Math 8801, Fall 2005 An induction in Rudin’s Open Mapping Theorem proof 10/31/2005

Rudin’s induction, paraphrased: Fix y; € A(V}). Assume n > 1 and y, has been chosen in A(V,,). We showed
that each A(V,,) is a neighborhood of 0. Hence

(5) (90 = AVar1) ) NA(VR) # 0.
This says that there exists z,, € V,, such that Az, € y, — A(V,41). Put yn11 =yn — Az, Then yup1 € A(Vig1)

and the construction proceeds.

One way to describe what has been done:

Let n € A(V,). Then by (5) (77 A( n+1)> NA(V,) # (. Hence there exists
(6) x, €V, such that Az, € n— A(V,41) and thus y, := 71— Az, € AV, 11).

We can use this to define, for each n > 1, a function

(7) hy : A(V,) — Vi, X A(Vn+1)

First we well-order V;i. Then for each n € A(V,,) we set the first coordinate of h,(n) equal to the first x, € V,
that satisfies (6) and then we set the second coordinate of h,(n) equal to 7 — Az, € A(V,;1). Since the sets Vj,
and A(V,,) are nested we can define functions h, : Vi x A(V}) — Vi x A(V1) by

~ L (1’7 ) if ¢ A Vn),
(8) %@”{hdi iy ¢ AV,

Then we set R equal to the set of all functions f:V; x A(Vi) — V4 x A(V}) and define H: R x ZT — R by
H(f’ n) = Bn-ﬁ-l o f.

According to the Recursion Theorem, given f, € R, there exists a unique sequence {f,} in R such that f; = f,
and fp+1 = H(fn, n). We apply this with f, = hy. We can express this intuitively as f, = hy, 0---0hy or as

@n =11 (hn(Yn)) = hn(hna (- (ha(y1) ) and ynsr = m2(hn(yn)) = Ao (hnoa (- (ha(yr) ), with yi € A(Vh).

To verify that “the construction proceeds” we need to show that each x, € V;, and each y,1+1 € A(V,41). This is
a straightforward induction using (7) and (8).



