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Rudin’s induction, paraphrased: Fix y1 ∈ Λ(V1). Assume n ≥ 1 and yn has been chosen in Λ(Vn). We showed
that each Λ(Vn) is a neighborhood of 0. Hence

(5)
(
yn − Λ(Vn+1)

)
∩ Λ(Vn) 6= ∅.

This says that there exists xn ∈ Vn such that Λxn ∈ yn −Λ(Vn+1). Put yn+1 = yn −Λxn. Then yn+1 ∈ Λ(Vn+1)
and the construction proceeds.

One way to describe what has been done:

Let η ∈ Λ(Vn). Then by (5)
(
η − Λ(Vn+1)

)
∩ Λ(Vn) 6= ∅. Hence there exists

(6) xη ∈ Vn such that Λxη ∈ η − Λ(Vn+1) and thus yη := η − Λxη ∈ Λ(Vn+1).

We can use this to define, for each n ≥ 1, a function

(7) hn : Λ(Vn) → Vn × Λ(Vn+1).

First we well-order V1. Then for each η ∈ Λ(Vn) we set the first coordinate of hn(η) equal to the first xη ∈ Vn

that satisfies (6) and then we set the second coordinate of hn(η) equal to η − Λxη ∈ Λ(Vn+1). Since the sets Vn

and Λ(Vn) are nested we can define functions h̃n : V1 × Λ(V1) → V1 × Λ(V1) by

(8) h̃n(y) :=
{

(x, y) if y /∈ Λ(Vn);
hn(y) if y /∈ Λ(Vn).

Then we set R equal to the set of all functions f : V1 × Λ(V1) → V1 × Λ(V1) and define H : R× Z+ → R by

H(f, n) := h̃n+1 ◦ f.

According to the Recursion Theorem, given fo ∈ R, there exists a unique sequence {fn} in R such that f1 = fo

and fn+1 = H(fn, n). We apply this with fo = h̃1. We can express this intuitively as fn = h̃n ◦ · · · ◦ h̃1 or as

xn = π1(h̃n(yn)) = h̃n(h̃n−1(· · · (h̃1(y1) · · ·)) and yn+1 = π2(h̃n(yn)) = h̃n(h̃n−1(· · · (h̃1(y1) · · ·)), with y1 ∈ Λ(V1).

To verify that “the construction proceeds” we need to show that each xn ∈ Vn and each yn+1 ∈ Λ(Vn+1). This is
a straightforward induction using (7) and (8).


