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85 Some Riemann-Stieltjes integrals that exist

Theorems (5.1), (5.8) and (5.10) give sufficient conditions on f and on «, on a bounded interval [a, b], that
guarantee the existence of fab f da. Two (classes of) examples and some other results are here too.

(5.1) Theorem: If [a, b] is a bounded closed interval, f is continuous on [a, b] and « is a function of bounded

/abfda

The estimate follows from the same estimate for Riemann-Stieltjes sums, valid by our hypotheses, and the existence
of the integral as a limit, as seen in the proof of the Cauchy Criterion for Riemann-Stieltjes integrability, (1.7).
To prove the existence statement, we will also use (1.7). Thus we need a usable way to estimate the difference
between two Riemann-Stieltjes sums. This is what the upcoming Lemma gives. We need a useful definition and
some notation.

variation on [a, b] then f:fda exists and < rn[axb] |f(@)|V (e, [a, b]).
zE|a,

(5.2) Definition: If U is an interval and f Is a function defined on U we define the oscillation of f on U,
denoted w(f, U), by

w(f, U):= sup |f(z)— f(y)|. We allow the interval to be open or half-open as well as closed.
z,y €U

We will let w; = w;(f) = w(f, I;) when I; is an interval (closed!) of a partition .

Now we are ready for the Lemma. It is officially stated for real-valued functions, but can also be used in the more
general contexts. Note that its hypotheses allow the oscillations of f and the variation of « to be infinite.

(5.3) Lemma: If [a, b] is a bounded closed interval, f and « are functions defined on [a, b], m and 7' are
partitions of [a, b], then

(5.4) IRS(f, a, m) = RS(f, o, @) <> wi Ve, L) + > _wj Ve, I)) =Y wi AV + Y wj A"V,
j=1 i=1 j=1

i=1
where w; and wj denote the oscillations of f on the intervals I; and I} of the partitions 7 and 7', respectively.

In the last part of (5.4), with V(z) := V(«, [a, z]), we defined AV; =V (e, I;) =V (z;) — V(x;—1) and we defined

A'V; =V(a, I}) = V(z)) — V(2)_,), but that part really makes sense only when V(b) < +ooc.

First we will use Lemma (5.3) to prove Theorem (5.1) and then prove Lemma (5.3).

According to our basic Cauchy Criterion for Riemann-Stieltjes Integrability, a function f on an interval [a, b] is
Riemann-Stieltjes integrable if and only if for all € > 0 there exists § > 0 such that for all partitions w, 7/,

(5.5) if mesh(n) <& and mesh(n’) <4, then |RS(f, a, ) — RS(f, o, )| < e.

Let € >0 be given. Let V' denote V(a, [a, b]) < co. Since f is continuous on [a, b] f is uniformly continuous
on [a, b]. Hence there exists § > 0 such that for all u, v € [a, b], |u—v|<d§=|f(u)— f(v)|<e/(2V +1). This
implies that each w; <€/(2V 4+ 1). Now we can see (by (5.4)!) that if the condition in (5.5) is true,

IRS(f, a, ) = RS(f, o, 7)| < Y wiAV; + Y wjA'V; < ﬁ SV I)+> V(e I)) | <e.
=1 Jj=1 j=1 j=1

It may take you a moment, looking back and forth between (5.5) and (5.4) to agree. The proof of (5.1) is done.

Proof of Lemma (5.3): We will use the partition 7 that consists of all the points of © and of #’, the common
refinement of m and 7’. We can write 7 = 1 U7’ to express this. We will denote the points of 7 by t, and the
intervals of 7 by Kj. Then for each i we can write

(5.6) Aa; = az;) — a(zi—q) = Z Aaqy, (tricky notation! Here Aaqy := a(ty) — a(tr—1) refers to Kp).
K CI;
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That is, the difference Acq; is the sum of the differences Ay, on the intervals Kj of 7 that are contained in I;.
The formula (5.6) is true because each interval Kj of 7 is contained in exactly one interval I, of 7. In other
words, i(k) is the 4 such that Kj C I;). There is a similar formula for Aca; and a similar function j(k).

Now we need to bring in arbitrary “selection vectors” £ and &’ to construct our Riemann sums. Thus for RS(f, )
we write

S(f,m &)= Zf (&)Aa; = if(fl) Z Aoy, = if(fi(k))Aak; the last sum is not an RS(f,7,¢&")!
i1 KiCl k=1

The last sum may need some explanation! Each interval K is contained in one and only one of the intervals I;.
This i we called i(k). We can’t reverse this though, because each i can be associated with several k. Finally,
each k gets used, exactly once. This allows us to express RS(f, 7, £) in a way that will become compatible with
RS(f, n', &'). Again, i(k) is the 4 such that K} C I;). Notice that &) € Ijr) need not belong to Ky C !

Now it is time to be clever. We choose a selection vector ¢” for 7. Here, & € K, for every k. Then

n,

RS(f, 7‘—75) - Rs(f7 T, 6//) = Z (f(gz(k)) - f(gllcl))Aak

k=1
We can regroup this sum once again, to return to the point of view of =:
RS(f,m,&) = RS(f,7,¢") = Z do(f (&) A
i=1 KxCI;

Each difference f(&) — f(&)) uses two function values whose arguments are both in I;, so [f(&) — f(&§))] < w;.
By much use of the triangle inequality our sum can now be replaced by an estimate:

(5.7) [RS(f,m,€) = RS(£,7, 6N <D0 D wilAag| =D wi > [Aax| <> wiV(a, L)
i=1 K, CI; i=1 K, CI; i=1

We complete the proof of the Lemma using a similar argument involving 7n’/ and 7, together with the triangle
inequality (the tricky notation in (5.6) is used again):

|RS(f77T7£) - RS(f?ﬂngl)‘ < |RS(f77T 5) - RS(faT €H)| + |RS(f77-7€H) _Rs(faﬂ-lvflﬂ

<sz Ve, I;) +Zw oz]’

(5.8) Theorem: If [a, b] is a bounded closed interval, f is continuous on [a, b] and «' is continuous on [a, b]
then f fda exists and / fda —/ f(@)a(z)dz. Le., da(z) =a'(z)dz.

Proof: By Theorem (5.1) the integral on the right exists because the integrand, f(z)a’(x), is continuous and
a(z) =z isin BV][a, b]. We consider a Riemann-Stieltjes sum (we’ll use the mean Value Theorem)

S(f,m,8) = foz ) — a(zi 1)) Zf& (i) (i — wi-1)
(5.9) = Z FE)a' €Az + 5 F(E) (@ () — a'(€)Ax;
i=1

(fa T, 5 +Zf gz nz)_a (52))A‘T’La
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where the first sum is a Riemann sum and the second contains terms that have two small factors. This leads to the
desired result. The details are as follows.

We have already noticed that R(fa’, 7, £) — f flx d:c as mesh (r) — 0. Thus given ¢ > 0 there exists § >

0 such that mesh (7) < § implies |R(fa’, 7, &) f f x)dz| < €/2. Since a’ is uniformly continuous there
exists 0’ > 0 such that for all z, y € [a, b], |z—y| <’ lmpheb that |a(z)—a(y)| < €/[2(b—a)(1+max,e(q,p) | f(2)])]-
If mesh () < min{d, 0’} then |a’(n;) —a’(&§)] < €/[2(b— a)(1 4+ max,e[q, 5 |f(z)])] and so (in (5.9))

/f dx—( (fa', 7 &) - /f dx>+2fsz (1) - ' (€)) Aa.

Each of the two main terms on the right has absolute value less than €/2. Thus by the “original” definition of
Riemann-Stieltjes integrability, the proof is complete.

Some further results and examples

We recall the notation w; :=w;(f) = w(f, I;) from (5.2).

(5.10) Theorem (An Oscillation Criterion): Suppose that o € BV]a, b]. If f is defined on [a, b] and

(5.11) for all positive [ and n there exists >0 such that mesh(m) < 6 = Z Via, I;) < B,
w;>n

then f is Riemann-Stieltjes integrable on [a, b].

Proof: By Lemma (5.3), for any two Riemann-Stieltjes sums over partitions = and 7 of [a, b],

Nt

(5.12) |RS(f, o, 7) — RS(f, a, 7’ |<Zw1AV—|—Zw A'V;,

=1 j=1

where we have used the notation AV; and A’V; to stand for V(ay, ;) and V(aj, I}) respectively. In terms of
this notation, (5.11) becomes

(5.13) for all positive S and 7 there exists § > 0 such that mesh(r) < é implies that Z AV; < .

wi;>n
Let € >0 be given. In (5.12) let us rewrite the first of the sums on the right:
Nx
(5.14) Zwi AV; = Z w; AV; + Z w; AV; < Z w; AV, +nV, where V :=V(a, [a, b]).
i=1 wi>n w;<n w;i>n
Admittedly, replacing the second sum by nV is an overestimate. We will simply choose 7 := m Next, we

choose (3 := €/4, obtain 6 > 0 such that (5.13) holds for our n and (. Finally, we assume that mesh (7) < ¢
and mesh (7') < 6 and obtain the estimate < ¢/2 in (5.14) for both sums in (5.12) and conclude that fjfda
exists. Be sure to double-check the details!

(5.15) Theorem: Suppose that f and o are real-valued functions defined on [a, b] and that « € BV][a, b]. Let
V(z) := V(a, [a, x]) and suppose that ffde exists. Then f:fda exists, as well as (by Jordan’s Theorem,
(4.12)) [P fdP and [’ fdN.

Proof: By the Cauchy Criterion, we know that for all € > 0 there exists § > 0 such that mesh(n) < § implies

that |RS(f, V,m, &) — RS(f, V, m, )| < ¢/4. Here, we applied the Cauchy Criterion with two partitions that are
the same. Thus for arbitrary selection vectors ¢ and & compatible with 7, if mesh (7) < ¢ then

N

(5.16) e/4>|RS(f, V. m, &) = RS(f, V, m, &) = > _(f(&) — F(E))AVA.

i=1
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We will now very carefully choose the selection vectors. To do this we work with one interval I; at a time. We
choose & and & in I; so that f(&) — f(&) > 2w;/3. This is possible by the definition of w;. The product
(f(&) — f(&))AV; is non-negative, so (5.16) becomes (for all |[a, b] with mesh (7) < 0)
Ny N ) Ny N
/4> > (F(&) = FENAV] =D (f(&) — F(E))AV; > 3 D wiAVi. Thus €/2> > w;AV; if mesh (7) < 6.

=1 i=1 =1 i=1

Once again we apply (5.3), now using « instead of V. We now have, if mesh (7) < and mesh (7') < §, then

|RS(f, o, ™) — RS(f, a, )| < Zwi AV; —l—Zw; A'V; <e/2+¢€/2=¢.
i=1 =1

Thus the Cauchy Criterion for the existence of f; fda is satisfied.
(5.17) Theorem: Suppose that « € BV][a, b] and, for each n € N, fab fnda exists. If f, — f uniformly as
n — oo then f;fda exists and ff frndo — fffda as n — oo.

Proof: We use the Cauchy Criterion. Suppose € > 0 is given. We let V denote V(a, [a, b]). We choose N so
large that |fn(z) — f(2)] < vy forall z e [a, b]. Now if & is a selection vector compatible with m,

= € = eV
(5.18) [RS(f, m, §) = RS(fn, m, )| < Z |f(&) = [n (&)l Aai| < m; |Ac| < VD <e/4

i=1 )
We can proceed similarly if £ is a selection vector compatible with 7/. Thus we have
[RS(f, @) = RS(f, 7')| < [RS(f, ) — RS(fn, m)| +|RS(fn, 7) = RS(fn, 7')| + |[RS(fn, 7) — RS(f, 7).

By (5.18) the first term on the right is less that €/4. A version of (5.18) can be applied to the last term as well. Let
us carefully note, in passing, that in (5.18) we used the same selection vectors in RS(f, m, £) and RS(fn, 7, ).
We did this to take advantage of the uniform convergence. Thus so far we know that

(5.19) IRS(f, ®) — RS(f, ©')| < ¢/2+ [RS(fw, m) — RS(f. 7).

Since fj fn da exists there exists § > 0 such that if 7|[a, 8], 7'|[a, b, mesh (7)) < § and mesh (7’) < 4§, then
|[RS(fn, ®) — RS(fn, ©')| < €/2 for all Riemann-Stieltjes sums over 7 and «’. Here, we use arbitrary selection
vectors £ and &' compatible with their respective partitions.

Now we can put the estimate we just obtained from the existence of f: fnda into (5.19) in order to find that
|[RS(f, m) — RS(f, 7')| < €, so the Cauchy Criterion is satisfied and f; fda exists.

(5.20) Exercise:  Use the existence of fabfda now obtained and (5.18) to prove that f; foda — fabfda as
n — oo.

The several Exercises and problems that follow cover two classes of examples. In both cases, the functions being
integrated are (usually) the continuous functions on [0, 1]. The integrators will be functions of bounded variation
that are discontinuous on denumerable sets. In the first class the Riemann-Stieltjes integrals are series.

(5.21) Problem: Prove the following Theorem. Suggestion: adapt techniques from the proof of (5.17).

Theorem: Let f be bounded on [a, b]. Suppose that for each n € N, «, € BV]a, b] and f;fdan exists.
Suppose also that V(o — ap, [a, b]) — 0 as n — oco. Then fabfdoz exists and fabfdan — fabfda as n — oo.

(5.22) Example: Suppose {t,} is a sequence of distinct points in (0, 1). For instance, {t,} might be an
enumeration of the rational numbers in (0, 1). Let > a, be an absolutely convergent series of real numbers. We
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will define increasing functions g and h on [0, 1], put «:= g — h and compute f01 fda when f is continuous
on [0, 1].

We define
0, if © = 0; 0, if © = 0;
Za;‘;, ifo<z < Za;, ifo<z <1,
g(x) ==X to<z and h(z) =1 t.<e
doaf, ifo<z<l > a,, ifo<z<l

We thus have a defined like g or h but with a, in place of ar. You should verify (probably with a bit of staring)
that g and h are increasing and bounded and hence that « € BV|0, 1].

(5.23) Exercise:  Show that « is discontinuous on the right at each t,, but continuous on the left and that
limg e, a(x) = a(ty) + hy.

(5.24) Exercise: Let fi(x):=0 if 0 <z <ty and let fi(x):=ay if ty <ax <1. Show that fol fdpr = apf(tr)
if f is defined on [0, 1] and continuous at ti, but that fol fdBx does not exist if f is discontinuous at tj.

With all this work done we can use (5.21) and do some more work to show that fol fda =3 anf(ty) if f is
continuous on [0, 1].

We define an(z) :== >, ., arBe(z). Then a, — a pointwise as n — oo (Why?). By (4.8) and induction

Vi(anse — am, [0, 1]) < ZZ:ﬁH V (B, [0, 1]) = Ziﬁﬂ lax| < 3,41 lax]. It takes some work to show that
V(a—ap, [0, 1]) <3772, 1 lax|, and this last inequality shows that the hypotheses of (5.21) hold. This and (5.24)

give us the desired result.

A questioner in class asked how the discontinuities of o were taken care of. In this example, the discontinuities are
jumps whose absolute values form a convergent series. Thus in any Riemann-Stieltjes sum, especially in a difference
of them, the “misbehavior” due to discontinuities in an interval of a partition is “controlled” by the smallness of
series tails and by the continuity of f. The big jumps in « correspond to big values of a,, and there are not many
of those.

(5.25) Problem: With the same points and the same series used in (5.22) let us define a(z) differently: we let
a(ty) = a, and we put a(z) =0 otherwise. Show that now V(a, [0, 1]) =23 |an|. Use the ideas behind (5.24)
to calculate the Riemann-Stieltjes integral of the related integrators defined using finitely many of the ¢, and a,.
Find fol fda now, when f e C|0, 1].



