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Toward a wavelet, given our scaling function of compact support

We now want to obtain a wavelet from the scaling function we have “constructed.” Thus we will still assume we
have a trigonometric polynomial m,(§) in the réle of low-pass filter, and that (h0)—(h5) are true. Much of what
we do won’t need all those assumptions, but it’s more convenient for now to have them all.

We have V; C V7 and we want to find an orthonormal basis for VOJ- N Vi, namely the orthogonal complement of
Vo as a subspace of Vj.

To begin we want to know how to tell, using the Fourier transform, which f are in V;. We know that f isin 1}
if and only if f =" c,v20(2t —n), where 3 |c,|? < co. Thus

(s1) fio) =S eneen 7 (Z W) B(6/2) = p(€/2) B /2),

where p(€) is a 2m-periodic function in L?(T). Explanation: the series for f converges in the L? sense. As the
Fourier transform is continuous on L2, and the series converges in L2, so does the series of Fourier transforms of
the terms. Then we factor out the exponentials that arose because of translation by half-integers.

Now that we have a way to identify functions f in Vj, we ask which of them are perpendicular to V. We'll give
the answer, then check it.

What f € V; are orthogonal to V,7? Ans: f(ﬁ) =n(&/2)mo(£/2 + m)P(£/2), n € L3(T), n(€ + ) = —n(§).

If feViNV; then (f, o(t —n))g =0 for all n € Z. On the other hand, if (f, p(t —n))g = 0 for all n € Z,
then f is perpendicular to any linear combination of the (¢t —n). But then f is perpendicular to the closure of
the span of the (¢ —n), which is precisely V. Hence all we have to do is find the members f of V; that are
perpendicular to each ¢(t —n). As we have learned by now, we’ll use the Fourier transform. By (S1),

(52 (el == [ fORE—md= o [ TG @ ds = o [ pl6/2) /25 de

We want the last integral in (S2) to be zero for all n. By the Fourier version of the dilation equation, @(¢) =
me(€/2)p(€/2) so we can insert this into the last integral in (52) and get

/ FORl —n)dt = = / n€ (¢ /2)ma (€/2) |B(E/2) | de.

We want this to be zero for every n. Once again we change variables, replacing & by 2¢ and periodize (see the
Fifth Question part of the notes “From low-pass filter to scaling function” for details) which gives

2m
/f ot —n)d l/ e (E)my(€) d6. Which p(€) make this zero for all n?
T Jo

When we used this before, we ended with the exponential e?¢ instead of e*?"¢, which meant we wanted the rest
of the integrand back then to be a constant. We would like to use the same idea here, so we need to get rid of the
factor 2 in the exponent. This is done next; we’ll split [0, 27) into its two halves, and make a change of variables
that doubles each interval (and moves the second one back to start at 0).

2T T 2
! /0 28 (€Yo (€) dE = © /O £2E (€Yo (€) dE + / €2 p()m, (€) de

™ ™ ™

21 - T (L)
_ % /0 eMEp(E/2)mo (€/2) d5+% /O e "p(€ + m)mo (€ + 7) dE

:%/Oﬂei"fp<§/2)md§+%/ow ing ( /2+W>m de

2w
% /0 et (p(&/%W +p(€/2+ W)W) de.
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Putting this back into (S2) gives us

1 27

[ syei=ma e (p(&/2)mo(E/2) +ple/2 + m)m, (€2 + 7)) de,

:%0

which is now zero for every n if and only if

p(§/2)mo(§/2) +p(§/2 + m)mo(§/2+ ) = 0 ae,

or, simplifying by getting rid of the divisions by 2, we have found that

~

(S3) If feV, then fLVy < p(§)mo(&) +p(€ +m)mo(€ +7) =0 a.e., where f(§) =p(£/2)p(£/2).

The equation p(&)m,(€) + p(§ + m)mo(§ +7) = 0 has the form (w, z) = w1z + wazz = 0, where z := <Z1)

w1

w > is also in C* and (w, z) denotes their inner product in C?. In other
2

. . 2
is a non-zero vector in C*, w := (

words we want w L z in C?. It is an exercise in algebra to show that we must have w = ¢ —Z_Zz) , where ( is
1

a (complex) constant of proportionality. To return to the matter at hand, (53), we have an equation at each point
&, so we need to have a function ((§) such that

(880) <o (7).

p(§) = — C(§)mo(§ + )
and
p(§ +m) =C(§)mo(§).

Since these equations are to hold for all &, we can replace £ by &+ m in both equations, and then take advantage
of 2m-periodicity. When we do so, we get

This is really two equations:

p(§ +m) == ((§+ m)m,(E)

and

p(§) =C(€ + m)mo(§ + ).

Therefore (using the second equation before adding 7 and the first one after)

C(E)mo(§) = p(§ +m) = —C(§ + m)mo(§).

In our special case, m,(§) # 0 at all but a finite number of points, so

C(€+m) =—C() ae.

Therefore,

p(§) = =C(&)mo(§ + ),

where ((£) is 2m-periodic and has the property that ((§ + ) = —((§) a.e. Moreover, in our special case
me(§) # 0 if || < m/2, so |my(§)| > A for some positive A if |¢] < w/2, so ((£) is square-integrable on
[—7/2, 7/2]. But then, since p(§) € L?(T) and ¢(€ +7) = —((€) a.e., it is true that ((¢) € L?(T). Thus, with
n(€) = —¢(€), so that now n € L?(T), we have

(54) p(€) = n(€)mo(§ +7), where n(§) € L*(T) and n(¢ +m) = —n(€) a.e.
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This completes the proof of our answer to the question: What functions f € V; are orthonormal to V{?

We need a better answer. The meaning of n(§ +7) = —n(§) a.e. will appear on comparing the two series in

NE+7) =D 0™ = (&) = = nae™,

so that ' _
Z(il)nnneznf = - Znneznf a.e.,

which means, by the uniqueness of Fourier coefficients, that (—1)"n, = —n,, for all n. Thus 7 =0 for all ¥ and
we can now give an alternate answer to the original question. For now

N(€) = M1 PFTVE = €8N "oy g€ = € H(2€), where H(E) € L*(T)
k k

so that H(€) =3, mog41€™*s = 3", Hie™™. Le., Hjy :=nogy1, all k. Thus n(&) = e H(2€).
Therefore f € Vi NV if and only if

(55) (&) = n(&/2)mo(€/2+m)B(&/2) = H(€)e™ *m,(E/2+ m)(¢/2), where H € L*(T).

A wavelet for ¢, defined via the Fourier transform

When we stare at it awhile it will dawn on us that (S5) is a formula that stands for an L? series expressing f(t)
in terms of the integer translates of the function whose Fourier transform is e%/2m,(£/2 4+ 7)3(£/2). To check this,
let’s define a function (t) by saying that its Fourier transform is

(S6: wavelet-hat) D(&) = e Pm, (E/2+ m)B(E/2).

We can make this resemble the Fourier Scaling equation,

P(&) = mo(§/2)9(£/2),
By defining
(S7: hi-pass filter?) my(€) = em, (€ + ),

and then we'll have ¥(€) = my (£/2)3(¢/2).

Let us return to (S5) now and write

o~

~

7(6) = HE©e S my (€2 + M3 (E/2) = HEOBE) = 3 Hie™(e) = 3 Hy[o(t — k)] (€) = [Z Het kﬂ (©).
k k

k

Therefore f € V4 NVg- if and only if

f(t) =Y Hyp(t —k), where » [Hyl* < 0.
k

k

We have shown that we can define

(S8) Wo :=VinVg- =span{¢(t — k) : k € Z}.

Next, the verification that we do have a wavelt

We will call ¥(t) a wavelet associated with the scaling function ¢(t). The term “wavelet” is applied here a little
prematurely. We need to show that the family {¢;x :j € Z, k € Z} is an orthonormal basis for L?(R). Before we
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do that, we’ll show that the family {¢ox : k € Z} = {¢p(t — k) : k € Z} is orthonormal. We’ll develop some formulas
of practical importance, then show easily that the whole family {+;; : j € Z, k € Z} is orthonormal. Finally we
will show that {11 :j € Z, k € Z} is an orthonormal basis for L*(R) by showing that the only function in L?*(R)
that is orthogonal to the family is the zero function.

This “wavelet” defined in terms of the scaling function

We know that 1(t) € V3. Our goal right now is to find the coefficients 1, in the L? series
= YnV2p(2t - n).
We can use the same idea that led to (56). We know by (S6) that
»(8) =eif/2m@<s/2)
_615/22 e~in(&/2+m) 5(£/2)

2615/2 Z %elné/Qemﬂ@(g/Q)
= Z o it 16/255(¢ /2)
= Z e gin/2e/2)

_ Z hfn L —ing/2 P(&/2) =mq(E/2)p(€/2).

We're not quite done; so far, what we have is a formula for m4 ():

T o
ml(f) = Z Me—lnﬁ = Z %6—17@7

where R = —(=1)"h_p—1. To continue with (S9). we have

S

B =3 Tt e )

n

—ineje 1
=S niee Lpte

=3 WO [Vae(2t - n)] ()

~

_ {Z HOVER(2t — ) ©)

so that we have

(510) (1) = 3DVt ), where h{) = —(=1)"h 1 = (¥(1), VIp(2t — n) )

dt

The support of ¥ in terms of that of ¢

Suppose that ¢(t) =0 unless My <t < Ms, where M; and M, are integers such that h, =0 unless M; <n <
My. Then since hY) = —(=1)"h_,_1, in (S10) we have to have M; < —n—1< M, so —Ms—1<n < —M; —1.
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Then when n = —Ms; — 1, we have (2t —n) = (2t + My +1) = 0 unless M; < 2t + My +1 < My, or
(My;—M3—1)/2 <t. When n is as large as possible, n = —M; —1, a similar calculation yields t < (My—M;—1)/2,
so this wavelet (t) is zero unless (M; — My —1)/2 <t < (My — M; — 1)/2. We notice that the length of this
supporting interval is the same as that for ¢, namely Ms — M;. However, its location is different unless M; + My =
—1. We can always translate this (¢) by an integer, and call that translate a wavelet too. If we translate by N,
i.e. replace ¥(t) by ¥(t—N), the new support interval will be (M; —Ms+2N —1)/2 <t < (My—M;+2N—1)/2.

Is the set {¢)(t —n):n € Z} an orthonormal set?

In order to show that {¢(t —n):n € Z} is an orthonormal set we proved that

G(§) = Z 1P(€+2m)]2 =1 ae.

We can do the same for {¢(t —n):n € Z}; all we need to do is verify that

Z |$(f +2m)? =1 ae.

We have R ‘
[Q(&)7 = lm1(§/2)PIP(€/2)]* = | mo (/2 + m)P|P(£/2)|* = Imo(€/2 + ) *|5(£/2)]2.
Thus
STIbE +2mn) 2 =Y [mo(€/2 + mn + 1) 21 B(E/2 + 7n)

We divide the n’s into “evens” and “odds,” as we did before. This gives us that Z \121\(5 4 2mn)|? is equal to

n

D Imo(€/2 4+ m2n + m)PIB(E/2 + m2n)[ + Y |mo(€/2 + (20 + 1) + m)PP(€/2 + m(2n + 1))
=D Imo(€/2+m)P13(6/2 + 2mn)|* + ) Imo(€/2)1?13(6/2 + m + 2mn)|?

= |mo(&/2 4 m)PG(£/2) + [mo(§/2)PG(£/2 + T)
= |mo(£/2+ )2 + |mo(€/2)? =1 ae.

We have shown that {¢(t —n):n € Z} is an orthonormal set. It follows that V; = Wy & V.

We want to know more detail; in particular, we want a formula for expressing functions in V; in terms of the
translates of the wavelet and the scaling function.

We need to know more than Vi = Wy & Vy by itself
One way we can be sure that V; = Wy @V} is to show that

p10(t) = vV2p(2t) is equal to Y (10, ¥(s — k))ast(t — k) + > _ (10, (s — k))asp(t — k)
k

k

and that

p11(t) == V2p(2t — 1) is equal to Y (11, ¥(s — k)asto(t — k) + Y (o1, @(s — k)asp(t — k)

k k

where as always each series is interpreted as an L? series. We have to show both equations, because the functions
¢ and 1 can only be translated by whole integer steps (in order to stay in Vg and W), not the half-integer steps
that work in V4. We'll leisurely show: {¢(t —n):n € Z} U {¢(t —n) : n € Z} is an(other) o.n. basis for V;.
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First we work on ¢19, and hope the same idea works for ¢17. We have to calculate the inner products in the series.

(+1) (o0, 95 = Bhaa = [ VEURG R ds = [ ols — W)VEp(2A) ds = [ olo)VEp(2t +28) ds =P,

The last equal sign comes from our knowledge that, by definition, <<p7 \/5(,0(% — n)>dt = h,,. The same steps, using
(510) (where we got the coefficients for ¢ the way we did for ), applied with (s — k) in place of (s — k),
yield

(*2) (10, (s —k))as = /z/J(s)\/ip(% +2k)ds = h(j%k = —(—=1)?)hop_1 = —hog—1.
We want to show, therefore, that

(%) V2p(2t) is equal to Zh st —Fk —I—Z —hop—1Y(t — k) =: R(t) + S(t).

k

Here we finally get to use the idea of the “equality case” of the Schwarz inequality! We know ||v/2¢(2t)| = 1. We
compute ||R+ S||? next, making use of the fact that R 1 S:

IR+ S =" [h-akl® + D lhor|” =

because we’re adding up the even and then the odd coefficients. The last computation needed is {19, R+ S). Here’s
the computation for (pi9, R), using (*1):

(10, ) = [ on®3 Far st~ ydt = [ VEp@) Y Aarolt ~ k) dt = [ 37 hoaro(t) V2ot + 2h) dt,
k k k

where the last integral used a replacement of ¢t by t+ k and some repositioning.

As we saw in (*1), [@(t)v2p(2t+ 2k)dt = h_ay, so

(10, ) = [ S oo o(OVEo(20+ 2K) dt = 3 [harf? = 3 o
k

k k

The same steps, using (*2), give (p10, S) = Z |hax_1|?. Therefore
k

(P10, B+ 8) = [hol* + Y [how1]” = 1= IV20(20) | IR + SI| = | eroll IR + S]I-

Thus
oo — (R+ 81> = [l — 2Re(p10, R+S) +|[R+ S| =1-2+1=0.

Hence p1o=R+S € Vy® Wy CVi. When we repeat the argument with 17 in place of 19, we get

(+3) (11, @(5 — k))as = / P(5)V2p(2t + 2k — 1) ds = h_zp_1).

The same steps, using (S10), applied with (s — k) in place of (s — k), yield

(+4) (P11, ¥(s = k))as = / V(s)V2p(2t + 2k — 1) ds = hy, 1) = —(=1)* " hg_1) -1 = hag_a.

Hence @11 € Vo @ Wy C V; as well. This means that the translate of 19 to the right by 1/2, namely i1, is also
in Vo + Wy. Since we can translate either of these two functions ¢19 and ¢11 to the right or left by any integer
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(we translate the whole series in each case) we can see that every translate of @19 by integer/2 isin Vp+ Wy. But
then span{v2p(2t — k) : k € Z} C Vo ® Wo. Since Vo @ Wy is closed,

Vi = span{V2p(2t — k) : k € Z} C Vo & Wy C V4,

which is what we wanted to prove. But we obtained more by going through these details.
“Reversing” the Scaling Equation!

We are used to seeing ¢(t) expressed in terms of the translates of /2¢(2t). We can use what we have just done to
express /2¢p(2t) and its half-integer translates in terms of the integer translates of ¢(t) and of v (t). So far we
know that

P10(t Zh ot —k)+ > —ho1¥(t— k) and @n(t Zh okr19(t — k +Zh2k 20(t — k).
k

This gives us, for each n € Z, two equations:

P12n(t) = V20(2t — 2n) = V2p(2(t — n)) = p10(t — ) Zh 2t —n — k) + Y —hop1dp(t —n — k)
k

and

Prant1(t) = V2p(2t — 2n — 1) = V2p(2(t —n) — 1) = p11(t — n) Zh okp10(t —n — )+Zh2k_2¢(t*n*k)
k

for the half-integer translates of ¢19. In each sum in each equation, let us replace k by k — n. The equations
become

Pron(t) =D hokpan@(t—k)+ Y —hokon 19t —k); @roni1(t) =Y hokrant10(t—k)+ Y hok—on—2t(t—k).
k k: k k

Now suppose we have f(t) € Vi. Then f(t) =), (f, ¢1m) P1m(t) =t D, cmp1m(t). We can write this in terms
of Pok and ka:

Pif(t) chcpln
= Z Canp1,2n(t) + Z C2n+191,2n+1(t)
,Z%Zh serane(t —k +Z%Z —hok—an—29(t — k)
—s—ZcanZh stk +202n+12h2k "

(510.5) => (Z Conh—2kt2n + 02n+1h2k+2n+1> p(t —k)

k n

Z Conhak—2n—2 + 02n+1h2k—2n—2> Pt —k)

n

Z (Z cnh 2k+n> ot —k)
k
+2 (Z(_C% + C2n+1)h2k2n2> Yt —k).
k

n
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A digression to develop some notation The coefficients on the ¢ and ¢ translates in (510.5) have messy
expressions. Mathematicians like to make up notation to express things — and this propensity is not limited to
mathematicians!

Five transformations of sequences

If we transform a sequence {z,} into the sequence {z_,} we define the new sequence Rz by (Rz), :=z_,. It’s
the reflection of {x,} about the origin. It is also useful to define the reflected-and-conjugated sequence , Rx, by
(Rx), =T—p.

We have, several times, divided a sequence into two sequences, one that uses the even-subscripted terms only, and
one that uses only the odd-subscripted terms. Let’s define two new transformations, £z and Oz by (£x), := x2,
and (Ox), := xa,+1. These transformations delete either the odd-subscripted terms or the odd ones and then “close

7

up,” removing the zeroes that fill the omissions. We'll also need J := O —&. Thus (Jx), = cant1 — Con.
Convolution of sequences

By analogy with the convolution of functions, we define the convolution of sequences = = {z_,} and y = {y_,},
denoted x *xy, by

(z*y)k:Zxk_nym and we check that zxy=yxx and z* (y*2)= (T *xy)*z

n

The convolutions have to make sense for these equations to be true. The first one is always true. The convolution
“makes sense” if every one of the series ) 2p_ny, converges absolutely, as k runs over all the integers. Examples
of cases for which the Associative Law (the second equation) is true include: two of the three sequences make
absolutely convergent series (=“absolutely summable”), and the third is bounded; all three are absolutely summable,
two are (absolutely) square-summable and the third is absolutely summable.

These notations give some shortening of the coefficients in the writing of f € V; as the sum of a series in Wy and
a series in Vp. For we have ) cph_opin = (c* Rh)gy, and Yon(=con + cont1)hok—on—2 = [(O — E)c| * E)j—1.
This “notation” business helps us “see” something interesting. The coefficients in the ¢ series use half the terms
in c¢* Rh; the coefficients in the 9 series are a “full” convolution, but the convolution uses only half of the h,’s,
the even-subscripted ones, and it combines adjacent terms in the ¢ sequence. This can lead to nice algorithms, with
good speed. We’ll return to this point later. Right now we summarize the preceding discussion by writing out the
equations (S510.5) using the new notation, rearranged a little:

Plf chwl’n

510.6
( ) = Z (Rh* c)app(t — k) + D> _[Ehx (O = E)clr_11)(t — k).
k

k
The first sum is Fyf, the projection of f on V{ and the second sum is Qg f, the projection of f on Wj.
An important application of (510.6)

Let N > 1. If f € Vy, then f(t) = 2N=1/2g(2N=1) where g(t) € Vi. Moreover, |g|| = ||f|| because of the
normalizing factor 2(V-"1/2_ Also, if we let d,, := (g, ¢1,) then d={d,} plays the role of ¢ in (510.6). Thus

9(t) =>_ (9, p1n) 1t Zdnsoln = (Rhxd)ap(t — k +Z£h*ydk 1 (t — k),

n k

where J := O — £ for short. But then

F(#) =202 2N 1) =N “(Rhosx d)gp 2N 202N — k) + ) [Ehx Tdp 2V 22N — k).
k k

A little shorter: B
f(t) = Z(Rh *d)ok pN-1,k(t) + Z[Sh * Jdlk—1PN-1,k(t).
2

k
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Now let’s look at the d, more closely. By definition, then a change of variables, then some simplification,

dn = (g, P1n) = / 9(OV2p (2t — ) dt

:/g(QNflt)\/ip(Q-QN—lt—n) 2Nt

— /2<N71)/2g(2N71t)\/§ . 2(1\[71)/2()0(2 LON=1y n) dt
= /2<N*1>/2g(2N*1t)2N/2<p(2Ntfn) dt
= /f(t)2N/2g0(2Nt —n)dt = {f, onn) -

This says that d, is the projection coefficient of f with respect to ¢n,. Thus, if we start with the projection
coefficients of f(t) on Vy, exactly the same rule for splitting g € V] into Qo9+ Pog € Wo @V, is used
for splitting f € Vy into Qn_1f+ Pyv-1f € Wn_1 & VN_1.

We can now show that v is a wavelet!

We have seen that Vi =V, ® Wy. Since each space V; can be obtained from V{ by a dilation depending on j, we
can use the same dilations to define the spaces W; and then we get Vjyi; = V; ® W; for every integer j. Then we
can say that, starting with any N,

(S11) Vn=Wn_18 V1= =Wn_1EWN oB - BWn_rmPVN_n-

This is what is often wanted for applications. We can start with a signal f(¢) in Vi (actually, the projection of
a “real” signal onto Vi) and write it as the sum of a “low-frequency” signal in Vy_j; and a sum of signals with
finer and finer detail, each one in a wavelet space of a different scale. Each of the wavelet spaces is perpendicular to
the other wavelet spaces, and to Vi _js.

We would like to be sure that this works fully. We would like to be able to prove that the family of the 1);; forms
an orthonormal basis for L?(R).

(S11.4) Theorem: For every f € L2

(511.5) f(t) = Z Z<f7 Vik)Pik(t),

ik
an L? series, where ;1 (t) = 27/24(27t — k).

To prove this we recall that all we have to do is show that the only function (i.e., “vector”) in L? that is orthogonal
to every one of the 1 is the zero function.

Proof: We know that the union of all the spaces V; is dense in L?. We can build on this information by showing
that if f is orthogonal to every one of the 1), then f is orthogonal to every one of the spaces Vj;, hence orthogonal
to their union. We can work one j at a time for the spaces Vj, so let’s work with V. We are given that f L
for all j and k. This means that f L W; forall j. Let’slet Py denote the orthonormal projection on Vx. Then
by (1),

M
(812) Pyf = Z Z<PNf7 YN )UN—jk(t) + PN_m f.

j=1 k

Since N > N —j in this range, we have (Pnf, n—_jx) = (f, PNUN—jk) = (f,¥n—jr) =0. Hence Pyf = Pn_nf
for all M > 0. Thus Pyf € V; for all j < N. But since the spaces are nested, Pyf € V; forall j > N as
well. Hence Pyf € V; for all j. We know that the intersection of all the spaces V; is the zero subsapce of L2
Thus Pyf =0 for all N. But Pyf =0 means that f L V. Since N was arbitrary, f L Vy for all N, so
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fL Uj Vj, hence f =0. This completes the proof that the wavelets 1, form an orthonormal basis for
L?. Finally, we have shown that 1 is a wavelet.

Remarks

The equations (S11.5) and (S12) carry with them the idea that Pyxf — f in L? as N — +oo, and the idea
that Pyf — 0 in L? as N — —oo. These ideas are correct.

Introduction to applications of wavelets
Analysis of a signal

Suppose we start with a signal f(t) € L? that has compact support. Usually we assume that f(¢) has as much
smoothness as we need. But sometimes we have to deal with jump discontinuities. At any rate, we pick a finest scale
of detail, N, and a coarsest one, N — M. We might sample the signal at lots of points, and make the assumption
that f(ty) =~ 2V/2(f, onk), where the points t are pretty close to k/2~N, and the k are chosen so that the
k/2=N are in a supporting interval for f. The factor 2V/2 is there for normalizing — the integal of 2¥/2p ) is one.
If f were constant, say v, on the support of ¢y, we'd want the coefficient suitably adjusted. In other words, we
think of
Pyf = fs(t) =Y 27N f(ty)onk(t)

keS

where the sum is taken over those k in a finite set S that corresponds to a support interval for f. Then we use
(512), and say

M

M
Pyf(t) = > (Pxf, on—jidon—in(t) + Pxoa f(6) = fs(t) = > Y (fs, on—jm)on—jn(t) + Py fs(t).
o

j=1 k j=1

Each sum Qn—;fs(t) == > . (fs, Un—jk)¥N—jk(t) is finite and its coefficients (fs, )n_j;r) can be computed
exactly. Each fg; shows the detail that is present at the scale 2V~=7. Likewise, the term Py_psfs(t) is a finite
sum whose coefficients, (fs, ¢nN—n k), can be computed exactly. It shows the coarsest-scale details.

In all of this, “computed exactly” means, “expressed in terms of the numbers h,.” The only trouble is that these
numbers may not be known exactly, so we once again have to rely on approximations.

Synthesis of a signal

We may want to save an approximation of a signal. One thing that is often done is to save the largest few percent
of the coefficients, along with which wavelets or scaling functions they go with. Then only those coefficients and
wavelets and scaling functions that are relevant are used to reconstruct, or synthesize, the signal (approximation).

Synthesis of other kinds of functions

Although wavelets “fit” into the context of Hilbert spaces L?(R™), it has been found that many other spaces of
functions can be synthesized using wavelets. Chapters 5 and 6 in the book of Hernandez and Weiss are devoted to
this topic, and there are many papers on this subject of ongoing research.

Some of the kinds of functions wavelets are used to synthesize are smooth functions. Thus smooth wavelets are
needed. This is where the finite sets of h,’s come in; with more work, we can arrange to have wavelets that have
compact support and continuous derivatives of order up to any integer N > 0. The work involves (in effect) linear
equations involving the h,’s that arise by demanding that more and more derivatives of m,(§) are zero when & =
(we already require that m,(7) = 0).

It is interesting that infinitely differentiable wavelets with compact support cannot exist!



