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Fourth question: Does ® have compact support? Yes

We will use this idea to show that ® has compact support: show that whenever f(¢) isin L? and f(t) =0 a.e.
in a certain interval (a, b), then (®, f) =0. This will show that ® =0 a.e. outside (a, b).

We will bring in some technical tools here that are due to engineers: work with “nice” functions, so we don’t have to
worry about the existence of various integrals, or whether inverse Fourier transforms are given by integrals or not.
This will succeed whenever the “nice” functions have appropriate density properties (for us, density in L?).

For every g¢(t) that is infinitely differentiable, with compact support disjoint from [M;y, Ma],

/ @ (€) de = 0.

Everything so far has depended on knowing that g is integrable and that py is bounded. Next we want to let
N — oo. This time we can use Dominated Convergence. For this we take G(§) :=[g(£)|. Then |g(§)pn(&)] < G(§),
and g(§)pn (&) — g(&)®(&). Then by the Dominated Convergence Theorem,

(9L 0) 0= [ 5@xie) e ~ [ TERE) de = (8, 5) =27 (. ).

To show that ®(t) =0 a.e. outside [M;, Ms] it is enough to show that fivi; |P(t)]? dt + f;;; |®(t)]? dt = 0. To do
this, we define f(t) := ®(¢t) if ¢t ¢ [My, Ms] and define f(t) :=0 if t € [My, M.

We will do the proof by contradiction: we suppose that

M, %)
112 = / B(1)|2 dt + / B(OP di = o > 0.

—o00 Mo

One of the useful features of our “nice” functions is that they are dense in L2. If we require that they be zero when
M, <t < My, they are no longer dense in all of L2, but they are dense in the closed subspace of L? that consists
of functions that are zero a.e. in the set where M; < ¢ < Ms. Let us take this as a Lemma and use it.

We can thus find a “good” function g such that ||f — g|| < «/10. About good functions g we know that (®, g) = 0.
We let @1, denote the function ® — f. Then since g(t)®(¢t) =0, (f, g) = (P, g) =0. Hence

This gives us the desired contradiction.

The rest of this Note is technical: the proof that the “good” functions are dense in the subspace of L?*(R) consisting
of all L? functions that are zero a.e. in [My, Ms).

We will use a C> function B(t) that is zero if |t| > 1/2, positive if [¢| < 1/2, with [ (¢)dt = 1. Such a function
can be made by modifying the function from Appendix A2 in From “low-pass filter” to scaling function.

We want to show: Given f € L?(R) with f(t) =0 a.e. in [M;, M) and given « > 0 find g € C* such that
g(t) =0 in [My—e¢, My+e| for some ¢ >0 depending on g, and ¢(¢) =0 for |t| > R, for some R >0 depending
on g, with ||f — g|| < . This is the technical way to say: show that we can approximate every L? that is zero in
[My, Ms] as well as we like by a “good” function.

There are several steps. First, we approximate the given f(t) by two parts of itself, the part with —T <t < M; —¢
and the part with Ms+¢e¢ <t <T, where T >0 and e > 0 will be chosen by us, influenced by the size of the given
a > 0. We will call the sum of these parts h(t). Second, we “smooth out” h(t) by convolving it with 3(¢/0)/d, and
we call that hs. We choose § > 0 later, but & must be less than e. Third, we show that hs is a “good” function.
Fourth, we estimate the norm of the difference between h and hg, using two Lebesgue Facts: Minkowski’s Integral
Inequality and “Continuity of translation in LP, 1 < p < co. Finally we put all the estimates together to complete
the proof.
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We begin by using the function g(x) in Appendix A2 of From “low-pass filter” to scaling function to define our

function A(¢):
—20(20)/ [ g(o) ds

Since g(z) =0 if |z| > 1, g(2¢t) =0 if |2¢| > 1, thatis, if [¢| >1/2. And [B(¢)dt = [2g(2t)dt/ [ g(x)dx = 1.
First Step

We know that, as T — oo, [|,_r |f(t)|>dt — 0. We thus select a T so large that Jsr |f(®)]2dt < a?/8. We
also know that (Absolute Continuity of Integrals) there exists € > 0 such that

My Msy+-e
/ |f(t)|2dt+/ F(O)2dt < a?/8.

M;—e M
We then define
0, if —oo<t<-T;
f(), if —T<t<M;—e¢
h(t) :== 0, if Mi—e<t<Ms+e
(@), if Mo+e<t<T;
0, if T<t<oo.

“By construction” we have [ |f(t) —h(t)|?dt < a?/8 + a?/8 = a*/4, which means ||f — k| < a/2.
Second Step
We next define

1 -
hs(t) = / —ﬂ(t s)h(s) ds (=:Bs*h(t), if you're familiar with convolution).

Third Step

We can differentiate under the integral sign, and this leads to: hs € C*°. If hs(t) # 0 there has to some s such
that simultancously 18(%5%) #0 and h(s) # 0. This in turn means that |t —s|/d < 1/2 and that at least one of
(i) -T'<s<M;—e€ and (ii)) Ma+e<s<T is true.

In either case, —0/2 < s—t<6/2 sothat t—46/2 <s<t+6/2. If (i) is true then (using half of each inequality)
—T <s<t+4+§/2 and also t — /2 < s < My — e. Therefore (eliminate s) ¢t > —T — /2 > =T — ¢/2 and
t< My —e+d/2< My —€/2 because we required § < e. Thus in the case (i) we have —T —¢€/2 <t < M; —€/2.

Exercise: Show that if (ii) is true then My +¢/2 <t <T 4+ ¢/2. Conclude that hs is a “good” function.
Fourth Step
Since [1B(%52)ds =1 it is true that [ 1B(5%)h(t)ds = h(t) and therefore

0= [ 585000 - sy ds = [ 55(5)

—h(t—s))ds (via s+—1t—s).

Oqloa

This means that

5/2 1 5/2 s 2
pO s < [ SO ~ = s)lds s IIh—h5|2s/</_6 SBCIn) - <t—s>|ds> at.

By Lebesgue Fact (5), Minkowski’s Integral Inequality,

1/2

() bl < /(/_Z/Q—ﬁ@m() (t—s>|ds>2dt s/_i/; s { [ o~ t—s>2dt}1/2ds.
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We notice that {[|h(t) — h(t — s)|? dt}l/2 = ||h(t) = h(t — s)||;; and that [s| < 0/2. Now we use Lebesgue Fact
(10), Continuity of norms with respect to translation, which says that, given « > 0, there exists J, > 0
such that |[s| < 6,/2 = ||h(t) — h(t — s)||,, < a/4. Therefore by () and by f%ﬁ(%)ds =1, ||h—=hs,| < a/4.
We can replace this &, by ¢ :=min{d,, €¢/2}. Then § < e and § < J,.

Putting the estimates together

We have to show that ||f — hs|| < . We combine our earlier estimates:
1f = Rsll <\ =Rl +1[h = hsl| < /2 + /4 < a.

This completes the proof.



