (Xo, Yo) 0 UxV OW, and W iscontained in the union of al the setsin
W. Thusthe unionisin the product topology, so the product topology is atopology on X.

(4.091) Exercise: Explain the last two sentences in more detail.

Since the Cartesian product UxV of sets U and V that areopenin X and Y, respectively, is
in the product topology (why?), and setsin the product topology are unions of Cartesian products
of open sets (why?), and because of the fact that AxB n CxD = (A n C)x(B n D), wecande-
duce, by (4.088), that the product topology is the smallest topology that contains all the Cartesian
products of opensets U of X and V of Y.

(4.133d) Exercise: Explain the last sentence in more detail.
The proof is complete, except for showing that AxB n CxD = (A n C)x(B n D).

0 proof of AxBn CxD =(A n C)x(B n D)
If (x,y) OAxB n CxD, then (x,y) DOAxB and (x,y) 0CxD, so XxOAnC and yoB n D.

Thismeansthat (x,y) 0 (A n C)x(B n D).
The stepsin thislast argument can be reversed, to show that (A n C)x(B n D) 0 AxB n CxD.

The proof of the Theorem is compl ete.

Now we are done with topologies for awhile. It istime to turn to another major topic, that of
“equivalencerdations.” You will probably have to look up the definitions of reflexive, symmetric
and transitive, as applied to relations. See (4.009), (4.010) and (4.011).

EQUIVALENCE RELATIONS

(4.092) Definition: A relation E onaset A isan equivalence relation if E isreflexive,
symmetric, and transitive. If (X,y) OE, wesay that x and y areequivalent. If x and y
are each equivalent to z, then they are, by transitivity and symmetry, equivalent to each other, so
we say that x, y, and z are mutually equivalent.

(4.093) Example: This example will be based on Euclidean Geometry. Let L bealineinthe
plane, P. Then two points P and Q intheplaneareon alineparallel to L if thereisa
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linethru P and Q thatisparalel to L. A relation E isnow constructed: the set of all ordered
pairs (P, Q) of pointsinthe planesuchthat P and Q areonalineparale to L. Thereation E
isasubset of P x P. Inorder to tell whether or not E isan equivalence relation, we have to
check whether or not all the defining statements in the definition of equivalence relation are true
mathematical statements when interpreted in terms of this newly constructed E. Let usgiveto E
the (cumbersome!) name “areon aline paralel to L.”

First question: Is E reflexive? Thatis,is “R0AxA and (foral a in A)((a @ OR)”
true when we replace the variable A by P, and replacethevariable R by E? Thatis, is

“Eg PxP and (fordl P in P)( (P,P)OE)” true? Note that the variable a was replaced by
P. That was not necessary, because a was a bound variable. But we changed it because we are
used to using capital |etters to name pointsin the Plane P.

Answer: Yes! Hereiswhy. First, E isindeed aset of ordered pairs of points of P, “ED
PxP” istrue. Second, “(for al P in P)( (P, P) 0 E)” istrue because thereis exactly oneline
thru P that isparalel to L. Do you remember how to construct it, using straightedge and com-
pass?

Second question: Is E symmetric? That is, is the following mathematical statement true?
“EnPxP and (foral (P,Q OPxP)((P,QoED (Q P OE)”

(4.094) Exercise: Verify that the answer to the Second question is Yes. Why is the state-
ment in the Second question a mathematical statement, instead of just a statement?
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Third question: Is E transitive? That is, is the following statement true?
“En PxP and
(0Po P)(0QoP)oRoP) ((P,.Q DE and (Q R)YDE) 1 ((P,R)DE)).”
Answer: Yes! Why?
First, E iscontainedin PxP.
Second, if P, Q, and R arearbitrary pointsin P, the statement

“((P,QOE and (Q,R)OE)O (P,R)OE)”
istrue because,
either “((P, Q) DE and (Q,R) O E)” isfalse, inwhich case the whole statement
“((P,QDE and (Q,R)OE)O ((P,R) OE)” istrue, becauseitformis “A 0 B,” with “A” fase,
o “(P,Q OE and (Q,R)DE)” istrue, inwhich casethereisalinethru P and Q thatis
parallel to L, andthereisalinethru Q and R that isparalel to L.
Sincethereisonly onelinethru Q thatisparalel to L, (thisiswherewe use Plane Geometry) and P
and R both belong to that line, thereisalinethru P and R that isparalel to L, namely, the one
thru Q.
Since P, Q and R were arbitrary, the mathematical statement
“(P,QDOE and (Q,R)DE)D ((P,R) OE)” istrueforal P, Q, and R in P.

(4.095) Exercise: Draw afigurein P that includesaline L, and severa pairs of points

P and Q, and severa triplets of points P, Q, R, that provide examples of equivaent points
and inequivaent points, and transitive and intransitive triplets of points.

[J some more remarks about Definitions,
using the definition of equivalence relation as an example

A definition can involve severa statements that have both bound and unbound, or free, variables.
For example, in the definition of equivaence relation, the term “transitive” appears. Thisreadly
means that the statement

“ROAxA and, (DadoA)(OboA)(OcOA)(((aab)oR and (b,c)OR)O ((&,c)OR)).”

is part of the definition, but with R replaced by E. We might have had to replace A by X, had
the definition of equivalence relation begun “A relation E onaset X isanequivalencerela-
tion if...”

The statement

“E0AxA and, (DaoA)(OboA)(OcOA)(((aab)o0E and (b,c)0DE)D ((a,c) OE)).”
hasafreevariable: E. It hasbound variables. a, b and c. Thus, it isnot amathematical state-
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ment until adefinite E ischosen. Once E is specified, the statement has atruth value.

The bound variables then become part of the selected E in our example.

A definition has “blanks’ to be filled in — namely the free variables.

Once values have been chosen for the free variables in the statements in a definition — and the
same value has to be used for the same variablein al the statementsin the definition — the state-
ments are either al true, or at least one of themisfalse. If al aretrue, the free variables are said to
satisfy the (conditions of) the definition. So we say, for example, that therelation “areon aline
parale to L,” defined in (4.093), “is’ an equivaence relation, because al the statementsin the
definition of equivalence relation are true when the set of ordered pairs of pointsin P that “areon

alineparald to L” issubgtituted for the free variable E.

The definition of “equivalence relation” meansthis: that from now on, in the context of this docu-
ment, the two-word term “equivalence relation” has the meaning “set of ordered pairsin some A x
A that isreflexive, symmetric and transitive.” Thisis how every definition works. The meaning
of the term being defined is the set of statementsin the definition.

There is something dightly “wrong” with the way definitions are phrased in mathematics! The
definition of equivalence relation began “A relation E isan equivalencerelation if...” We
“should” say “A relation E isanequivalencerelation if and only if, ” — but we don't.

A definition gives precise meaning to aterm; after it is defined, the term or symbol has that mean-
ing every timeit is used.

Unfortunately, aterm is sometimes used in different ways. That happens for reasons of history or
analogy. Context usualy helps make things clear.

There are two ways Definitions come up. Let us see how this works, using the definition
of equivalence relation as an example. You can be giventhat arelation E isan equivaencerela
tion, or you can have the task of telling whether or not a given relation is an equivalence relation.

One: suppose you are given that arelation E isan equivalence relation. What do you know?
You know that thereisaset A suchthat E 0 AxA, and you know that each of the three following

mathematica satementsistrue:

(DaoA)((a a OE) (reflexive)
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(O(@b)OE)((a,b)oED (b,d 0E) (symmetric)
(DaoA)(OboA)(OcoA)(((ab)oE and (b,c) DE) O ((a c) O E)) (transitive).

One synonymous version of “(the mathematical statement) A is true”
is “A holds.” Another is “A is satisfied.” These variations are
used for variety and convenience.

Noticethat wereplacethe “R” inthe definitionsof reflexive, symmetric, transitive with “E,”
because E isthe given name of the relation, about which the mathematical statementsin the re-
gpective definitions of reflexive, symmetric, transitive aretrue.

What can we deduce from the truth of al these quantified mathematical statements? Sinceal the
guantifiersin them are universal, we can deduce that each of the statements

(a @ 0E, (ab)0ED (b,aOE, (& b)0E and (b,c) DE) O ((a ¢) 0 E) becomesatrue
mathematical statement whenever any specific values of the variables a, b, and ¢ are chosen.
That’s about it. Then we' d presumably be able to use the given information, usually to deduce that
some other mathematical statement istrue.

(4.096) Example: Let C denote the set of al finite, ordered lists of positive integers taken
fromtheset {1, 2, 5, 10, 20}. Repetitions are adlowed in thelists. For example, {1, 1, 1, 5}
and {2,5,1} aredementsof C, asisthelist {1, 2, 5, 10, 20}, which isdifferent than

{10, 20,5, 1, 2}, dsoin C! Wewill say that two listsin C are equivalent if the sums of the
numbersin each list arethesame. Thus, {1,1, 1,5} and {2,5,1} areequivaent. Let E de-
note the relation, the set of all ordered pairs of equivalent listsfrom {1, 2, 5, 10, 20}. Suppose
you are giventhat E isan equivalencerelation. What, then, do you know istrue? Y ou know
that, for every list L in C, (L,L) isin E. Youknow that, for every pair of lists (L, M), that if
(L, M) isin E, then (M, L) isin E. Youknow that, if (L, M) and (M, N) arein E, then
(L,N) isin E.

(4.097) Exercise. How many listsaretherein C that are equivalent to {1, 2, 5, 10} ?
Show that the number of liststhat are equivalent to an arbitrary listin C isfinite.

Two: You might be given arelation E — that is, detailed instructions about how to tell whether

an ordered pair (g, b) isin E, and then be asked to answer the question whether E isan equiva
lence relation. Now, you have to find out whether or not each of the statements
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(DaoA)((a a OE) (reflexive)
(O (a,b) OE)((a, b)0ED (b, a OE) (symmetric)
(DaoA)(OboA)(OcoA) (((ab)DE and (b,c) DE) O ((a ¢) OE)) (transitive)

istrue.

Example: Let A =N, the set of non-negative integers. We are given that an ordered pair (a, b)
of non-negative integersisin E if andonly if a and b have the same remainder when divided by
2. Is E an equivaencerelation?

Solution: We have to check the truth-values of three mathematical statements. Let’stry to take
them in order.

Is (HadN)((a,d) OE) true? Wearegiventhat (a, @) OE if andonly if a and a have the
same remainder when divided by 2. They do, because a=a. Since this reasoning appliesto an
arbitrary element a of N, (JanoN)((a a) OE) istrue.

Notice that we replaced the “b” in the definition of “(a, b) O E” by
“a@’” to match the definition of reflexivity.

Is (O(@b)UE)((a,b)oED (b,a OE) true? Supposethat (a, b) OE. Then a and b have

the same remainder when divided by 2. Thus, b and a have the same remainder when divided
by 2. By thedefinitionof E, (b, a) OE. Therefore, (a,b) DEDO (b, a OE istrue.

Recall that, if (a, b) 0 E werefalse, (a, b) DEO (b, @) OE would be true, vacuously.
Therefore, we usually don’t ever consider the possibility that the antecedent is false when we set

out to prove that an implication is true, because it would be vacuously (automaticaly) true.

Since this reasoning applies to an arbitrary element (a, b) of E, the mathematical statement
(O(@bUOE)((aab)ODED (b,a OE) istrue.

Is (DaoN)(OboN)(DcoON) (((ab)0E and (b,c) 0E) O ((a, c) DE)) true? Well, let a,
b, c begivenin N, and supposethat (a, b) OE and (b,c) OE istrueabout a b, and c. We
have to deduce, using thisinformation, that “(a, ¢) O E” istrue. Well, wearegiventhat a and b
have the same remainder when divided by 2, andthat b and ¢ have the same remainder when
dividedby 2. Thus a and ¢, whose remainders when divided by 2 areeachequa to b's re-
mainder when divided by 2, have the same remainder when divided by 2. By the definition of
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E, (a c) OE. Sincethisreasoning appliesto arbitrary elements a, b, and ¢ in N, the mathe-
matical statement

(DaoN)(OboON)(OcON) (((aab)oE and (b,c) 0E)O ((&,c) OE))
istrue.

Having found that al three mathematical statements comprising the definition of “equivalencerela
tion” aretruefor our given relation E, we concludethat therelation E isan equivalence relation.

The solution just given is an example of a*“proof.”

(4.098) Exercise: Show that equivalent, definedin (4.096), isan equivaence relation on
C, asodefinedin (4.096).

(4.099) Exercise: Which of the following pairs are in the equivalence relation E of the
last example? Why?

(1, 5), (7, 12), (28, 19), (0, 10000010), (1, 2), (6, 3), (9, 7), (33, 0), (33, 3).
(4.101) Exercise: Let f beafunctionwith domain X andrange Y. Definearelation E
on X thisway: E:={ (u,v) O0XxX :f(u) =f(v) }. Show that E isan equivalencerelation,

andthat F isone-to-oneif andonly if E=4, thediagona in XxX.

(4.100) Problem: Discuss, in the manner of the last Example, how to show that arelation
iISNOT an equivalencerelation. Illustrate your discussion with an example of arelation that is
not an equivalence relation.

You need to memorize Definitions!
0 why equivalence relations are important
If E isanequivaencerelation, we can treat elements that are equivalent to each other as though
they were the same. This allows usto concentrate on only those properties of the elements that we
areinterested in. We canignore, even if only temporarily, the differences between them.
Example: Consider the set C and the relation equivalent defined in (4.096). We might think of

alistin C asalist of the denominations of bills we take out of awallet, one at atime, listed in that
order. Two equivalent lists then represent the same amount of money.
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Equivalence relations are used by people every day, though unconscioudly! If you're paying a
restaurant check, two $5 bills, are equivalent to one $10 bill, which s, in turn, equivaent to
ten $1 bhills. You can think of many examples, and | hope you will observe, to see more.
Equivalence relations are used in mathematics to express “ essential” equality — relative to some
property of interest at the moment. We will use equivalence relations to build our number sys-

tems on the foundation of the natural numbers.

(4.102) Exercise: Verify that, if E isan equivalence relation, then EL1=E See (4.007)
for the definition of E intermsof E.

[0 more on equivalence relations: equivalence classes and the quotient space

(4.103) Definition and notation: If E isan equivalencerelationonaset X, and x 0 X,

we define the equivalence class containing x to be the set denoted by [x] and given by
[X] ={yoX:(x,y)OE}.

Some synonyms for [x] are the equivalence class generated by X, or the equivalence

class of x.

Each equivalence class [x] is called an equivalence class determined by E. This makes

sense, because different equivalencerelationson X usually have different equivalence classes

containing an element x of X. Sometimes, confusingly, equivalence classes are called equiva

lence classes of E, and this givesthe impression that an equivalence classof E isamember of

E, but that isnot so! It isjust another of the many mathematical ambiguities that exist!

(4.104) Exercise: Show that, if E isanequivalencerelationonaset X, and x; and X,
areelementsof X, then [x;] =[x,] if andonlyif x; and x, areequivaent, that is, if and
only if (x;,X,) belongsto E.

(4.105) Exercise: Show that, if E isanequivalencerelationonaset X, and x; and X,
areelementsof X, then x, O[x,] if andonly if X, O [X4].

Let uscal an arbitrary element of an equivalence class arepresentative of the equivalence class;
arepresentative el ement of an equivalence classrepresents the equivalence class.

Example: Recall the equivalencerelation “areon aline paralel to L,” introduced in (4.093).
Let P beapointin P. Then the equivalence class [P] consists of al points Q in the plane such
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that thereisalinethru P and Q thatisparale to thegivenline L. Thisisthelinethru P that
ispardle to L. Eachpoint Q onthelinethru P thatisparald to L thus representsthe whole
equivaence class.

Example: Recall the equivalence relation equivalent, ontheset C of all finite, ordered lists of
positive integers taken from the set {1, 2, 5, 10, 20}, with repetitionsallowed inthelists. This
wasintroduced in (4.096). The equivalence classof thelist {1, 1, 1,5} isdenoted
[{1,1,1,5}], and [{1, 1, 1, 5}] consists of thelists {5, 2, 1}, {5, 1, 1, 1},{2, 2, 2, 1, 1},
{2,2,1,1,1,1},{2,1,1,1,1,1,1}, and {1,1,1,1,1,1,1, 1}, aswell as 5 other rear-
rangementsof {5, 2,1}, 3 other rearrangementsof {5, 1,1, 1}, 9 other rearrangements of
{2,2,2,1,1}, 14 other rearrangementsof {2,2, 1,1, 1, 1}, and 6 other rearrangements of
{2,1,1,1,1,1, 1}.

(4.106) Problem: Show that, if E isan equivalencerelation onaset X, then any two
equivalence classes [x;] and [x,] areeither equa (as sets) or are digoint.

(4.107) Theorem: If E isanequivalencerelationonaset X, and S isasubset of X that
consists of elements that are mutually equivalent, thenfor all x in S, SO[x]. If, inaddition, S
contains al the elementsof X that are equivaent to any one of the elementsof S, then for al x
in S, S=[x].

“Mutually equivalent” here means that any two elements x,y in S are equivalent.

Proof: Let xOS. Since [x] containsal elementsof X that are equivalent to x, and every ele-
ment of S isequivalentto x, SO[x]. If thereis some a in S suchthat SO [a], thenfor any
x in S, [a 0SO[x]. Butthen [a =[x], so [a] =S=[x] foral x in S, asdesired.

(4.108) Exercise: Why isthe phrase “But then [a =[x]” inthe proof of (4.107) true?

(4.109) Exercise: Prove: X istheunion of all the equivalence classes determined by E.
Example: Recall the equivalencerelation “areonaline parale to L,” introduced in (4.093).
Thenany line M that isparallel to L consists of mutually equivaent points, because thereisa

line, namely M, parale to L that passesthru each pair of pointson M. And, if P isan arbi-
trary point of M, then M containsal the points Q in P suchthat theline thru Q that is para-

lel to L asocontains P. Therefore, each equivalenceclass [P] determined by “areonaline
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pardlel to L” isalineparald to L, and conversely, every lineparadle to L isan equivalence
class [R] for some R inthe P

The next Theorem includes a Definition, and some notation. The term being defined is “quotient
space,” and it is atough definition, because it introduces a“new” concept. The newnessisin the
realization that we create “ quotient spaces’ al thetimein everyday life. The reason for introducing
quotient spacesis that, technically, each of the number systems “integers (positive and negétive),”
“rational numbers,” and “real numbers’ that are used so much in Calculus is a quotient space. We
try to think of the equivalence classes determined by an equivalence relation as “points,” that is, as
single“indivisible” objects. Certainly, equivalence classes that contain more than one point are
“divisible,” because each equivalence class can be separated into its constituent points. But we use
equivalence classes to mentally “lump together” all elementsof X that are mutually equivalent.
Otherwise, we could become bogged down in our thinking if we had to think of each of equivalent

elements separately, when the same thoughts apply to each of equivalent elements of X.

(4.110) Theorem, Definition and notation: Let E be an equivalence relation on a set X.
Then we will denote by X/E the subset of 2X that consigts of ll the equivalence classes deter-
mined by E. Wewill call X/E the quotient space of X by E. There exists a function
X - XJ/E, calledthe projection of X onto X/E, that isonto, and such that (x) = (y) if
and only if (x,y) O E. Moreover, X isthe union of al thesetsin X/E, and two elements of

X
XIE, assubsetsof X, either coincide or are digoint. Sometimes we denote X/E by g .

The only things to prove are the statements about  and the statements in the last sentence of the
Theorem. The proof of thistheorem has actually already been done, bit by bit, since “equivalence

classwasintroduced in (4.103), but the theorem will be proved “from scratch.”

Proof: We construct the function  thisway: for each x in X,

X):={yoX:(x,y) DOE} =[x]; namely (x) isthe equivalence classthat contains x.

The elementsof X/E will be these equivalence classes, which are el ements of X,

Toshow that isonto, suppose that S is an equivalence class determined by E. Then
thereexists x in X suchthat S=[x]. Thus S= (x), so isonto.

Now suppose that (u) = (v). Then thereisan element Xy in both equivalence classes.
Thismeansthat (u, Xg) and (v, Xg) belongto E. Then by symmetry and transitivity, (u, v)
belongsto E. Supposethat (u,v) OE. Then (y={yoX:(uy)OE}, and
(V)={yOX:(v,y)OE}. Now supposethat x isany element of (u). Thismeans that
(u,x) OE. Thus, (x,u) 0OE. Butsince (u,Vv) O E, and E istransitive, (x,Vv) O E. Hence
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(v, x) OE, by symmetry. Thus, x O (v). Thisshowsthat (u) O (v). The same argument
worksin the other direction. We have shown that, if u and v are equivalent

(meaning: (u,v) 0 E), then (u) = (v). Therefore have shown that (x) = (y) if and
only if (x,y) O E.

To show that X isthe union of all the setsin X/E, let x O X.

Then x 0[x], so X 0 LI,y [x]. Butsince [x] 0X foreach x in X, L,y [x] OX. Thus
X _ Uy ox K.

Finaly, let us show that two elements of X/E, as subsets of X, either coincide or
aredigoint. Let [x4] and [x,] beelementsof X/E. If [x4] and [x,] aredigoint, thereis
nothing to prove. If [x4] and [X,] both contain anelement x of X, then by definition of [x,]
and [x,], (X4,x) and (x,, X) belongto E. Thus, by symmetry, (X, X,) belongsto E, so by
transitivity (x4, X,) belongsto E. Again, by symmetry, (x,, X;) belongsto E. Now let w be
any element of [x4]. Thismeansthat (x;, w) belongsto E. Thus, since (x,, X;) and (X1, w)
belongto E, and E istransitive, (x,, w) belongsto E so, by definition, w belongsto [x].
This showsthat [X4] O [X,]. The same argument works in the other direction. Thus, if [X4]
and [Xx,] both contain an element x of X, then [x;] =[Xx,]. This completes the

proof of the Theorem.

We could have used the notation (x) instead of [x] inthe definition of the projection. Both no-
tations are used. | chose thisone because (x) “looks more like afunction” than [x]. Did you

notice that the last part of the proof is arepetition of an earlier part?

Example: Recall the equivalencerelation “areon aline parallel to L,” introduced in (4.093).
The set of equivalence classesis precisely the set of linesin P that areparale to L. Thus, the

P

quotient space “zre on aline parallel to L°  consistsof thelines parallel to L. But wewant

to think of theselinesas points! We can draw aline K perpendicular to L, and let the point that
ison K n [P] bethe point to think about. Thus, the quotient space can be thought of as the set of
pointson K.

(4.111) Exercise: Draw adiagram that illustrates some equivalence classes of “areon a

P

lineparallel to L, and the quotient space =zre on a line parallel to L

(4.112) Exercise: Recall the equivalence relation equivalent, ontheset C of al finite, or-
dered lists of positive integerstaken fromthe set {1, 2, 5, 10, 20}, with repetitions allowed
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inthelists. Thiswasintroduced in (4.096). What “is’ the quotient space C/equivalent ?
Y our answer should single out some pertinent feature of each equivalence class that “ describes’
it efficiently.

We can “lift” afunction defined on a quotient space back to the original space by constructing its
values to be constant on equivalence classes. We can “condense” some functions defined on the
original space to be functions on the quotient space, but only if they are constant on equivaence
classes. Thisiswhat the next Theorem is about.

(4.113) Theorem: Suppose E isanequivaencerelationonaset X, andthat f: X/E - Y is
afunction defined on the quotient space, X/E. Then there existsaunique function F: X - Y
such that, for all x in X, F(x) =f([x]). Moreover, if F: X - Y isafunction, then there exists
afunction f: X/E - Y suchthat, foral x in X, F(x) =f([x]), if and only if, for al x in X
andforadl y in X, xEy implies F(x) = F(y).

Proof: Thisisredly two Theoremsin one. First, supposethat f: X/E - Y. Weconstruct F by
therule F(x) :=f([x]). By construction, the function F isunique. This provesthefirst part!
Now suppose F: X - Y isafunction, andfor al x in X andforal y in X, xEy implies
F(x) = F(y). Therefore, F isconstant on each equivalence class. Notethat F may take the same
value for inequivalent arguments! For example, F could be a constant function. Now we can
construct f. Construct f by therulethat f([x]) := F(x). Doesthisreally define afunction on
X/E? To check that the answer is YES, supposethat y X, but xEy. By hypothesis, F(x) =
F(y). Thus, f([y]) = F(y) = F(x) =f([x]), so equal equivalence classes are indeed assigned the
same value, no matter which element of the equivalence classis used to construct the value of f.
Finally, supposethat F: X - Y isafunction, and that there existsafunction f: X/E - Y such
that, for all x in X, F(x) =f([x]). We haveto show that, for al x in X andforal y in X,
XEy implies F(x) = F(y). Weknow that, if xEy, then [x] =[y]. Therefore, F(x) =f([x]) =
f([y]) = F(y) by the Substitution Rule. This completes the proof.

(4.114) Exercise: Show that, under the conditions in Theorem (4.113), F =f- .

(4.115) Problem: Recall the equivalencerelation “areon aline parallel to L,” constructed
in (4.093). Imaginealine K thatisnot parale to L. Then K meetsany line parallel to L
in exactly one point. Construct two functions, F and G that map P into P, asfollows:

Foradl P in P, G(P) := P, and F(P) :=the unigue point where the linethru P that is paral-
lel to L meets K. Show that G does NOT satisfy the conditions of Theorem (4.113), and
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that F does satisfy them. Find theimage of the function f correspondingto F that mapsthe
guotient space to P

0 how we will use gquotient spaces

In the next Chapter, we'll officially introduce the Natural Numbers, N. No equivalence relations
will be used there, and no quotient spaces. The order relations, less than, less than or equal, and
so on, will be developed. So relations, functions, sets, lots of definitions, and lots of logic will be
used.

In the Chapter after that, we'll do some “magic tricks” with NxN: we' |l define an equivalence re-
lation on NxN, and construct the quotient space, and thus produce the Integers, Z, both positive
and negative, and we will have done it in a constructive way, designed to make the operations from
N “transferable’ to Z “naturaly.”

In the Chapter after that, we' Il do some “magic tricks” with ZxZ: we'll define an equivalence re-
lationon ZxZ (involving fractions) and construct the quotient space, and thus produce the
Rational Numbers, Q.

In the Chapter after that, we could do some “magic tricks” with certain sequences of rational num-
bers, to construct the Real Numbers as equivalence classes. But wewon't. Instead, well con-
struct the Real Numbers using a method developed in the nineteenth century — Dedekind Cuts.
Even there, we could use an equivalence relation, but we won't because it would be silly: the
equivalence classes would either be singletons or doubletons!

So our use for quotient spaces is quite serious. we will use them to build the numbers on which
Cdculusis based!
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