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Special Problem 4: Due Nov 5 (see 3.16)

Prove that, if {s,} is a sequence of real numbers, then limsups, = lim sup s,, (this can be an extended real).

n—00 =0 m>n
We know (by 3.17a) there is a subsequence {s,,} that has limit s* := limsups,. Since sup s,, > s,, and
n—oo m>mn;
ap = sup S,, is a decreasing sequence, lim sup s,, = lim sup s,, > lim s,, =s*. Thus limsups, < lim a, =
m>n n—=0m>n =0 m>n,; n—00 n—00 n—00

lim sup sm,.

N—=00 y>p

To show the other inequality, we consider two cases: s* = 400, s* < +oco. In the first case there is a subsequence
{sn,} that has limit +oo. Thus for all n, sup s,, = +00 so we have equality immediately in this case. In the

m>n
second case, there exist real numbers z > s*, and for any such number =z, there exists an integer N so large that
for all integers m > N, s,, < . Thus if n > N, sup s, < x. Hence lim sup s, < z. This is true for every
m>n n—=0m>n

real > s*. Thus lim sup s, is a lower bound for the non-empty set (s*, c0). Hence lim sup s,, < s*.
n—00 ;m>n =0 m>n
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