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Theorem If K is a subset of a metric space X, then K is compact set if and only if every infinite subset of K
has a limit point in K.

Proof: In the first part of the proof, we will not need X to be a metric space. Thus suppose that K is a compact
set in a topological space. Let E be a subset of K that has no limit points in K. This means that, for every point
x € K there is an open set N, containing z such that A, N E C {z}. The sets N, comprise an open covering
of K, so there are finitely many points x1, ..., xy such that {N.,, ..., Nz, } is an open cover of K. But then

N
E:EngEm UNrjg{Ila"'axN}a

j=1
so F is finite if E has no limit points in K. This complets the first part of the proof.

To prove the second part we return to the assumption that X is a metric space, and we will denote the metric by
d(z, y). We are now given that K is a subset of X with the property that every infinite subset of K has a limit
point in K. To show that K is compact we suppose that U is an open cover of K and we define a function o(x),
for x € K, that tells “how well” a point x € K is covered by U:

for x € K, d(z):=sup{0<r<1:B,(x) CU for some U €U}.

The function 6(z) is well-defined because the set {0 < r < 1: B.(z) C U for some U € U} is bounded by
construction, and is non-empty since U is an open cover of K. Moreover, §(z) >0 for all z € K.

There are two cases to consider: §(z) is, or is not, bounded below by some small positive number.

If, for all = in K, d(x) > 2e >0, we can prove that the open cover {B.(z):z € K} has a finite subcover. This
will prove that the original open cover has a finite subcover, because each ball B.(x) is contained in a set U € U.

We proceed by assuming that §(z) > e >0 forall z in K, but that {B.(z): € K} has no finite subcover. Let us
choose some point z; € K to start. Then K \ B¢(x1) # () because otherwise K could be covered by finitely many
sets from {B(z):xz € K}. We choose x2 € K\ Bc(z1). Then d(z1, x2) > € and as before K\ Be(z1)UBc(z2) # 0.
This allows us to construct, by induction, a sequence {z,,} of pointsin K such that d(zj, z¢) > € whenever k # /.
Since the points in the sequence {z,} are distinct, the points in {z,} comprise an infinite subset of K and so
there exists a limit point x, € K for {z,}. Since B./3(x,) contains infinitely many points of {z,}, there exists
k # ¢ such that {xy, ¢} C Bc/3(v,). But then by the triangle inequality we have the contradiction

€ < d(zg, xp) < d(zk, Tw) + d(xy, x¢) < €/3+€/3 = 2¢/3.
Thus our set {z,} could not be infinite, so for some N, K\ (Be(z1)U---UBc(zy)) =0, which is another way
of saying K C B.(x1)U---UBc(zn).

Now let us turn to the other case, in which there is no € > 0 such that d(x) > € for all x € K. We will actually
show that this case cannot happen. But suppose it does. Then we can find a point zp such that 0 < §(xg) < 1.
We can then find z; such that 0 < §(z1) < £6(z0) < . By induction, we can find a sequence {z,} of points in
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K such that 0 < 0(zg) < 55(xk_1) < - Since the points in the sequence {x,} are distinct, the points in {z,}
comprise an infinite subset of K and so there exists a limit point z, € K for {x,}. Then the ball Bj,/s(7w)
contains infinitely many points of {r,} so it contains some z; with 0 < §(x;) < 27% < §(x,)/8.

Then 26(xy) < §(zw)/4, so
Bas(ay)(®k) € Bj(a,)/2(xw) CU for some U €U (if yeB.(z) then B,(y)CBan(z)).

This contradicts the definition of §(x). Thus the case we have been considering is impossible. This completes the
proof of the Theorem.

Remark! We have also shown that every open covering ¢ of a compact set K in a metric space has a Lebesgue
number, namely there exists an € > 0 such that for every « € K, Bc(z) CU for some U € U.



