5 Advanced Calculus: a rigorous approach 1
NATURAL NUMBERS

We are ready for the official introduction of the natural numbers. | ask you to suspend belief in the
truth of the things you already know about the natural numbers, but not to lose one bit of your
knowledge — just stop taking things for granted. “The Natural Numbers’ now becomes a name
only, to be used in the following list of mathematical statements, each of which you are asked to
regard astrue.

Thisiswhere the course “really” starts; what came before was “preliminaries,” and we till have
some preliminary stuff to do — more about sets and topology. But the natural numbers will
literally be the foundation on which we will build the ordinary integers, the rational nhumbers, and

then the real and the complex numbers, which in turn form the “floor” for Calculus.
(5.01) The Peano Postulates (or Axioms)
Here are the Peano Postulates, phrased in away that lets you use what you have learned so far:

We assume that the four following mathematical statements are true.

(5.01A) There exists a non-empty set N,

whose elements we will call natural numbers.

(5.01B) There exists a one-to-one function s: N - N,

that we will call the successor function.

(5.01C) Thereexistsanelement 00N suchthat O isnotintheimage, s(N), of s.
(5.01D) For all subsets S of N, if S contains 0, and S(S) O S, then S=N.

Hereis arestatement of these axioms, in aless dense form:

(5.02-1) There existsanon-empty set N, called the set of natural numbers, and a function
s on N, caled the successor function, whose value, s(n), atany n in N, iscaled the suc-
cessor of n, such that

(5.02-2) Different elementsof N have different successors (s is one-to-one),

(5.02-3) Thereisan element, 0, of N that is not the successor of any element of N (0 isnot
intheimage of s),

(5.02-4) Every subset of N that contains 0 and also contains the successor of each of its ele-
ments must be equal to N (if S contains 0, and s(S) O S, then S=N).
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According to the Encyclopedia Britannica, 15th edition,! the five Peano postulates are:

1. 0 isanumber.

2. The successor of any number is also a number.

3. No two distinct numbers have the same successor.

4. 0 isnot the successor of any number.

5. If any property ispossessed by 0 and also by the successor of any number having that
property, then all numbers have that property.

Postulate 5 isdifferent than (5.01D), and isdifferent than (5.02-4).

But all three versions amount to the same thing, when expressed in terms of set-selector notation.
For, “property” hasto refer to amathematical statement P(n) about elements n of N.

Thus, { NnON: P(n) istrue} istheset of all elementsof N that possessthe property P(n).
If the “property” satisfiesthe conditions of postulate 5,then 0O { nON : P(n) istrue}, and
s{nON:P(n) istrue})0{ ndON:P(n) istrue}, so { nON:P(n) istrue} =N.

On the other hand, let S be a subset of N.

Then we define the “property (of n)” tobethat n belongsto S.

Thatis, P(n) isthestatement “n 0 S.” This*property” isthen covered by postulate 5.

Postulate 5 isabout sets of natural numbers. Y ou probably did not bring this postul ate with you
to this course, at least not explicitly. And yet, it will seem natural to you shortly, | hope. Here are
the three versions of Postulate 5, collected in one place:

For all subsets P of N, if P contains 0, and s(P) O P, then P=N;

Every subset of N that contains 0 and also contains the successor of each of its elements must be
equal to N;

If any property is possessed by 0 and also by the successor of any number having that
property, then all numbers have that property.

This Postulate is called The Principle of Mathematical Induction.

The Principle of Mathematical Induction is our principal source of
“mathematical energy!”

1volume 23, page 275
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We usually don’t make axioms in a vacuum — there is usually some thought behind them. But
that thought can be hidden! So hereis an “explanation” of the axioms. First, let’s imagine that
we go into the “back room,” where we don’t have to prove anything — just work on ideas! We
“know” the integers exist, positive, zero and negative. The natural numbers are going to be our
model of the non-negative integers. The successor function is“really” the function whose value at
n, n 0, is n+1: s(n)=n+ 1. Different non-negative integers “should” have different suc-
cessors. Thisiswhat “s is one-on€” means. Thisis an assumption about the successor func-
tion! Saying O is not the successor of any non-negative integer meansthat 0 n+ 1 for any
non-negative integer n. The postulate about sets of non-negative integers is not something we
usually take for granted. But the ideamakes sense: if aset S contains O, and contains the suc-
cessor of each of its elements, then it also contains 1, and 2, and 3, and soon. So it ought

to contain every non-negative integer, namely S= N.

In your experience, perhaps N startswith 1, not 0. Thereisan equivalent version of these ax-
iomsfor that version of N. We simply replace each “0” inthefirst versionwith “1,” and call
the new set P, for positive integers. We will want to use induction “ starting with 1.” But, in-
stead of making another set of axioms, we will givethe name 1 to s(0), and then we can deduce
the proposed axioms, from the Peano Postul ates, so they become atheorem: aset of true mathe-
matical statements whose truth islogically deduced from axioms, instead of being assumed.

(5.03) Theorem and Definition and Notation: Thereis anon-empty set P, whose ele-
ments we will call positive integers, a one-to-one function s. P - P, that we will call the suc-
cessor function, and anelement 1 0P suchthat 1 isnotintheimage, s(P), of s. Inaddi-
tion, for al subsets E of P, if E contains 1, and sS(E) O E, then E=P.

The idea of the proof isto remove 0 from N to construct P. Then we have to check that each
of the postulates can be re-interpreted in the new set. The Induction property will be deduced by
temporarily putting 0 back, then taking it out after applying the Principle of Mathematical
Induction for N.

Proof: Let P:=N ~{0}. Wenow construct s. P -~ P by s(n) =s(n) for every n in P. Does
thismake sense? Yes, P isasubset of N, so s(n) isdefinedforal n in P. The problemis,
isevery valueof s in P, or at least are all thevaluesthat s takeson, for n in P, in P? The
answer is “yes,” because the only element of N thatisnotin P is 0, and O isnotin s(N), by
axiom (5.02-3), hence 0 isasonotin s(P). The new function s, new because its domainis
different (smaller), is still one-to-one. Now 1 isnot intheimage of thenew s, because 1 isthe
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image of O, by definition, and O has been removed, and s is one-one, so 1 isnot theimage
of any other element of N, muchless P. Therefore, 1 isnot s(n) forany n in P.
Since 1=9(0), and 0 isnotin P, and s is 1-1, s(n) =1 means s(n) =s(0), so n=0 if

s(n)=1. But 0 isnotin P. Theidea of this proof could be applied to the set of all natural
numbers starting with 10, or 17, or any other, instead of 1, like P.

To prove that the Principle of Mathematical Induction istruefor P,
suppose that E isasubset of P, E contains 1, and s(E) O E.
We have to show that E = P. We will work in N!
Construct asubset F of N by assignment: F:=E 0 {0}.
We'reback in N now!
Now O isin F, by construction, and
s(F) =s(E0 {0}) =s(E) O s({0}) (by (4.260))
=9E)0{s0)} =s(E) 0 {1}0E O {1} =E (because 10E)
O F (by construction).
By transitivity of set inclusion, s(F) O F.
By the Principle of Mathematical Induction, F = N.
Now F=EO{0} and N=P O {0}.
Also, En {0} =0 and Pn {0}=0.
Therefore, E=F~{0} =N ~{0} =P (why?).
Thus E =P, asdesired.

Y ou have probably seen Mathematical Induction before, but it looked alittle different then.

Example: Use Mathematical Induction (school version) to show that for all positive integers n,
n(n+1
1+2+3+... +n= (2 ) . Inthis Example, we will use your prior knowledge about P.

The procedureisthis: 1. Let P(n) denote the statement to be proved: P(n) must have n as
itsonly free variable.
2. Veify that P(1) istrue.
3. Show that, by assuming P(n) istrue, you can deduce that
P(n+1) must betrue.

That is, prove the quantified mathematical statement “For al n in N, P(n) O P(n+1).”

Then Mathematical Induction assures usthat P(n) istruefor all n.

June 12, 1998
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Let'sdoit, for review.
n(n+1)
Step 1. Let P(n) denotethe statement “1+2+3+ ... +n=—75 "

1(1+1
Step 2. P(1) isthe statement “1 = (2 ) . Thisistrue, by avery quick computation.

Step 3. Assumethat P(n) istruefor some n. Then P(n+1) isthe statement
(n+1)(n+2)
“1+2+3+ ..+ ()= "> —

Wehave 1+2+3+ ...+ (ntl)=1+2+3+ ... +n+(ntl) =

n(n+1) n+l (n+1)(n+2)
1+2+3+...+n)+(ntl) = 2 +2 2 = 2

manipulations. The equality of the first and last expressionsin this chain of equalitiesis P(n+1),
shown to be true under the assumption that P(n) istrue. Thetruth of P(n) for all n isnow
established, by Mathematical Induction. Notethat, were P(n) false, the statement P(n) o P(n+1) would be

true vacuously.

, by afew basic algebraic

The way we will often “do” Mathematical Induction differs only alittle from this (and you may
certainly use the old way in your papersin thisclass). The set-theoretic version of this argument
goes something like this:

n(n+1
Let E:={nOP:1+2+3+... +n= (2 ) }. Thenweshow 10E (aswedid), and that

NnOE implies +1 0 E (aswedid). Then E=P by Mathematical Induction.

Y ou will need to learn new ways to use (the Principle of) Mathematical Induction. Y ou are proba-

bly familiar with Mathematical Induction as atool for verifying formulas. We will need to use

Mathematical Induction for other purposes. For example, we will need to know whether certain

kinds of functionsfrom N to N exist, and there may be one function for each n, or maybe our

statement will be that there is NO such function, for ANY n. We will then construct a set
S:={noON:afunction f,: N - N existssuchthat “thusand so” istrue about f,}.

Then we will follow the “same” pattern as school induction:

Step 0: Show that 0 isin S. Theway we show that 0 isin S will of course depend on

what the criterion isfor membershipin S. But the objective of Step O is always the same.

Step 1. Let someone choose an arbitrary element n of N, and then show that the statement

“no SO s(n)dSis true.

Thisisthe objectiveof Step 1, then: show that (OnoON)(n0SO s(n) 0S) istrue.

Since thisis a statement with auniversal quantifier, we have to be able to show that every one of

the statements (N 0SO s(n) 0S) istrue. We know by now that there is one easy way for this

statement to betrue: incase (n0S) isfalse! We usualy don’t mention this possibility; we just

assumethat (n0S) istrue. Thenwetry to usethetruthof (n0S) to deduce the truth of
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(s(n) 0S) . But we can’t always work that way! Sometimes we have to use the contrapositive of
(n0SO s(n)0S), namely (s(n) 0SO n0OS). Thatis, weassumethat (s(n) 0S) istrue.
Then wetry to usethetruth of (s(n) 0S) to deducethetruthof (n0S) . Thissecond approach
islogically equivalent to thefirst way, but it not psychologically the same! Step 1 isthe “heart” of
an induction proof. But Step O isessential!

Step 3: We apply the Principle of Mathematical Induction by noting that the S=N. Thisstepis
one you sort of do automatically; it’s like acodain apiece of music...

(5.04) Example: Let's prove that s(N) = P.

That is, let’s show that every n in P is s(m) for some m in N.

We have aready seen, in the proof of Theorem (5.03), that s(N) O P.

To show equality, it remainsto show that P 0 s(N).

We do already know of oneelement of P thatisin s(N), namely 1=g0).

Thus 10{ nOP:thereexists mON suchthat n=g(m) } = E.

We will use induction for P instead of N. We already did Step O (or ought it be Step 1, for P?)!
We need to show that, foral nin P, “n0OE O s(n) OE” istrue.

Wel, “nOEO0 s(n) OE” istrueif “nOE” isfalse.

Since “n0OE" hasto betrue or false, we have to see what happensif “n0E” istrue.
So, next supposethat “n 0O E” istrue.

Now, “n0E” meansthat thereexists mO N suchthat n=s(m).

But then, s(n) = s(s(m)), by the Substitution Rule.

The Substitution Ruleistricky. We have to set up the “right” statement. Let's make P(x) :=
“g(x) = s(s(m)).” Then, putting x :=s(m) yields: P(s(m)) istrue. NOW we can apply the
Substitution Rule: since n=g(m), P(n) istrue. And P(n) is “s(n) = s(s(m)),” as desired.

Thus, s(n) O E.
Then, by Mathematical Induction (set version, for P), E=P. Inother words, every n in P is
the successor of some m in N, asdesired.

If you have time, | recommend that you read Foundations of Analysis, by Edmund Landau,
Chelsea Publishing Co., New York, 1951. Despite the author’ s request, do read the preface for
the teacher. Read the preface for the student too, and the book too, alittle bit at atime. What
Landau doesisto carefully develop the properties of the positive integers from the axioms (the
version for P). Here are some exercises, adapted from theoremsin that book. In these exercises,
do not use your prior knowledge, just use the axioms.

(5.05) Exercise: Show that, forall n in N, and foral m in N, if n m then

June 12, 1998
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s(n) s(m).
(5.06) Problem: Show that, for al n in N, s(n) n. You will need induction!

(5.07) Exercise: Show that, for all n in N, if n 0O then there exists exactly one m in
N suchthat n=s(m). Youmay need induction!

(5.08) Notation: If nON and n O welet n—1 denote the unigue m in N (provided by
(5.07)) suchthat n=g(m). Thatis, n=s(n-1).

An important point: n-1 does not exist for all n in N; n-1 exists
only for n 0. Thisis not subtraction! The meaning of n—1 is
“predecessor of n.”

Theorem 4 in Landau’ s book is also a definition, that of addition, defined in terms of the succes-
sor function. Thistheorem is mentioned as part of an interesting “ confession” in the preface to the
teacher. The proof ishard to follow. Hereitis, paraphrased to fit N instead of P:2

(5.09) Theorem and Definition (of) and notation (for) (on addition): There exists
one and only one function p: NxN - N with the following properties (p isfor “plus’):

(A) foral nin N, p(n0)=n,
(B) fordl nin N, and foral m in N, s(p(n, m)) = p(n, s(m)).

We call finding the value of p(n, m) addition of n and m, and we call the value of p(n, m)
thesum of n and m. We use the notation n + m := p(n, m).

The ordered pairs that comprise the function p have first members that are themselves ordered
pairs! For example, ((1,0),1) and ((1,1), 2) arein p.

Landau proves this Theorem in two main steps. First, he shows that there is at most one function
that has properties (A) and (B). Thisisthe“only one” part of the proof; this may strike you as
odd, because we don’t know yet whether there is any such function! The point is that we assume
there are two such functions, and then show they must be equal functions! Thisisthe standard
way to approach aproof of uniqueness: assume there are two objects with all the properties under
study, and then show that the two objects must be equal to each other.

2Thm 4, page 4.
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Proof:

Unigqueness part: Supposethat p and g aretwo functionsthat satisfy (A) and (B).

We will show that, for each ng in N, givenand fixed, p(no, m) =q(no, m foral m in N.
I’m often going to write “for all m” asashort version of “forall m in N.”

We will use Mathematical Induction (the set version).

WEe'll defineaset S that consists of all the m's such that p(ng, m) = g(ng, M).

Thenwe'll set out to show, using Mathematical Induction, that S=N.

Thiswill show that p(ng, m) = g(ng, m) for al m.

But then, since ng was arbitrary, it'll also be truethat for all n, p(n, m) =q(n, m) foral m.
Thisiswhat we mean by equality of functions of two variables. Now, let’s do the proof!

Let S denotetheset of all m suchthat p(no, m) = q(no, M). In set selector notation,
S:={maoN: p(hg, m)=q(ng, M) }.
Let usshow that O isin S.
By (A), p(n,0)=n foral n, andby (A), q(n,0)=n foral n.
Thus, for our fixed n, namely ng, we have p(no, 0) = q(no, 0).
Thismeansthat O isin S.
Now supposethat m isin S (thatis, m isthe name of an lementin S. We don’t know which m).
This meansthat p(ng, m) = q(no, M).
We want to show that s(m) isin S. This means we have to show that
P(No, S(m)) = a(No, S(M)).
Since p(no, M) = d(no, M), s(p(ng, M)) = s(q(no, M)), using (3.3), Rule 9: Substitution.
The substitution Rule istricky. We have to set up the “right” statement. Let'smake P(x) :=
“s(p(ng, m)) = s(x).” Then, putting X := p(ng, m) yields: P(p(hg, M)) istrue. NOW we can

apply the Substitution Rule: since P(p(ng, m)) istrue, and g(ng, m) = p(hg, M), P(g(ng, m))
istrue. And P(q(ng, m)) is “s(p(ng, m)) = s(q(ng, m)),” asdesired.

By (B) (used twice), s(p(no, m)) = p(no, S(m)) and s(a(no, m)) = q(no, S(m)).

We choosg, as the values of the variables n and m in (B), ng and the particular m that we
supposed wasin S. Notice how we keep using the same letter, here m, but in different ways!

Therefore, by the transitivity of equality, p(no, S(m)) = d(ng, S(M)).
By the definition of S, s(m) thusbelongsto S if m does.
Hence S=N, by the Principle of Mathematical Induction (an axiom).

This meansthat for ng, p(ho, M) =q(ng, m) for al m. But our fixed n, ng, wasany ng at al.
Thatis, foral n, p(n, m)=q(n, m) foral m. Thisisthe condition for equality of functions

June 12, 1998
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with two variables: for al n and m, p(n, m) =q(n, m). Thatis, p=g.
The uniqueness part isdone: if thereisafunction that works, thereis only one!

Existence part: Thisiswhere we show that yes, there IS a function that works!
Let E denotetheset of all n for which we can construct (meaning: show that there exists) afunc-
tion p,: N -~ N suchthat: p,(0)=n, and foral m in N, s(p,(m)) = p,(s(m)).

Hereisthe set selector version of E:
E={nON:0p,:N - N suchthat p,(0)=n and (Om O N)(S(p,(m)) =pp(s(m)) }.
The construction of this set (by specifying the criterion for membership in it) isthe key ideain the

proof of this Theorem!
If we can do this construction for every n, we can define p(n, m) := p,(m), for each n and m.

Since E istheset of al n such that we can do the construction, we want to show that E = N.

To show that E=N wewill usethe set version of Mathematical Induction.
Thefirst stepisto show that O isin E. So, we need afunction p,. Let usconstruct py,.

Now we are going to “create” something. Here iswhere we duck into the “back room” and use our
knowledge, especially the things we take for granted. Wewant p(h, m) =n+ m. Wereally don't

know how to define addition “in one jump,” but we do know what 0+ m “ought” to be — m.
So we construct pp(m) :=m foral m.

Let po(m) :=m foral m. So p, exists. Now let’sverify that p, hasall the propertiesit needs,
tohelp O beamember of E. Now, py(0) =0 by construction. And (py(m)) = S(m) because

Po(m) =m, andthen s(m) = py(S(m)) because py(anythingin N) = samething. By transitivity

of equality, s(pp(m)) = py(s(m)) for al m. Sowhat?

Well, now we know that O isin E, because

Po(0) =0, and s(py(m)) = py(s(m)) forall m,
and these are the conditions p,, had to satisfy, in order for O tobein E.

So suppose that some n isin E. Sincewe are trying to show “foral n in N, nOEO s(n) O E”
istrue, we can let n be arbitrary, and then there are two relevant possibilities: just one of the statements “n 0O E”
and “nOE” istrue If “nOE” istrue, thestatement “n 0O E O s(n) O E” istrue vacuoudly, so the universal
AND is OK for that n. So we usually don’t mention that possibility. That iswhy we just supposed that some n
isin E. Supposing that some n isin E is“making the induction hypothesis.”

We want to show that s(n) isin E, to complete the steps needed to apply the axiom of
Mathematical Induction.
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Since n isin E, weknow thereisafunction p,: N - N suchthat forall m in N, p,(0) =n,
and s(p,(M)) = pp(s(m)).
Notice that we can put the universal quantifier (for all m in N) ahead of an “and” that does not contain the vari-

able bound by the quantifier.
Notice that the equation s(p(M)) = p(s(M)), valid for al m, meansthat we can switch the order of s and p,

That is, the functions s and p,, commute. So we are going to want to show the same thing about s and p, )’

We need to construct afunction Ps(n): N - N suchthat forall m in N, ps(n)(O) =g(n), and
S(Pgny(M)) = Pgry(S(M)) (why?).

Again we want to go behind our Wizard's curtain,3 and figure out what to do, given Pr tO Py

in order to construct Ps(n)» interms of p,. Well, py(m) “ought” to be n+m, so Ps(n)

needsto be s(n) + m. And s(n) is“realy” n+ 1, so s(n) + m ought to be
n+1+m, andwe canwritethisas n+m+1, and thisis s(n+m), and, intermsof p,,

S(Py(mM)). So we have cogitated, and come up with the definition ps(n)(m) '=8(pp(m)). Solet's

emerge from behind the curtain and write that definition down.

Set ps(n)(m) = 8(p,(m)). Thus, Ps(n) exists. Now, in order to show that s(n) isin E, we need
to check that forall m in N, ps(n)(O) =g(n) and s(ps(n)(m)) :ps(n)(s(m)).

By our definition, ps(n)(O) = S(p,(0)),

and p,(0) =n,

S0 S(p,(0)) =s(n) by applying s to both sides of the equation p,(0) = n (Substitution Rule!).
By transitivity of equality, ps(n)(O) =9(p,(0)) and s(p,(0)) = s(n) imply

ps(n)(O) = s(n).

So far, so good. We need to show that s(ps(n)(m)) = ps(n)(s(m)) for all m.
By our definition, ps(n)(m):s(pn(m)) foral m.

Let us work with the right-hand side of the equation first, namely ps(n)(s(m)), and change it into

its meaning in terms of p,,. Then, we will try to change the left-hand side to the same thing.

a useful technique to try when we want to show that two mathematical objects|

Thisis |~ are equal: show that each of the objectsis equal to a third object.

Then, by transitivity of equality, the two original objects are equal to each other.

3The Wizard of Oz, Loew’s, Inc., 1939
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In particular, ps(n)(s(m)):s(pn( s(m))) for al m, because s(m) isjust another “m.”
We know that s(p,(m)) = p,(s(m)) for all m, because n isin E.

Therefore, substituting s(m) for m gives s(p,(s(m))) = p,(s(s(m))) for al s(m), i.e,
for all m, becausethereisan s(m) for each m!

That is, by our definition,
ps(n)( s(m) ) = p,(s( s(m) )) for all m, by transitivity of equality.

Now let’stry to transform the left-hand side of the equation to the same thing,
Pr(s( s(m) ).

By our definition of Ps(n): and substitution,

S( Pg(ry(M) ) = S( S(pp,(m)) ) forall m.
Now recall that s and p,, commute — meaning we can change their order without affect-

ing the value of the composite function. Thus, working from the inside out, because that is
where s and p,, occur together,

S( s(Py(M)) ) = S( pr(s(M)) ) = pp( S(s(M)) ),
as desired (you need to look back to check this).

Therefore, s(ps(n)(m)) = ps(n)(s(m)) forall m. Thismeansthat s(n) isin S, so S=N, be

cause the conditionsin the Mathematical Induction Postulate are all true. Now we just define
p(n, m) :=p,(m). You are now asked to complete the proof by working the following exercise.

(5.10) Exercise: Show that p(n, m) (:=p,(m)) satisfies the conditions in the theorem.

Do you agree that the proof was difficult to follow? Thereis more difficulty to come! We are
now beginning to rebuild the basic arithmetic operations you learned how to do in grade school.
Now you are moving toward understanding what numbers mean, and how the operations “work.”

| concede the operations don’t work, you do!
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(5.11) Exercise: Show that, for al n, s(n) = n+ s(0). We now define 1:=5(0). You
are thus showing s(n) =n+ 1. hence the name successor for the function s.

(5.12) Problem: Define 2:=95(1), and 3:=95(2), and 4:=5(3). Showthat 2+ 2=4.
Y ou will probably need to look in the proof of the theorem about addition.

The preceding theorem and its proof show how Landau constructed addition.

(5.13) Problem: Show: (Dp DN)(Dq DN)(Dr DN)(p +(q +r) = (p +q) + r).

You'll needtofix p and g, andlet S denotethe set of all r such that the statement
p+ (q + r) = (p + q) +r istrue. What isthe name for what this theorem says about the

operation of addition?

(5.14) Exercise: Show: (Dp DN)(Dq DN)(p +g=q+ p).

You'll needtofix p, andlet S denotethe set of al g such that the statement
p+qg=qg+p istrue. ThisTheoremiscaledthe Law of Addition.

ORDER AND INEQUALITIES

Inequalities are very important in advanced mathematics. We shall now begin to develop tech-
niquesin dealing with them, as we develop the properties of inequalities, or the ordering relations.
Hereis (in effect) how Landau definestherelation n m:

(5.15) Definition and notation: Let n and m belongto N. Then n isless than or
equal to m if thereexists k in N suchthat n+k =m. Weexpressthisin symbols by writing
n m.

(5.16) Definition and notation: Let n and m belongto N. Then n islessthan m if
thereexists k in N suchthat k O and n+k=m. We expressthisin symbols by writing
n<m. Theinequality n<m iscalled astrict inequality.

(5.17) Exercise: Show: (OnON)(OmON)(If n<m, then n=m or n<m).

(5.18) Problem: Show: (OpON)(COgON)(OrON)(If p+qg=p+r, then g=r).
What isthe name of this Theorem?
Suggestion: Fix arbitrary g and r in N. Considertheset S:={ pON:p+q=p+r0 g=r}.
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(5.19) Exercise: Show: (OnON)([OmON)(If n<m and m<n, then n=m),

Hint: Remember that n+ 0=n.

(5.20) Exercise: Show:

(OpON)(OgON)(Or ON)(If p<qg and qg<r, then p<r).

What can you expect to be true, if you encounter a string of inequalities, al in the same direc-
tion,suchas p q=t<r, abouttherelation between p and r?

(5.21) Exercise: Show that, for al n, n<s(n).

(5.22) Problem: Show that, if n<m and m<p, then n<p. You will need to use the
associativity of addition. State the problem’s statement in a standard logical form. There are
some missing quantifiers!

(5.23) Problem: Show that, if n<m, then n+p<m+p for al p. Youwill need to
use associativity and commutativity of addition. State the problem’s statement in a standard
logical form. There are some missing quantifiers!

(5.24) Exercise: Define n>m and n m, and show that each of these relations is tran-
sitive. Wewill say “n islarger than m” or “n isgreater than m,” when
“n>m" istrue, and use similar phraseswhen “n m” istrue. You will need to use associa-
tivity of addition to show transitivity.

Please notice that we have NOT shownthat “n m” isthedenia of “n<m”. Itistrue, but has
yet to be proved! You will do thislater, in (5.27), a Specia Problem.

(5.25) Exercise: Show that, foral n, if n 0, then 1 n. You need to use the defini-
tionof 1. 1=90). You areaso showing that thereis no natural number strictly between 0
and 1! Suggestion: let S:={0} O{nON: 1 n}. You'll need to use transitivity of .

The list of things Landau proves is long, and each thing on the list is something you have learned
to take for granted. But now you are being asked to take on the task of certifying (or not!) the

work of past generationsto future ones!

One very important theorem Landau provesisthis:
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(5.26) Theorem (Trichotomy Law): Foral n in N, and foral m in N, exactly one of
the following is true:
(1) n=m; (2) n<m; (3) m<n.

(5.27) Special Problem: Prove the Theorem. Y ou will need to use the equation that de-
fines “n<m.” You aready know that s(n) n and s(n) >n. It may help to prove that, “for
al nin N, ~(s(n)<n)” istrue.

(5.28) Theorem: (OpON)(OgON)(Or ON)(If p+q<p+r, then g<r)

Proof: We have to show that, for every choice of threeelements p, q, and r in N, the statement
If p+gq<p+r, then g<r
istrue. The statement hastheform “If A then B.” Incase A isfase, we don't have anything
to do; the statement is vacuoudly true. Therefore, we will assumethat A istrue, and try to deduce
B. We usualy do this sort of thing without saying so. The way we often say that we are assum-
ingthat A istrueis, inthe present case: “Given: p+q<p+r.” By definitionof “<,” there
exists s 0 suchthat (p+q)+s=(p+r). Therefore, by associativity (see (5.14)), and the
trangitivity of equality, p+ (q+9s) =p+r. By (5.18), the Cancellation Law for addition,
g+s=r. Since s 0, thismeans, by definition, that g <r, asdesired.

This proof is agood example of using of adefinition in two ways. We are given that
p+qg<p+r. Thenwelook up the definition (or, better yet, recall it!), and trandate its symbols
into the context of the problem. That iswhy parentheses are used on both sides of the equation in
the second sentence of the proof: p+q and p +r areto be thought of as single elements of N.
So we get, using the given truth of the definition’s statement, and associativity, and cancellation,
the equation g+ s=r. Next we use the definition backwards! | call thisa"recognition step:” We
recognize that the equation g+ s=r, with s 0, occursin the definition of “g<r.” Sincethe

equation is true, we then conclude that the criterion for saying “q<r” issatisfied.

(5.29) Definition: If S isaset containedin N, S has a least element if there exists
m O S suchthat, foral nON, if nO S, then m n.

(5.30) Problem: Write the statement of the definition in logic notation, giving careful atten-
tion to the placement of quantifiers. Be surethat no quantifiersinclude “0C S.”

June 12, 1998



Advanced Calculus: a rigorous approach 15

(5.31) Exercise: Show that, if the statement “S has aleast element” istrue, thenthereis
onlyone m suchthat “m0O S, and, foral nON, if nO S, then m n” istrue.

Suggestion: This is a uniqueness theorem, so you might begin by assuming that
“‘m;0S, and, fordl nON, if nO S, then m; n" istrue, and

“mZDS, and, foral nON, if nO S, then m, n” istrue,
and then show that m; =m,.

(5.32) Definition and notation: If S isasetcontainedin N, and S has aleast element,
then, the least element of S istheunique (by (5.31)) m in S suchthat, foral nON, if
no S, then m n. We denote thisunique m by min(S).

O

(5.33) Exercise: Show that O istheleast element of N, i.e, that 0= min(N).

(5.34) Exercise: Doesthe empty subset of N have aleast element? You will probably
need the answer to (5.30) to be sure about your answer to this exercise.

(5.35) Exercise: Devise a definition of S has a greatest element, and of max(S).

the Well-Ordering Theorem — a very powerfully applicable theorem

(5.36) Theorem (Well-Ordering): Every non-empty subset of N has aleast element.

Proof: We will use acontradiction argument. We will do thisin great detail thistime.
To do s0, let us express the mathematical statement in the Theorem in logic notation.

(DSDZN)(S:: 00 (CmON)(mOSO(On ON)(n0SO m<n))).

To use a contradiction argument, we assume that the denial of the desired mathematical statement is
true, and seek to deduce a contradiction.

The Law of the Excluded Middle, ( (3.3), Rule4) then would say that S does have aleast ele-
ment.

Thus, let us assume the denial istrue. The denial, now true, of our mathematical statement is

(ESDZN)(S;t 0 O(Om ON)(m 0SO(Ch ON)(n OSOm > n))).

By (3.3), Rule6, wecanfindaset Sy such that

(SO # 0 0(0Om ON)(m 0S, O(Ch ON)(n 0S, Om > n))) istrue. For convenience, let

uswritethisin the equivalent form
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(So # 0 O(OMON)(m 0S, O (( ON)(n 0S, On < m))).
Let Sy be such anon-empty subset of N.
Then each of the mathematical statements
So#0 and  (OmON)(mOS, O (Ch ON)(nOS, On<m)) istrue.
We are not going to use the non-emptiness of Sy until the very end of the argument.
Weare going to show that (Om ON)(m 0S, O (ChON)(n0S, On<m)) 0 So =0 istrue
Since we have already assumed that (Om DN)(m 0S, O ((hON)(nO0S, On< m)) istrue,
what we haveto do isdeducethat S, =[0.

It isusually agood ideato examine a statement to see what it means, at the “work” level.
Let’s begin by doing that.

Since (OmON)(mOS, O (ChON)(n 0S, On<m)) beginswith auniversal quantifier, by
(3.3), Rule5, we can choose m=0, and deducethat (00S, O (Ch ON)(n0S, On<0)) is
true. Thereason for choosing m =0 isthis: we can look at the statement

(Ch ON)(n0S, On<0) and seethat it must be false, because n<0 must be false. How can
we prove that? By (3.3), Rule6, wecanfind n such that (n 0SS, Dn<0) istruefor n. By
(3.3), Rule 1b, wecandeducethat n<0 istrue. We expect thisto befalse, since n[ON.
How do we provethat n<0 isfase? Hereisthe argument:

By definition, n<0 meansthat thereexists k in N suchthat k 0 and O0=n+Kk.
Since k 0, we can apply an exercise you have done ( (5.07) ) that said, using the present nota-
tion, “for all k in N, if k O thenthereexistsexactly one j in N suchthat k=5(j).” Now
we can go back to the proof of the theorem about addition, and say

0=n+k=np(n k) =p(n sG)) = s(p(n, j))-
Therefore, 0 isthe successor of p(n,j). But O isnot the successor of any element of N (one of
the axioms!). We have produced a contradiction of theform “A and not-A.” Hence n<0 is
false.

How does ll this help us? Recall that we have deduced that (0 0S, O (Ch ON)(n 0S, On <0))
istrue, and we have shown that (Ch ON)(n 0S, On<0) isfalse
The true mathematical statement (0 0S, O (Ch ON)(n 0S, On<0)) hasthelogicform A 0 B.

Since B isfalse thatis, ~B istrue, we can deduce, by (3.3) Rule7b, that ~A istrue,
namely, that A isfase. Therefore, we have deduced that 00S, isfalse, so 00S,.

What have we done so far? We have shown that, if a non-empty subset of N does not have a
least element, then it cannot contain 0. Y ou could, if you wished, show that it cannot contain 1
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either. What we want to do is to show that it cannot contain any natural number. Thisiswhere
we will get the desired contradiction to use in proving the whole theorem.

Let uslook again at the mathematical statement

(S0 # 0 O(ImON)(m OS, O (ON)(n 0S, On < m))).

We have deduced fromit that 0US,.

Wedid it by showing that (Ch ON)(n0S, On<0) isfase.

We would like to show that, for all m in N, mUS;.

Hereisanidea: show that, foral min N, (ChON)(nO0S, On<m) isfalse.

Then, from the truth of (Om DN)(m 0S, O ((hON)(nOS, On< m)) we can deduce, by
(3.3) Rule7b, that (OmON)(mOS,) istrue.

To show that, for all m in N, (CnON)(nOS, On<m) isfalse, let usshow that, for all m in
N, thedenial of (ChON)(nOS, On<m) istrue.

We use Mathematical Induction to show that a mathematical statement istruefor all m in N.

Thus, we need to defineasubset E of N that consists of all those natural numbers m such that
thedenial of (Ch ON)(nOS, On<m) istrue.

We use set-selector notation to display thisset: Let E:={ mON : (OnON)(nO0S, Onzm) }.

The defining criterion for membershipin E consists of statements (one for each n) of the form
not-A or B, where A denotes n[0S, and B denotes n=>m. Each of theseisequivalenttoa

statement of theform A O B. Let usexpress each onein the equivalent form not-B O not-A.
Then E={ mON: (OnON)(n<mO nOS,) }.

Inwords, E consists of al natural numbers m such that no natural number that islessthan m
belongsto S.

Weknow that O belongsto E, becauseforal n in N, theantecedentin “n<m@ nOS,” is
fasewhen m=0.

To apply Mathematical Induction, we next need to show that, for an arbitrary natural number m,
“mOEO m+10E” istrue.

We may suppose mOE. Thismeansthat (OnON)(n<mO n0OS,) istrue.

In order to show that, therefore, m+10E, we need to show that

(OnON)(n<m+10 nOS,) istrue. Thishasauniversal quantifier.

We need to show that, for an arbitrary n in N, n<m+10 nQS,.

By the Trichotomy Law, we can divide the work into three cases.

In Case 1, wewill assume n<m.

In Case 2, wewill assume n=m.

In Case 3, wewill assume n>m.



18 Natural numbers - Chapter 5

Case 1. Inthiscase, n<m. Thiscase doesnot occur if m=0 (why?).
If m>0, and n<m, then n<m@ nUS, istruebecause mUE, soby (3.3) Rule 73,

n0S, istrue.

But then, since n<m, trangitivity of inequality showsthat n<m+1.
Thus, for n<m, n<m+10 nOS, istrue.

Case2: Inthiscase, n=m. We aready know that no natural number smaller than m isin Sq.
There are two possihilities, one of which must be true, by the Law of the Excluded Middle:

mUOS, and mUS,.

Thefirst of theseis what we are trying to prove, so we have nothing to do if m US;.

In fact, we have to show that m [0S, must befase. Again we turn to a contradiction argument to
proveit.

Suppose, then, that m JS,. Then no natural number smaller than m isin Se.

Therefore, for every n in Sg, m n. Thismeansthat m isthe least element of So!' Since we
are assured, by the truth of the denial that Sy has aleast element, that Sy does not have aleast €l-
ement, m cannot belongto Sp.

Therefore, for n=m, n<m+10 nOS, istrue.

Case 3: Inthiscase, n>m. Therefore, thereexists k in N, k 0, suchthat n=m+k. By
Exercise (5.25), k 1. Therefore, by transitivity, n m+ 1. Thus, n<m+10 nOS, isvac-

uoudly truein this case.

We have shown that, if mOE then (OnON)(n<m+10 nOS,) istrue. Thiscompletesthe
work needed to apply Mathematical Induction. Therefore, E = N.

Let us now show that, because E=N, S, isempty, so that we can get our contradiction. Recall
that E={ mON: (OnON)(n<mO nOS,) }. Let'ssupposethat S isnot empty. Then
thereexists mg in N suchthat mgy 0S,. Now mg,+10E because E=N. Since

Mo <Mp+ 1, myS,. Thisisacontradiction. Thus Sy isempty if

(OmON)(m OS, O (Ch ON)(n0S, On<m)) istrue. But at the beginning of the argument, we
assumed that Sp iSNOT empty. Thisisacontradiction. Thus our assumption that there exists a
non-empty set Sy without aleast element isfalse. Therefore, every non-empty subset S of N
has aleast element.

Hereisa shorter proof, without all the explanations, that is suggested by the proof just given: Let
Sp be anon-empty subset of N. Supposethat Sy does not have aleast element. Let
E:={ mON: (OnON)(n<mO nOS,)}. If wecan show that E =N, we can contraict

the assumption that Sp isnon-empty. Let m=0. The statement n<m 0O nOS, isvacu-
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oudy trueif m=0. Thus, 00 E. Now suppose m O E. Toshow that m+1 O E, itis
enough to show that m O Sg. Suppose not. That is, suppose m 0 S,. Then, since no element
of N thatissmallerthan m isin Sp, m isthe least element of Sy. This contradicts our ini-
tial assumption. Thus, m 0 S,. Hence, no natural number smaller than m+1 isin Sg. This
showsthat m+1 isin E, and so by Mathematical Induction, E = N. But thisimpliesthat Sy
is empty, because, if some mg O Sy, thefactthat mg+1 O N impliesthat mg+1l O E, since
E=N. But mg+1 O E impliesthat mg O Sy. Thisisacontradiction. Thus Sy is empty.
Thisisacontradiction. Thus every non-empty subset of N has aleast element.

(5.37) Special Problem: Prove the following Theorem-with-Definition and nota-
tion.

Theorem and Definition (of) and notation (for) (on multiplication): Recall the
notation p(n, m) for addition. There exists one and only one function t: NxN - N with the
following properties:

(A) fordl nin N, t(n,1) =n,
(B) foral nin N, and foral m in N, t(n, s(m)) = p(n, t(n, m))

We call the finding of the value of t(n, m) multiplication of n and m, and we call the
value of t(n, m) the product of n and m. We use the notations

n m:=t(n, m), nxm :=t(n, m). We won'’t use the second notation much.

To do this problem, you might use the proof of the theorem about addition as an outline, and
make appropriate changes.

(5.38) Exercise: Show that foral n in N, n0:=t(n0) =0.

(5.39) Exercise: Show that multiplication is associative.

(5.40) Exercise: Show that multiplication is commutative.

(5.41) Problem: Show that multiplication distributes over addition, that is, .
(Dp DN)(Dq DN)(Dr DN)(p X(q+r) =pxqg+p xr),

a statement also known as the Distributive Law. The equation is usually written

plg+r)=pg+pr.

(5.42) Exercise: Show that, if m and n arein N, and nm=0, then n=0 or m=0.
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Y ou might want to prove, instead, that “n 0 and m 0" implies “nm 0" istrue. Do you
agree that the two statements are equivalent? Thisis aso known as the Cancellation Law

(for multiplication by a non-zero natural number).
Thisis called the Cancellation Law because it islogically equivalent to the next Exercise.

(5.43) Exercise: Show that, if m,n and p arein N, and n O, then “nm=np im-
plies m=p” istrue. Thisisthetheorem that isusually called the Cancellation Law (for
multiplication by a non-zero natural number).

(5.44) Exercise: ThereisaCancellation Law for addition too. State it, and proveit. (Hint:

This has been done in a previous exercise; if you haven’t doneiit yet, now’ s the time!)

(5.45) Exercise: Show that
(Op ON)(Og ON)(Or ON)(p 20and g <r O pg<pr).

(5.46) Theorem: (Op ON)(Og ON)(Or ON)(p #0and pg<pr O g<r)

The proof will be by contradiction. Please write down the denial of the mathematical statement in
the Theorem. Then imagine being given p,q and r in N for which the denial istrue. Thisis
“standard procedure” for a contradiction argument when we have to prove a mathematical statement
full of universal quantifiers. Proofs often start with the standard thing “ already done.”

Proof: Supposethat p 0 and pq<pr. Supposethat q isNOT lessthan r. Thisgivestwo
possibilities: g=r, and g>r. If g=r, then, by the Substitution Rule, pg= pr.

The Substitution Rule, (3.3) Rule 9, says. if P(x) isa statement with a free variable, x, and
P(xg) istruewhen x isreplaced by aparticular Xg, then yg=Xg impliesthat P(yg) istrue.

In this application, we let P(x) bethe statement “pq = px,” where x isafreevariablein N.
Then P(q) istrue. Since gq=r, P(r) isasotrue. Thatis, pq=pr, asdesired.

Since pg < pr, the Trichotomy Law shows that we have a contradiction. Thus, g =r isnot true.
The other possibility isthat r < g. Inthe exercise preceding this theorem you showed that r <q
implies pr < pg. Again, thisisfalse by the givenrelation pq < pr and the Trichotomy Law.
Since q=r and r <q are both false, the Trichotomy Law implies g <r, asdesired.

Example: Let ususe multiplication, addition, and the Well-Ordering Theorem to prove that long
division works.

(5.47) Theorem and Definition (The Division Algorithm): Let n be a non-zero natural
number, and let m be anatural number. Then there exist unique natural numbers q and r such
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that O r<n, and m=gn+r. Thenumber q iscaledthe quotient, and the number r the
remainder, (when m isdivided by n).

Proof: Thisisanother existence-and-uniqueness theorem. We will prove the existence of q and
r first, and then prove that they are unique.

To prove existence, we will first find the least multiple of n that is greater than or equal to m.
Then we could ask whether that least multiple of n isequal to m. There would be two possible
answers. YES and NO. Each possible answer could happen, so we would have to consider what
happened in each of two cases. We will actually do something alittle different, but the ideais
similar to what we might have done.

Let NN denotetheset { nk: k ON}. Thisset consists of al multiples of natural numbers by n.
Another way to express nN is as the image of the function f: N —» N given by the rule
f(k) :=nk, for k in N, orby f:={(j, Kk ONxN:k=nj}.

Theset nN isnot the set we want to work with, because nN has nothing to do with m, but a
subset of NN will work. We construct aset, S, that doesinvolve m, using set selector nota-

tion,by S:={pON:pOnN and p m}.
Theset S consists of all the products of n times anatural number that are at least as large as
m. If S hasaleast element, p, wecansay p=nk and nk m.

We want to apply the Well-Ordering Theoremto S. Therefore, we have to show that S isnot an
empty set. It will be enough to show thereisan element of S that islarger than m.

To show that anatural number t islarger than m, we need to show that t=m+ u, where u isa
non-zero natural number.

How can we find t, amultiple of n, that islarger than m? Well, m + 1 islarger than m,
and n 0, so n 1, andthus n(m + 1) ought to work.

Since n 0, and m+1 0, theCancellation Law (5.42) showsthat n(m+ 1) 0. Thiswill
be our t.

By the Distributive Law, t:=n(m+ 1) =nm+n, andthereexists i in N such that n= (i),
because n 0. Therefore, n=i+1=1+1i, s
t=nm+n=(1+i)m+n=(Am+im)+n=(M+im)+n=m+ (im+ n).

Since im+n=im+(+1)=(m+i)+1=s(im+i), im+n 0. Let u=im+n.

We have shown that t =n(m+ 1) = m+ u=m+ (anon-zero natural number), so t>m.
Thismeansthat S isnot an empty set, because t=n(m+ 1) isin S.

By the Well-Ordering theorem, S hasaleast element, p, and p =nk, for some k in N, be-
cause every element of S isthe product of n times some natural number.

Since p=nk for some k, wewill consider two possibilities:. k=0, and k 0.

If k=0, then p=nk=n0=0, and nk isin S, so m p=nk=0.
Thus, m=0, andwechoose =0, r=0.
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Then m=0=0n+0, soapar qg,r (q=0=r) existsthat satisfies m=qgn+r, if k=0.
Let usshow that q=0 and r =0 aretheonly q and r suchthat O0=nq+r.

Suppose not. This means we are assuming that either ¢ O or r 0, and O=nqg +r.

Butif q O, then ng 0, so nq>0, hence ng+r 0, so q cannot be non-zero.

Hence, q=0.

Then 0=n0+r=0+r=0, so r=0 aswell.

Thus, g and r, both O, areuniqueif k=0: no other pair of natural numbers makes the equa-
tion ng+r=0 true, since n 0.

If k O, thereexists j in N suchthat k=9s(j)=j+1. Wehave p=nk=kn=( +1)n=
jn+n=nj+n, so nk>nj, by definition of “>.” Recall that p=nk istheleast element of S.
Therefore, nj isin nN, but nj isnotin S, because nj < nk =p. By the definition of S,

nj <m, because nj isnotin S. Thismeans, by definition of “>,” that thereexists v ( 0) in N
suchthat m=nj +v.

Again, there are cases (subcases?) to consider. They are: v<n, v=n, v>n, by the Trichotomy
Law.

If v<n, weset r:=v. Then m=nj+r, andweset q:=]j. Sowe have existence in the first
case. We'll show uniqueness later.

Inthesecond case, v=n, so m=nj+n=nj+nl=n( +1) =nk.

Sonow weset q:=k, r:=0, and wehave m=nq+r; again we have shown existence in this
case.

Finally, let us show that the third case, v > n, cannot occur. For if, on the contrary,
v>n, then m=n+v, and m p=nk=n+n<nj+v=m.

But thisimplies m <m. This cannot be true (Why?!).

Thus, the third case cannot occur, so we have existencein all cases.

We have to show uniqueness, still under the assumption that k 0.
Sosuppose m=qgn+r, and m=sn+t, where 0 r<n and O t<n.
Wehavetoshow g=s and r =t.

Because both areequal to m, gn+r=sn+t.
There are three possible cases here, for the relation between r and t.
They are r=t, r<t, and t<r by the Trichotomy Law.

If r =t, then by the Cancellation Law for Addition, gn = sn.

Then, by the Cancellation Law for Multiplication by anon-zero natural number,
g=s. Thusinthecase “r=t" wehave g=s and r =t.
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Now we need to show that neither of the other cases can occur!

Suppose, to the contrary, that r <t.

Then thereexists w 0 suchthat r+w =t.

Therefore, by the Substitution Rule,
gn+r=m=sn+t=sn+(r+w)=(sn+r)+w>sn+r.

By transitivity, gn+r>sn+r.

By aprevious Theorem ( (5.28) ), gn+r>sn+r implies gn > sn.

By aprevious Theorem ( (5.46) ), gn>sn implies q> s (the Theorem can be applied be-

cause n 0).
By definition, q>s impliesthereexists u 0 suchthat q=s+ u. Now,
*) m=gn+r=(s+un+r=(sn+un)+r.

Look out! A trick is coming!
Recall that t<n. Thus, thereexists v 0 suchthat n=t+v. Substitute thisinto the
equation (*): m=gn+r=(sn+un)+r=(sn+ut+v))+r=(sn+ (ut+uv)) +r=
((sn+ut) +uv) +r=(sn+ut) + (uv +r) >sn+ut, because uv 0 by aprevious exercise
((542)), andso uv +r 0. Thus, by transitivity, m>sn+ut sn+t=m. Thiscon-
tradiction (m>m) completes the proof of uniquenessincase r <t.

Thereisone morecase: t <r. But the argument for the case r <t becomes an argument for the
case t<r if wesmply interchange t and r everywhere in the argument!
Thus the proof is complete.
(5.48) Definition and notation: Let mO N, nOP. Then m isdivisible by n if there
exists g in N suchthat m=ng. Weexpressthisinsymbolsby n|m. Wealsosay that n is
a divisor of m.
(5.49) Exercise: Show that “isdivisible by” isatransitive and reflexive relation on P.
(5.50) Exercise: Show that “isdivisible by” isnot a symmetric relation on P.

(5.51) Exercise: Suppose n O P. Show that O isdivisibleby n.

(5.52) Exercise: Suppose mOP and nOP. Show that, if m isdivisibleby n,
then n m.
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(5.53) Exercise: Suppose n O P. Do the last two Exercises together imply n  0? Why
not?

(5.54) Definitions: Let mON. Then m is even if m isdivisbleby 2, and odd oth-
erwise.

(5.55) Exercise: Show that the relation defined by “nEm if n+m isdivisbleby 2" isan
equivalence relation on N.

cardinal numbers: the number of elements in a set

One of the many reasons we need the natural numbersis because we use them to define “model”
finite setsthat we will use to say what “the number of elementsin aset” meanswhen a set isfinite.

How many elementsarein aset? Officially, we are at avery primitive mathematical state, relative
to number in the sense of “how many!” We have only three terms to describe quantity so far:
none, one, and two. And each of theseis actually a primitive term — not defined in terms of
other terms. We aso have two terms to describe order: first and second — used especialy in
talking about ordered pairs. Notethat “pair”’ isnot amathematical term for “twoness,” at least not
yet, because the term is“ordered pair,” two words used to make up one mathematical term.

The idea behind describing “how many” elements are in a set must be ancient. Imagine aflock of
sheep kept at night in apen. Asthe sheep are let out of the pen, one a atime, in the morning, we
take arock from a pile inside the gate and toss it just outside. Then we go about our day’s busi-
ness. When the sheep are brought back in the late afternoon, we toss the rocks back inside. If
some rocks are |eft over, there probably won't be many, and we know how many sheep to search
for. What we did in the morning was to make a one-to-one correspondence between the sheep and
therocks. If there are no rocks left in the pile when the sheep come back in, we know no sheep
aremissing. The pile of rocks has the same “how many” asthe flock. If all weareinterestedin
most days is whether any sheep are missing, this method works. Sometimes we want to know the
actual number of sheep. We can find that out by counting the rocks. But what is*“counting?’ Itis
something we are taught as children. | assume we all learn the decimal system of counting, and
useit to do arithmetic. The system gives usaway to NAME quantities. It does not purport to tell
us what “quantity” is. Andyet it givesusaway to defineit! What we can do isto very carefully
set up acollection of mathematical objects, using our axiomsto give ustrue statements. The ob-
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jectswe call numbers. They areimagined into existence. More will be said about thislater. Right
now, we simply want to make some more definitions that address the matter of matching sets,
rather than the matter of giving namesto “how many.”

(5.56) Definition and notation: For each n in N, let S, denote the
st {mON:m<n}.

An important point: n does not belong to S,.
(5.57) Exercise: Writeout Sp, S1, and Sy.

(5.58) Exercise: Foreach n in N, how many elements (in the everyday, intuitive sense)
does S, have?

(5.59) Exercise: Show that, if nON, andthereexists pO N suchthat n=s(p), then
pOS, and p isthe greatest element of S.

An important point: we have not yet defined, mathematically, some-
thing that does the job of saying “how many!”

(5.60) Definition: A set S isafinitesetif S isempty, or if there exists n 0 P and a one-
to-one correspondence f: S - S.

The everyday meaning of “cardinal number of” is*“the number of elementsin.”

(5.61) Definition: A non-empty set S isan infinite set if there does not exist a one-to-one
correspondence f: S - S, forany n in P.

(5.62) Exercise: Trandate the definition of infinite set into logic notation, with quantifiers,
and with no negation signs (~) preceding a quantifier.

(5.63) Theorem: Foral n and m in P, if there exists a one-to-one correspondence between
Sh and Sy, then n=m.

This theorem is hard to prove. Partly thisis so because the assertion is so obvious. It means we

aregiventhat n and m are definite elements of P. We just don't know which ones. We are
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given that thereis afunction f: Sp — Sy that is one-to-one and onto. That is all we know
about the function f. We have to show that n and m are equal to each other. There are three
possibilities, by the Trichotomy Law. So we really only have to do work on one of the contrary

cases. Say we assume n<m. Thisisa casethat’s not supposed to happen, so we are looking
for acontradiction. From everyday experience, we expect that Sy has to have some elements

that don’t get matched with elements of Sp. The problem is to show that thisis true, just using

the given information. | don’t know a straightforward way to carry out this reasonable plan! So |
followed Landau’ s example and tried to use Mathematical Induction for P. Theideaisto define an

appropriate set E. I'll let E denotetheset of all n in P such that, if there exists a one-to-one
correspondence, f, between Sp and Sy, then n=m.

Proof: Let E:=
{n aP: (Dm DP)((Ef: Sm ~ Sn)(f isa one - onecorrespondence) O m= n)}

Toshow: E =P, by Mathematical Induction.
Toshowthat 10E, let n=1, andlet m bean arbitrary element of P.

Wemust let m be arbitrary, because we have to show a statement istrue “for al m.”

We must show that, if thereexists f: Sy, - S1 that is a one-to-one correspondence, then m = 1.

Recall that, if there does not exist f: Sm — S1 that is a one-to-one correspondence, then the

statement in the set selector istrue, for this m, vacuously!

Here are two possibilities about the arbitrary m. One of themisthat m=1, theother that m is
not equal to 1. Thefirst caseiswhat we want to show, so thereisno moretodoincase m=1.
S0, supposethat m 1, and that thereexists f: Sy, - S1 that is a one-to-one correspondence.
Since m 1, and m isin P, wemusthave m>1. Thus, m (1), so {0, 1} = Sg1) O Sm.
But S ={0}, so f(0) =0=1(1), andthiscontradicts “f isone-one.”

Therefore, m=1, or elsethere doesnot exist f: S, —» S1 that is aone-to-one correspondence,
so 10 E.

(5.64) Exercise: Construct f: S - Sp that is a one-to-one correspondence.

Now supposethat n (in P) isin E. We haveto show thisimplies s(n) isin E. Let m be
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an arbitrary element of P. We must then show that, if there exists f: Sy - Sqn) that isaone-to-
one correspondence, then m = g(n).

What we want to do is: show that the existence of a one-to-one correspondence f: Sm — Sg(n)
implies the existence of a one-to-one correspondence g: Sm—1 — Sn. Then by the induction hy-
pothesis, we could say m-1=n, sowe'd have m =s(m-1) = 5(n), asdesired.

L et us assume that there exists f: Sy ~ Sqp) that is a one-to-one correspondence. We want to
show that we can modify f to construct g: Sm—1 - Sn that is aone-to-one correspondence.

But what if m=1? Then m-1 wouldn't exist! Let'sshow m can’t be 1, by contradiction.
Suppose m = 1.

Then 1 Sg(n) ~ S1 isalso aone-to-one correspondence.

We have already shown that 1 0 E, and thisimplies (do you really agree?) that s(n) = 1.
Thisisimpossible, because 1 isnot the successor of any elementin P (because 1 isthe successor of

0, whichisnotin P, and the successor function is one-one).

Therefore, m 1.

Therefore, m>1 (why?).

Since m>1, weknow that thereexists m-1 in P suchthat m=gs(m-1) (why?).

We can now modify the given f and construct a one-to-one correspondence g: Sm—1 —» Sn.

Then, because n isin E, wewill be ableto conclude that m-1=n, so m=s(m-1) = s(n),
asdesired. Recall that m—1 isthe predecessor of m.

In everyday terms, g will be constructed this way:

g(i) =f() if i <p, and g(i) =f(i+1), if p i<m-1

Recall that afunction “is’ a set of ordered pairs.

Since f isonto, and because n isin Sqp), thereexists p in Sy suchthat f(p) =n.
Thus (p, n) belongsto f. Since f isone-to-one, thereisonly one such p.

There are two cases to discuss.

The easy oneis. p = m-1.
Then we define g by puttinginto g all the ordered pairsin f except (p, n) = (M1, n).
In other words, if f(m-1) =n, weconstruct g on Sy by g(i) :=f(i), 0 i <m-1

In the other case, p < m-1 (why?).

Now we will remove the ordered pair (p, n) from f, and change al the ordered pairs (i, j)
in f that have i > p.

Wedefine g thisway, based on f: If there are any ordered pairs (i,j) in f with i <p,
then for each one of them we put (a copy of) the ordered pair (i, j) into g; i.e., g(i) :=f(i),
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if 0 i<p. Pleasenote: the (i,])'s are“generic”’ ordered pairs. (i, j)’s with different i’s

have different j’s too.
Whenwegetto i =p, thereisno ordered pair (p, n). We have removed it. But we know there
isan ordered pair (i,j) in f with i =s(p), because p<m-1 and m-1 isin Sm. Wewill
replace (s(p),j) with (p,j). But now thereisno ordered pair (s(p), j) — we have changed it.
We will do the same thing we did before — keep modifying ordered pairs until we run out of them.

For each ordered pair (i,j) in f with i >p, weknow i >0, sothereexistsoneand only
one h in N suchthat s(h) =i.

Since h<i (why?), h isin Sy-1.

Now we removethe pair (i,j) from f and change (only) the i in (i,]) to h, thenwe put
(h,j) into g. Notethat the h for s(p) is p.

This gives, in either case, afunction g: Sp-1 - Sn.

(5.65) Exercise: Show that g isaone-to-one correspondence. This can be done by
examining the proof before this point. 1t may help to draw a picture of an example-map!

Once the exercise isdone, you'll concludethat m—1=n, because n isin E. But then,
m = s(m-1) = s(n). Therefore, since m was arbitrary, we have shown that, either m = s(n), or,
that there does not exist a one-to-one correspondence f: Sy - Syn).

This means that, if n isin E, then s(n) isin E. By induction, E = N.
This completes the proof.

This is a place where knowing the meaning of “A implies B” isimportant!

An important point: we can now define, mathematically, something
that does the job of saying “how many!”

(5.66) Theorem and Definition and notation (cardinal number (of a finite set)): If
S isasubset of someset X, and S isafiniteset, then S isempty, or else there exists exactly
one n in P such that there exists a one-to-one correspondence f: S - S,. Inthis case, the car-

dinal number of S, denoted card(S), isdefinedtobe n. If S isan empty set, we assign
to S the cardinal number 0: card(D) = 0.

Proof: If S isfiniteand not empty, thereexists n in P and a one-to-one correspondence
f.S - Sn.

Thisis by definition of “finite non-empty set.”

If it isalso true that there exists m in P and a one-to-one correspondence g: S - Sy, then the
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composite function ge 1 Sy . Sy isaoneto-one correspondence. By Theorem (5.63) m=n.
Finally, any two empty subsetsof X areequal. Thiscompletes the proof.

The Principle of Finite Induction

Thisisavariant of Mathematical Induction that can beused on sets S, instead of N or P. We
will use Mathematical Induction to proveit!

(5.67) Theorem (The Principle of Finite Induction): Let nO P, and suppose F isa
subset of S,y that contains 0, andissuchthat, if kO F, and k+1 0 S, then k+1 O F.
Then F =S,.

Proof: Let S bethesubset of N definedby S:=FO{ kON:k n}.
Noticethat F and { KON :k n} aredigoint.

Wearegiventhat O isin F, so 0 isin S.

Suppose m isin S.

Then mOF, oo mO{kON:k n}.

If mOF, and m+10 S, wearegiventhat m+10F.
Thus,incase mOF, and m+10S, m+10OS.

If mMmOF and m+10S,, then m<n, but m+1 isnotlessthan n.
Thus, m+1 n. Thismeansthat m+1O0{ kON:k n}.

But then, m+1 0 S.

Now supposethat mO S, and mOF. Then mo{ koON:k n}.
Butthen m n, so m+1=s(m) n.

Thus m+1O0{kON:k n}OS.

Hence, foral m in S, m+1 isin S.

Since 0 isin S, S=N.

Now N=Sp0{kON:k n}=S=Fo{koON:k n}.

(5.68) Exercise: Show that the equation

ShoO{kON:k n}=Fo{koN:k n},
and the digointness of the sets on each side of it, imply that S, =F. Inthisway, you com-
plete the proof of the theorem on the Principle of Finite Induction.

(0 a useful variation on the Principle of Mathematical Induction
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Recall the usua form of the Principle of Mathematical Induction:
For all subsets S of N, if S contains O, and s(S) O S, then S=N.
Here is the variation, known as the Second Principle of Mathematical Induction:

(5.69) For all subsets S of N, if S contains O, and, forall n in P, S,OS implies nOS,
then S=N.

Hereitisagain, in lessdense form: Supposethat P(n) isamathematical statement with afree
variable n. Suppose:

(0) P(0) istrue;

(1) fordl nin N, if P(m) istrueforal m<n, then P(n) istrue;
Then P(n) istrueforal n in N.

(5.70) Special Problem: Prove that the variation (either form) istrue. Hint: Well-Ordering.
We can use induction to define some important functions that you aready know about.

(5.71) Example: Definition (of the power functions m™): We'll define first, then set
notation.

Define Eg(m) :=1 foral m in N. Thisdefinition does not need induction! Now we proceed
inductively. If En isdefined for some n in N, let Eps1(m) := mEp(m) foral m in N. In
particular, we have E;(m)=m. For n in P, let P(n) bethe statement “There exists afunction
En: N - N suchthat, foral m in N, En(m) = mEp—1(m), where Eg(m) =1 forall m in N.”
We know that P(1) istrue. Now supposethat P(n) istruefor some n in P. Then, by defining
En+1(m) :=mEp(m) foral m in N, weseethat P(n+1) istrue, because n= (n+1)-1 (thatis,
n isthe predecessor of n+1). Thus P(n) istruefor all n. Notice that the induction was repeti-
tive! Inthefuture, you can follow these stepsto ensure that you have a function for each n:

Step 1. Define fg (or fq, or even f17 if that'swhere you need to start)
Step 2: Define fp+1 intermsof fp,.

(5.72) Notation: Let m™ = Ep(m).

(5.73) Theorem (Laws of Exponents (incomplete)): If n>0, then 0" =0, and %=1
Foral noN, 1"=1. Foral p,q, and n in N, (pg)"=p"g", and nP*9=nPna.
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(5.74) Exercise (Laws of exponents, completed):
Prove that, for al p,q, and n in N, nP9=(nP)9,

Proof(of Theorem (5.73), not the Exercise): By definition, 00=1.
If n>0, then 0" = Ep(0) = 0Er—1(0) = 0.
By definition, 1°=1. If noN, and 1"=1 then 1™ = Eq11(2) = 1E4(2) = 1.
To show that, for al p, g, and n in N, (pg)"=p"q", weuseinduction. Let
S:={noN:fordl pand qin N, (pg)"=p"q"}.
First, 00 S because (pq)0= 1=1x1= poqo, foral p and g in N.
Now suppose n O S.
Then (po)™* = En+1(pa) = pAE(pY) = PAE(P)EN(G) = (PE(P))(GEN(D)) = En+1(p)En+1(a), by
definition.
Thus, n+10S, so S=N. Thatis, Foral p,g, and n in N, (pg)"=p"q".
To show that, foral p, g, and n in N, " 9=nPnq, |et
S:={pON:foral nand qin N, """ 9=nPnd}.
Does 00 S? Wehave n"%9=n9 and n"°n=n9. Thusforal n and q in N, n"®9=n%9 as
desired. Suppose p0'S. Then nP*U*A= (P10 1(n) = nEgeg(n) = nnP*9 = nnPnd
(by theinduction hypothesis) = nEp(n)nd = Ep+1(n)n = nP*1n9, as desired.
It follows (why?) that for al p, g, and n in N, n°*9=nPna,
This completes the proof of the Theorem.

(5.75) Exercise: Show that, if p>0, and m<n, then mP <nP.
(5.76) Exercise: Show that, if n>1, and p<gq, then nP<nA.
(5.77) Exercise: Show that, for all p in N, 2P > p.
[0 topology on N, and on N “with a point at infinity”
The usual topology for N isits discrete topology, consisting of all subsets of N.
Thus, any function that has N asits domain, and sometopological space Y asitsrange space, is

continuous. Asyou can guess, we don’t use this topology much.

The story is quite different when we tack on apoint that sitsjust “above” N! Thisnew point is
called the first infinite ordinal, and is denoted w. We won’t go into what happens when we
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continue with the successors of w. That is part of advanced Set Theory — the theory of ordind
numbers. Our interest isin the topology we will construct for N 0 {w}, denotedby N . The
topology we make will give us the basic ideas behind convergent sequences. The discussion that
follows isintroductory, intuitive and informal.

(5.78) Definition: A subset U of N isan open set in the usual sense if
UDON, thatis, if U doesnot contain w, but, if wOU, then, inorder for U to be openin the
usua sense, U must contain al the natural numbers from some ng on.

In other words, if w0 U, then U isopen inthe usual sense
if thereexists ng suchthat { NnON:n ng} OU.

Examples: Every subset of N isopenintheusual sense. Is N open? It would haveto be, in
order for “open in the usual sense” to define atopology. And N isopen in the usual sense, be-
cause thereexists ng suchthat { NnON:n ng} 0 N, namely ng:=0. Now hereisanon-
example: the set that consistsof w, together with al the even natural numbers, isNOT openin

the usua sense because the set contains no odd numbers, and every set of the form
{nON:n ng} containsodd numbers, hence can’t be contained in our constructed set. On the

other hand, the set of al the even natural numbersis open in the usual sensel

The point is, the setsthat contain w that are open in the usual sense contain all sufficiently large

natural numbers! Thisiswhere the intuitive idea of a convergent sequence comes in — a sequence
{xn} convergestoapoint X, inatopological space X if “xn getscloser and closer to X, as n

getslarge.” Intopological terms, we noticethat {xn} isafunction with domain N and range X.
We'll regard N asasubset of N , and recall the definition of “{x,} hasalimitat o’ (see
(4.073) ). It said that the inverse image of each neighborhood of X, contains a deleted neighbor-

hood of w. For usright now, that means: theset of all n in N (notethat « isnot mentioned
— w got deleted) such that x, isin the given neighborhood of X, containsall the natural num-

bers from some ngy onwards.
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