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Section 1 A chatty tour thru Gaussian elimination.

The smplest linear equationis Ax =b, for example, 5x = 3. It has one and only one solution, X
= 3/5. Another oneis 0x = 3. Thisone has NO solutions. Another is Ox =0. Here, x may be
any number, so this equation has infinitely many solutions. The equation is linear because the un-
known X, appearsto first degree, not asadivisor, nor multiplied times any other unknown.

The equation 2x + 3y =4 describes alinein the plane - hence the term linear to denote first de-
gree. Sincealine hasinfinitely many points on it, the equation has to have infinitely many solu-
tions. Wecan solvefor y and get aformulafor y asafunctionof x: y=2-(2/3)x. But x can
have any value. Thisisasfar aswe can go without further restrictions on the solution. For exam-
ple, we might want to find the point on the line that is closest to (0,0). Thisproblem isnot “line-
ar’ (solution: (12,18)/13 ), but does arise in the study of linear equations!

We are often interested in solving several equations smultaneoudly. Hereare 2: find x and y so
that 2x + 3y =4, and 3x + 5y = 7. Geometrically this represents the set of pointswhere 2 lines
meet. We expect to find that they meet at 1 point, not at all, or that they coincide, and so meet at
infinitely many points. This corresponds to the “simplest” examples, mentioned before!

Theidea for solving a system of linear equations (several equations, true smultaneoudly) issimple:
eliminate one unknown at atime. Here'sthesameone: Solve: 2x + 3y =4, and 3x +5y =7.
From thefirst equation, x = (4—3y)/2. Put thisin placeof x inthe next equation: 3(4—3y)/2 +
+ 5y =7. Simplify and solvefor y: 12—-9y + 10y = 14, so y = 2. Thus, from the formulafor x
intermsof y, x =(4—-3y)/2=-1. Check: 2(-1) +32=4 (V); 3(-1) +52=7 (V). Thereis
only this one solution. Why? We'll see later that one answer is: “The determinant is not zero.”
For now, we can mention the geometric interpretation: The 2 linesmeet at (-1, 2), and we know
that different lines meet at one point or none.

When we deal with a system of linear linear equations, solve means to describe completely the
solution-set of the equations, assuming them to hold simultaneously. The solution-set might be
empty, or might be asingle point, aline, aplane, or a higher-dimensional “linear object”. The goa
of our study isto acquaint you with useful ways of dealing with systems of linear equations and
with other questions that have arisen in the study of linear systems that many people, including
some mathematicians, have had to answer. The first main topic will be the method of Gaussian
elimination, important because of its efficiency. It also introduces matrices as away to minimize the
arithmetic work and to help in error avoidance and correction. It will also give, as aby-product,
handy ways to completely describe the solution-set of alinear system.

Here' s another system of 3 linear equationsin 3 unknowns:

2X+3y+ 4z= 5
3X+5+ 7z=09,
4x + 7y + 10z = 13.

Solvethefirst equation for X, intermsof y and z, and replace x in al the other equations by the
solution formula. This reduces the number of unknowns by one in the second two equations.
Repesat. If thereisjust one solution, you will eventually get to an equation with just 1 unknown,
that is solvable. If there are none, you'll get an unsolvabe equation. If there are LOTS of solutions,
you'll get 0z =0. Please stop now and try to solve them before reading further!

The point of asking you to stop and solve that system using simple methods was to get you to
experience some of the tedium that copying and smplifying lead to. Now imagine working on a
system with hundreds of equations in hundreds of unknowns! Nowadays your reaction might be
to put the problem on a computer. Would you be able to understand the output? It would be
presented in aform that assumes you know a certain amount of terminology - one of the further
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goals of thisintroduction isto provide you with thisterminology. Let usbegin. Hereisadightly
different system:

2Xx+3y+ 4z= 5,
X+5y+ 7z= 9,
4x + 7y + 11z = 18.

An unknown serves only to connect a number, its coefficient, with the unknown it goeswith. Inthe
first equation, the coefficient of x is 2, that of y is 3, and soon. | choosethe X, Y, z ordering
of the unknowns. Y ou may choose any one you like, aslong as you make clear somehow what the
ordering is. Let’ swrite down an array, or table, or matrix that has definite rows and col-umns
associated with the equations and their unknowns. Each row “contains’ 1 equation’s
co—efficients, in the same order as the unknowns. Each column contains all the coefficients that
be-ong with a particular one of the unknowns, except the last column. The last column contains
the desired total for each combination of unknowns and coefficients. Here is the matrix:

234 50
357 9
Ua711180°

| don’t know why the parentheses are there. Perhaps they make us think of the array asasingle
mathematical object. Itis. At any rate, the parentheses are customary, but not, at this point,
need—ed. One caution: if one of the equations does not contain an unknown that some other
equation does contain, then the row for that equation must containa 0 in the column for that
missing un—known. Hereisan example:

2Xx+4z =5,
3X+5y+7z2=9,
4x + 7y + 11z = 18.

Thefirst equation does not contain y, but the second and third ones do contain y. So we have to
entera O inrow 1 and column 2. The matrix for the systemis

204 51
357 9
711180

Now we need to realize that we can go the other way. Given amatrix, we can construct a
corresponding system of linear equations. Thus,

02 0 45 30
Es 7 9 4 75_
1118 212831

isthe matrix for the system
2X+ 4z+ 5w =3,
5+ 7y+ 9z+4w =7,
11x + 18y + 21z + 28w = 31.
It is also the matrix for the system
2a+ 4c+ 5d=3,

9c+ 7b+ 5a+4d=7,
18b + 11a+ 28d + 21c = 31.
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The point is, it does not matter what the names of the unknowns are. It matters very much, though,
where their coefficients go in the matrix! The wise plan would be to rewrite the equations so that
the unknowns al appear in the same order in each equation.

Exercises. Given asystem, write amatrix for it. Given amatrix, write asystem for it.
1 X+ y+ z=1,
X—y+ 22=0,
—X+3y-52=3.
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4, X+ y+ 22=w,
X—y+ 32=0,
X+4y —6z=3w; unknowns. X,Y, z, W.

5. X+ y+ z=1,
X—y+ 22=0,
—X+3y—-5z=3,
Xx—-3y+5z=3.
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We now have several examples of systems of equations. We have seen how to go back and forth
between amatrix and a system of equations. Let’s start on Gaussian elimination. Solve

2Xx+3y+ 4z= 5,
3X+5y+ 7z= 9,
4x + 7y + 11z = 18.

STEP 1. Set upits matrix,

Thefirst entry inthefirst row is 2 (z 0). Multiply each entry in the first row by 3/2, and subtract
the products, one by one, from the corresponding entriesin the second row. Thisyields the matrix

2 3 4 50
EOl/ZlB/ZH
4 7 11 18

What' s the point? To seethe point, let’ s write down the system of equations that correspondsto
this matrix, using the origina unknowns, X, y, z, inthat order:
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2x+ 3y+ 4z=5,
Ox+12y+ 1z=3/2,
4x+ 7y +11z=18.

It is exactly what we get when we subtract 3/2 timesthe first equation from the (original) second
one. Thenew equation hasno X. Itisaso exactly what we get if we solve thefirst equation for x
intermsof y and z, and then plug the formulafor x into the second equation. Thatis, X is
eliminated from the second equation. Please stop now and check it out!

Don't particularly like working with fractions? | don't. We can do avariation on Gauss elimina
tion by first multiplying the second row (or the second equation) by 2, and then multiply-and-sub-
tract using 3 asthe multiplier in place of 3/2:

E234 5%
The origind 357 95,
g Ug 711180
123 450
Row 2 times 2 56101418
4 7 1118
1234 50
Subtract 3 times row 1 from row 2 EO 12 3%.
4 71118

Why does thiswork? Well, multiplying arow isthe“same” as multiplying the corresponding e-
guation in acorresponding system. The solution-set of an equation is not changed if we multiply
the equation by anon-zero number. The solution-set of “all the equations holding
simultaneoudly” is the intersection of the three solution-sets of “each equation, holding by itself.”
Then, we subtracted 3 timesthe first row from the second row, the same thing as subtracting 3
times the first equation from the second equation. | don’t know how the solution-set of the
modified equation compares with the solution-set of the unmodified equation. But just suppose
that atriple (x*,y*, z*) isasolution of all 3 equations. Thenall 3 equations are true, so when |
subtract 3 timesthe first equation from the second equation, the new second equation is still true.
Therefore, (x*,y*, z*) isasolution of all 3 new equations. What does this show? It shows that
the solution-set of the original system is contained in the solution-set of the new system. Now
supposethat (u, v, w) isasolution of the new system, the one we got by subtracting 3 timesthe
first equation from the second equation. Then, if weadd 3 timesthe first equation to the second
equation, we get what? The original second equation! What does this show? It shows that the sol-
ution-set of the new system is contained in the solution-set of the original system. Thisisa
standard trick used in math to show 2 setsareequal: show that each of the 2 setsiscontainedin
the other one. Thisisthe basic argument for showing that adding (subtracting) a multiple of one
equation to (from) another equation does not change the solution set of the system.

What doesit al mean? In terms of equations, we have eliminated x from the second equation. In
terms of the matrix, we have subtracted the right multiple of row 1 from row 2 that causesthe
new row 2 to haveazero asitsfirst entry. Working with the matrix is quicker than working with
equations, because no variable (i.e., “unknown”) symbols need to be written, and no equal signs.
We have to be careful that the matrix is set up right!

We keep going. To get azero at the start of the third row, we'll
23450

subtract 2 times row 1 from row 3 EO 123 E
0138
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Now we are done with column 1, and, for the moment, with row 1. So how wegoto row 2, and
start with column 2. We want to keep going, so we subtract row 2 from row 3, because doing so
will put azero in the second placein row 3. The new matrix is

(23450

(subtracted row 2 from row 3) EO 123 E
0015

Let’s convert this back to a system of equations to see that we' re amost done:

2X+3y+ 4z=5,
y+ 2z=3,
z=5.

So, now we know z must be 5, and we plug thisback into equation 2, and solveit:
y+ 25=3, so y must be —7. Plug both valuesinto equation 1 and solve that:

2X+3(-=7)+ 45=5, so x must be 3. Thisiscalled backsolving. Thefinal stepisto
check the solution, namely (X, Y, z) = (5, —7, 3), by substituting it into the ORIGINAL system of
equations. Please stop now and do that. | think it'scorrect. Thesolutionis: x=3,y=-7,z=5.
Thereis only one solution, because we wrote down the equations, assuming them to be true, and
performed operations on them that did not change the solution-set, and found single, specific values
for the unknowns. In this case, then, the solution-set is. { (5,—7, 3) }.

Here is an example, done without comment. Try R.L. Moore's Method here: use a piece of
paper to cover al but the system following, and predict the next step by writing down what you
think it will be. Uncover thetext, aline at atime - you' |l seethat you probably got it right.
Example: Solve

2X+4z =5

X+5y+ 7z =9,

4x + 7y + 11z =18.

204 51
357 9
Ug711180"
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2X+4z=5,
10y + 2z =3,
16z = 59.

z =59/16;
y =(3-22)/10 = (16:3 — 2:59)/160 = (48 —118)/160 =-70/160 = —7/16;
x =(5-42)/2 = (16:5-459)/32 = (80 — 236)/32 = —156/32 = —78/16.

Check: 2x + 4z = 5?

2(—78/16) + 4(59/16) = (156 + 236)/16 = 80/16 = 5, (V);

33X +5y+7z2=97?
3(—78/16) + 5(—7/16) + 7(59/16) = (234 — 35 + 413)/16 =
(—269 + 413)/16 = 144/16 =9 (V);

4x + 7y + 11z = 187
4(—78/16) + 7(—7/16) + 11(59/16) = (—312 — 49 + 649)/16 =
(=361 + 649)/16 = 288/16 = 18, (V).

Solution: (X,Y, 2) =(—78/16,—7/16, 59/16) = (—78, —7, 59)/16. It isunique.

Next comes an example starting with a matrix - when the time comes to backsolve, we'll put in
unknowns.

Example: Apply Gaussian elimination to the following matrix:

(204 50
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In thisexample, I’ ll keep track of what | do by writing down what | did to various rows, and where |
put the result. A row will be denoted by its number, in brackets. For example, thefirst thing I'll do
isadd row 1 to row 4 to get arow starting with 0. The description I'll give, in shorthand, is [1]
+[4] - [4], meaning “add row 1 to row 4, and put theresult in row 4, replacing the original
row 4.” This example illustrates a*“wandering around” approach that does the “easy” stuff first,
and does some “extra’ stuff to avoid fractions.

5}—2 0450
Steps to get from this E

©

matrix to the next are listed “below,” left

N AW
o~
w ik

oo

T

oo™
[ |

[1] +[4] - [4] | saw it was easy - no multiplying

N ORWON Ko

T

2[1] +[3] - [3]

o
O~ O
[

oo N U1
o o

[1] +[2] - [2] togeta 1 in row 2, to avoid fractions!

OOHE cow

ONUIO ONUIO ®~NUIO

~~Das ~w~wor los
H

[y
ok



Intro to Linear Algebra Math 1553 S‘93 Max Jodeit, Jr. 9/5/02 7

1010302900
01 513120
[1] +2[2] - [1] Eo7 7185,
08 79
01 513120
001030200 .
[2] - [1] Oo 7 71804, i.e. exchangerows 1 and 2,
Upg 79U
01 513120
0010302000 _ . .
[3]-1[4] - [3] Uo-1 0 9 U, togeta —1 in row 3, to avoid fractions!
0 0
08709
01513 120
8[3]+[4] - [4] & 0o 030119U ,
10[3]+[2] - [2] Oo-10 9U, 2 stepsat once O.K. - but don’t change [3]!
Uoo 7 a1V
01513 120
Oo-10 90O
[3] - [2] Eo 0301195,
00 7 81
01513 12 [
O0o-10 8 O
7[3] —30[4] - [4] Eo 030 109 H
0 0 0-1597

Thelast step is O.K.; imagine that we first did the step —30[4] - [4], thendid 7[3] + [4] - [4].
It would be doing the same thing. Please check it out!

Notice what the last row says! If we choose X, Y, z asour unknowns, it says 0z =-1597, and this
equation has no solution! At the start we actually assumed all the equations were true for the same
choicesof x,y, z throughout. We found that was NOT TRUE. That is, thereis NO solution.

Solution: Thereisnotriple x,y, z that makes all the equations true. We could say, the solution
isthat thereis no solution! But it does solve the problem because we have completely described the
solution-set of the system of equations: it isthe empty set.

Comments: This system had more equations than unknowns. Usually, such systems don’t have
any solutions - too many conditions for too few unknowns. But, sometimes they do have a
solution, even infinitely many! And sometimes there is no solution when there are the same number
of eguations and unknowns - for example, 2 parald linesin the plane that don’t meet can each be
described by its own equation, and, they can’t have the same pair (x,y) asasolution. Please make
up an example, now!

Example: Let’ s apply Gaussian elimination to the system | asked you to solve the “direct” way:
2Xx+3y+ 4z= 5,

X+5y+ 7z= 09,
4x + 7y + 10z = 13.
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EZB 4 5%
357 9
Ua710139"
EZ 34 5%
-21] +[3] - [3] 0 5 530
EZ 34 5%
-3[1] +2[2] - [2] Dg } g gg

We can see, without doing it, that the next step will yield alast row thatisall 0's. This
corresponds to an equation with x and y eliminated, and having theform 0z=0. Sinceany z a
all satisfiesthis equation, we treat this equation as having the solution z=t, aparameter. Now we
can backsolve. We havethese 2 equations (recall that the last one “ disappeared”):

2X+3y+4z= 5,
y+2z= 3.

Then y=3-2z2=3-2t, and 2x + 3(3-22) +4z=5 implies x=-2+z=-2+1.

Check: 2X+ 3y +4z=5?
2(2+2)+3(3-22)+4z=5 (Yes! The z's cancel!)

X+5y+ 7z=9?
(2+2)+53-22)+72=-6+15+3-10+7)z=9 (V)

4x + 7y + 10z = 137
4—2+2)+7(3-22) +10z=-8+21+(4-14+10)z=13 (V).

Solution: There areinfinitely many solutions, describable in terms of one parameter, t:
x=-2+t, y=3-2t, z=t, OR (X,Y,2) =(-2,3,0) +t(1,—2, 1), t anarbitrary real number. The
solution-set hasdimension 1, sincethereis 1 parameter.

Please choose 3 different valuesof t, now, and check that aeach of the 3 sets of corresponding
X,y and z do indeed solve the equation!

Comment: When there are more unknowns than equations, it turns out (as we'll see later) that
there are usualy infinitely many solutions, and alwaysif the right-hand-sideisal O's.

Exercises. Given asystem, solveit. Given amatrix, apply Gaussian elimination to it.

02 0 45 30
1 E57947E
1118 212831

2X+ 4z+ 5w =3,
2. 5+ 7y+ 9z+4w =7,
11x + 18y + 21z + 28w = 31.

2a+ 4c+ 5d=3,
3. 9c+ 7b+ 5a+4d=7,
18b + 11a+ 28d + 21c = 31.
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In this section, you have seen by example how to solve a system of linear equations by setting up its
matrix, applying Gaussian elimination (with variations to avoid fractions), converting back to
simpler equations (having the same solution-set), backsolving, and checking. Y ou have seen exam-
ples of solution-sets that contain one point, no points, and infinitely many points (one parameter).
Hereisalist of the underlined terms, listed by columnsin their order of appearance in the text:

linear equation
solution
infinitely many
linear
unknown

system of linear equations

solution-set
dimension
linear system
Gaussian elimination
matrices
coefficient
matrix

row

column

enter

entry

variable

main diagonal
backsolving
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X+ y+ z=1,

X—y+ 22=0,
—X+3y-52=3.
(204 50
5359 7%

4 7-1 8-

U2 g3 45
E—2045 3597%
4 7-18 2834
X+ y+ 22=w,
X—y+ 32=0,

X + 4y — 6z = 3w; theunknownsare X, Yy, z, w.

X+ y+ z=1,
X—y+ 22=0,
—X+3y—-5z=3,
Xx—-3y+5z=3.
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unique
parameter
infinite
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1. -11x + 14y + 6z +9p -14q =15,
-9x 9y +9z +9p -6q =10,
12x 3y +2z +16p +13q = 14,
16x +14y +16z +7p —q = 14.

2. 10x +14y +7z +10p +10g + 13r +9s =12,
X +y +11z +13p =0,
3x +16y +z —7p +12q +8r —7s =12

3. 12x + 13y +9z +11p 4q =9,
2x +15y —z 9p +5q =13,
2X +3y +5z -3p +9q =7,
16x + 13y —-13z + 10p +12q =3,
—16x +10y +6z +6p + 16q =6,
6x +5y +15z +8p +16q =2,
8x +3y + 11z +15p + 10q = -13,
8 +y +7z +10p -11q = 16,
12x + 14y +6z +8p 159 =6.

4. 9x +14y +z —2p +10g + 10r +5s =12,
—8x +7y +15z +9p -16q + 16r +5s =2,
16x 13y +13z +11p +7q=0,
5x + 10y -4z -11p -13q +r —14s =15

5. —15x 11y +16z +7p +6q +6r +2s =6,
—7/x +15y +3z +6p +5gq +4r +9s =7,
7x +5y -8z +12p +12q +2r +11s =8.

6. —-3x +12y +5z +11p -8q =11,
5x +4y +7z +5p =0,
X +16y + 13z +8p -3q =2,
12x +10y +5z +15p +11q =11

7. -3x +2y +10z +7p +2q + 8 +s =-16,
8x -2y +12z +10p +16q +r —-10s =0,
14x +4y +5z +8p —9q + 12r —2s =12,
-bx +9y +z +7p +11q +10r +s =5,
8 +2y +8z +14p +10q +6r +2s =2,
-12x +y +2z=0,
15x + 13y 15z + 13p +12q +4r + 7s =-10.

8. 16x +3y =2,
—-x + 13y =3
9. —4x —12y +11z +11p +10q —r +4s + 11t + 8u =6,

—-2x + 10y + 16z +8p +13q + 6r —14s=0,
14x + 15y +16z +8p +q +16r +7s +12t +15u =1,
10x +2y 12z +7p +7q +5r +2s=0,

11x + 16y = 0.
10. 5x +7y =16,
5x +4y =8.

11. 4x + 13y +11z +7p +14q =13,
2x +12y +3z +12p +5q =-2,
12x 14y -2z -3p + 14q =-5.

12. 11x 2y =1,
12x + 13y =15,
—14x by =3,
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X +3y =0,

X +8y =9,
13x + 10y =2,
X +8y =4,
-11x + 15y =11.

13. -16x +2y +2z +15p =0,
15x + 6y + 15z + 15p = -3,
9x —12y +6z +4p =-15,
—7x +14y + 12z +15p =4,
-10x + 13y +5z —4p =3,
6x +9y +14z -13p =4,
bx +3y -3z +9p =12

14. —7/x +10y +8z +16p =-13,
13x -8y + 3z -12p =-16,
-5x +y +15z -10p =7,
6x +2y +8z +6p =14,
12x 14y +13z +7p =T1.

15. —4x +5y 15z —15p = 16,
—2X + y = 0,
12x 11y =0,
11x +3y +8z + 14p =16.

16. 15x +6y +8z +15p +6q0 = 16,
-11x +9y + 10z + 16p =0,
8 +3y +5z +6p +10q =0,
-10x -15y +7z +10p +9q =0,
15x +8y =0,
X +13y —2z -11p + 15q =-11,
11x +10y +z +11p +12q =7,
—6x +5y +9z +14p + 11q =-13,
15x + 6y + 10z +12p + 69 = 10,
—2X 4y +6z +5p +4q =8.

17. -10x + 3y =13,
—14x 16y =10,
15x + 15y =-14,
4x + 4y =-15,
5x +12y =3,
4x -2y =13,
7x -6y =8.

18. 15x by + 6z =13,

—4x +15y +13z =7.

19. 11x 15y +2z +p +16q =6,
4x +11y +3z +8p -13q =13,
3x +1ly +7z +6p +15q =6.

20. 2x -16y =0,
-3x +16y +10z +15p + 159 =-3,
—5x 4y -11z -bp + 14q =0,
4x 13y +8z +16p +7q =12,
—14x 16y -14z + 3p + 11q =11,
2x -9y 16z -11p +14q = 10,
—-6x -3y +8z +16p +4q =7,
15x + 15y -6z +6p +2q =-5,
—7x +8y -10z +p + 10g =4,
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7x +10y +14z +15p +3q =8.

21. 15x +7y +z +4p +6q =12,
12x -15y +5z +12p +2q =5,
—-X +13y +11z +11p +11g =15.

22. X -y +z =7,
16x +2y + 13z =-5,
7x =16y +4z =12,
13x +y + 15z =13,
15x 13y -3z =0,
—Xx + 10y —11z =16,
—12x + 12y + 3z =16.

23. 3x +10y 15z +8p —10q + 3r +13s + 14t —6u +v =-12,
6x +9y -5z +16p +9q + 13r —4s + 13t + 16u —11v =0,
X + 15y =0,
—10x +4y =0,
-9x +2y +13z +6p=0,
3 +2y =0,
14x + 14y 15z +16p +10q +16r +9s +5t +8u + 12v =4,
-3x +5y =0.

24. 5x + 10y + 15z +8p =14,
-14x +y -9z +3p =5,
bx —11y +10z +2p =8,
-14x + 16y 14z —p =10,
5x +11ly + 6z + 16p =4,
8x + 16y +2z +15p =10,
2X +4y +5z 4p =6.

25. 11x +10y +5z +8p +8g +10r +7s =12,
X +16y +14z +7p +5q +2r +9s =2,
13x -15y -6z + 16p +9q —6r —9s = 14,
6x —7y —14z +3p +9q + 15r +9s =-9,
14x +y +9z +2p +2q +16r +7s =12,
14x +2y +2z +6p + 159 =0,
11x +12y —z +12p +6q -12r —13s =-3,
10x +8y +14z +p +16q + 7r —8s =4,
4x + 16y -13z + 14p +9q -16r =0,
7x +8y +10z +12p 49 +4r +13s =0.

26. 8x + 10y +6z+8p+ 10q—10r + 6s+t =8,
16x — 11y + 5z + 13p + 159 + 5r + 9s = O,
8x+ 12y —7z+10p + 11q—12r + 11s+ 7t = 7,
13x + 10y = 0.

27. 12x -3y + 8z +2p + 13q + 9r + 4s= —11,
X +5y+16z+12p+8q+4r+s=5

28. OX—-3y+14z-9p+8q+r+3s+10t+7u+9v =1,
16x + 6y + 72+ 5p + 11 + 12r —6s + t + 15u — 10v = 9,
—14x + 12y +9z+ 16p+ 13 +r+8s+ 9t + 6u + 15v = — 2,
16x + 8y + 152+ 8p + 11g + 9r — 7s+ 13t — 5u + v = 12,
15x +2y + 14z + 7p+ 12— 3r—-11s+ 8t + 3u + 6v = —§,
Ax+4y +2z—-11p+q+ 9r + 55+ 9t + 15u + 5v = §,
—12x + 11y + 3z —4p + 139 — 7r + 155+ 3t + 10u — 5v = 14)

29. Ix+2y+1z+2p+8q+ 13r+ 1s
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8x +3y+16z+4p+1q=0,
—8x+1ly + 13z—-6p + 5q + 7r + 12s + 15t = 16,
X+ 7y +12z + 16p + 6q + 12r —4s—- 12t = 3,
9x + 1y + 6z — 15p + 12q + 16r + 4s + 3t = 14,
6x + 6y — 1z + 7p + 10q — 6r + 8s— 9t = 13,
3x—-5y+13z+2p+13q+ 14r—-8s+3t=6

30. 2x+8y + 16z + 13p + 15q + r + 16s + 10t + 11lu = -4,
12x —3y + 6z + 15p — 139 — 13r + 8s + 2t
10x + 12y — 14z — 9p + 60 — 12r + 155 + 12t — 9u = 15,
2X + 6y + 16z + 13p + 60 + 5r
2Xx+4y +8z+13p+ 159+ 7r—10s— 7t + 2u = 9,
11x + 13y + 11z + p—7q + 8r — 11s + 15t + 16u = 13,
10x + 14y + 13z —p+4q+ 13r+ 2s— 14t + 13u =3

31 —7x+ 13y + 152 -6p = 4,
13x+7y—-3z+8p=1.

32. 12x + 10y + 14z —5p + 129 + 3r + 14s = 2,
10x + 3y — 16z + 7p + 11q + 6r + 155 = — 12,
7x+ 13y + 5z + 4p = O,
Ox + 14y +16z-7p+g—-12r + 6s=9

33. 2x +y +5z+ 12p + 8q = 16,
9x -6y +14z+9p—-29 =9,
9x +2y +13z+ 14p + 99 = — 16,
-9 + 16y + 10z + p + 60 = 13.

Section 2 Solving a system of linear equations by Gaussian elimination and
backsolving (skip to G. E. defined, next page, for “what to do!”)

In this section, Gaussian elimination will be described technically. | recommend that you read it,
noting where terms are defined (underlining is used to indicate a term being defined), then carefully
(italics are used for emphasis) follow the examples, referring to the formal material asneeded. The
examples given in this section, and those aready givenin Section 1, illustrate a wide range of
“things that can happen” when we try to solve a system of linear equations.

A system of m linear equationsin n _unknowns consistsof m equations of the form

(2.1 3i1X1 + gioX2 + ... + ginXn = by, i=1,..m.

The quantities &;j are called the coefficients of the system. They are considered to be “known,”
and are usually numbers, treated as being constant. The quantities bj are called the constants of
the system. They are also considered to be “known,” and are usually numbers, treated as being
constant. Each g;j isassociated with the unknown xj. Thus, each subscript onthe gj's hasa
definite function: thefirst one, i, tellsthe equation &; came from; the second one, j, tellsthe
unknownthat &; goeswith (by multiplication). If we are given a system of equationsin numerical
form, such as the examples in Section 1, and one or more of the unknowns is absent in the ith
equation, the corresponding gj are 0. The Xj, j =1, ... n, arethe unknowns of the system, and
our objectiveisto “find” al possible n-tuples (X1, ..., Xn) of numbers that satisfy the equations,
that is, “make all m of the equations true when substituted in.” If (X1, ..., Xn) doessatisfy the
equations, it is called a solution (of the system). Section 1 contains some examples. In this sec-
ti ont,)ége_ mdetho_(lj of solving linear equations by Gaussian eimination and backsolving will be de-
scribed in detail.

The matrix associated with the equations (2.1) isan arrangement of the coefficients & and con-
stants bj intointo a“table” with m rowsand n+ 1 columns. The ith row contains, in order,
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the numbers g;j followed by the number bj. When anumber isin amatrix, it is caled an entry.
To locate an entry, we call theentry that isin row i andin column j the ij-th entry. Hereis(a
picture of) the matrix associated with equations (2.1):

[Ja11 a2 ... an b1 []
[]eet a2 - @&n b2 ]

Ui ame . amn b U

Weaso say that (2.1) isthe system of the matrix (2.2), or that (2.1) and (2.2) “correspond to
each other.” The use of amatrix hereisfor convenience. Notice that the last column is somehow
different that the others. Later, matriceswill be used systematically, and the one we use here will be
replaced by two of them, one containing just the &;’s the other the bj’s. And athird will be added
that containsthe Xj's.

(2.2)

The object of Gaussian elimination isto use row operations to change a (system’s) matrix into one
that has, in each row, a string of consecutive zeroes (leading zeroes) longer by at least one than the
string in the row just aboveit. Thefirst row usually has no leading zeroes - a string of length zero.
Such amatrix isin upper triangular form, because there are only zero entries below the main diag-
ond , and it looks like:

1 rz.. fp1 fin € H
0 r2... rgpn1 ron €2
(2.3) e _
% 0 O .. 'minl m1n Cm-l%
0O 0 .. 0 'mn Cm

Why do thiswork? Because this new, reduced matrix corresponds to areduced system:

11Xy +ripxXg + ... +rin-1Xn-1 + rnpXn==C1,
2. l22X2 + ... + I n-1Xp-1 + InXpn=C2,
'm-1,n-1Xn-1 * 'm-1,nXn = Cm-1

f'mnXn = Cm

A reduced system can be easily “solved” by backsolving. This means, solve the last equation first,
then use the solution to solve the next-to-last one, and so on. Section 1 has some examples. Itis
here that we discover whether there is just one solution, no solutions, or infinitely many. There-
duced system has exactly the same solution-set asthe original one. This statement requires proof,
and will be proved later, perhaps by you! When we backsolve we always get one of 3 outcomes:
asingle solution, the information that no solution exists, or infinitely many solutions describable in
terms of one or more parameters, the number of which is called the dimension of the solution-set.

Gaussian elimination is arather mechanical process. It can be done straightforwardly on acom-
puter. Usualy, clever variations are written into computer programs to increase speed and to reduce
round-off error. Wewill usethese 3 basic row operations:

(1) Interchange 2 rows (corresponding entries are interchanged),

(2) Multiply arow by anon-zero constant (each entry in the row is multiplied by the constant),

(3) Add amultiple of one row to another row. (toadd c times row i to row k, replace each
entry a; in rowk by a;+cgj, for j=1,..,n, andreplacetheentry bk in rowk by
by + chy).
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Each row operation corresponds to an operation that can be performed on a system of equations:
(2) interchange 2 equations, (2) multiply an equation by a non-zero number, and (3) add a mul-
tiple of one equation to another equation.

It isextrmely useful to me to have away to record the row operations | use, on a particular matrix,
so that | can fix errors. There are many handy ways to keep track. One way was introduced in
Section 1. We will learn otherslater, and you can invent ways that others might find useful.

Gaussian elimination defined: Thisiswhere what you actually DO is described!

Step 1 Givenan m x (n+1) matrix, find the first row that has a non-zero entry in column 1. If
that row isthefirst row, do nothing. Otherwise, interchangeit with row 1. If no entry of col-
umn 1 isnon-zero, apply this step in succession to the matrices obtained by ignoring zero
columns (i.e. columns containing only O entries). Treat the first column with anon-zero entry as
though it were column 1. Thereisone exception: if thefirst n columnsare zero columns, then
Gaussian elimination isdone. Thus, if thereisanon-zero column, when Step 1 isdone, a matrix
is presented to the doer of Step 2 that has anon-zero entry in “row 1,” and “column 1;” this
istheentry caled a1 by the doer of Step 2.
If this zero column happens right away, then the equations the matrix presumably came from may as well
not contain the variable corresponding to column 1, for that variable can take any value. Thiswon't
happen in practice right off, but does happen when Step 1 isrepeated in the course of working on agiven
matrix! It could also happen immediately in a computer program’ s environment, so it is necessary to be
aware of the possibility.

Step 2 For each row below the first, say the ith row, multiply each entry in row 1 by g1/a11,
and subtract the result from the corresponding entry in row i. The result of this subtraction repla-
ces that corresponding element in row i. In particular, thefirst entry of row i isreplaced by O.

Step 3 If therow currently being called the first row, is actually where the last row of the origina
matrix was, or if the column currently being called the first column, is actually where the next-to-last
column of the original matrix was, then Gaussian elimination isdone. Otherwise, the part of the
matrix that is below the row currently being called thefirst row, and to the right of the column
currently being called the first column, is presented to the doer of Step 1 asan m x (n+1) matrix
with new valuesof m and n that are each one less than they just were, in Step 2.

Steps4—7 Write down the system of equations that corresponds to the reduced matrix, and back-
solve.

Perhapsit’s not quiteright to call Steps4—7 part of Gaussian elimination, but many people do,
and that’ s why we do Gaussian €imination, when we have a system of equationsto solve, so that
we can backsolve. Steps 4,5,6 and 7 will follow shortly.

Backsolving, and presenting the solution

The 3 desired outcomes of solving a system of linear equations are:

(2) finding a unique set of numbers that make all the equations true when they are used as

values of the unknowns,

(2) finding that no solution exists,

(3) finding that infinitely many solutions exist, and expressing them in terms of parameters.
The next steps say how to handlethese 3 possibilities, and to know why there are no others.
Examples and more comments will follow the description of the steps.

Step 4 Check whether m, the number of equations, isat least aslarge as n, the number of un-
knowns, and whether each of thefirst n rows of the reduced matrix has a non-zero entry on the
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main diagonal (being the entrieswhose row- and column- subscripts are the same), and whether
all the remaining rows are completely filled with zeroes, including their last entries.
If the answer is YES, do the following, which is called backsolving:

Write down the system of equations that corresponds to the first n rows of the
reduced matrix. Solve thelast equation, rnnXn =Cn for Xpn = Cy/rnn, Substitute this
valueof X, into the preceding equation, and solve for

Xn-1 = (Cn-1 - ('n-1,nCn/Tnn))/Mn-1,n-1, @nd so on through the rest of the equations. In

thisway, n numbers are found, and these numbers, when used in place of the
corresponding unknowns, make all the equations true - assuming al the arithmetic
wasrightly done! No matter how the elimination isdone, if it is done correctly, the
same numbers will arise when the reduced equations are solved in this manner.
Thisis so because each operation we performed was one of the 3 basic row
operations, and we know the solution-set is not changed when one of these
operationsis performed. Since our reduced equations lead to specific values for
each of the unknowns, the solution-set is precisely (the set containing) (X1, ..., Xp)-

The equations are now solved. No more steps need to be done.

If the answer is NO, meaning one of the 3 things you checked isfalse, go to Step 5.

Step 5 Thereare 3 ways Step 4 canyielda NO answer, and all of them may occur at once. Let
us check them in the order that leads most quickly to the end of the procedure.

If the reduced matrix has arow that has all zeroes except for the last entry (this was the last
possibility mentioned in the first part of Step 4), then the reduced system has an equation
of theform Ox; + Ox2 + ... + OXy = c 2 0, which has no solution. The equations are now
solved. Note the fact that there are no solutions. No more steps need to be done. For other
applications, you might want to notice which of the original equations this was, or whether there are other
“bad” rowsin the reduced matrix. Thisiswhereit’s handy to keep track of what your row operations were.

If the reduced matrix has no row that has all zeroes except for the last entry, and if there
duced matrix has 2 consecutive rowswhose first non-zero entries are not in adjacent col
umns, the system has infinitely many solutions. Note all columnsthat never get to contain
the first non-zero (leading) entry in some row, and go onto Step 6.

If you get thisfar, it must be true that there are no all-zero rows, the main diagona has no
zeroes on it, and there are more unknowns than equations. Note that columns m+1, ..., n
are the ones that never get to contain the leading entry in somerow. Goonto Step 6.

Step 6 Write down (almost) the system of equations corresponding to the reduced matrix, with this
modification: subtract, from both sides of each equation, al the terms that contain one of the
unknowns corresponding to a column that didn’t get to contain the leading entry in some row.

Then replace each of these unknowns, which now appear only on the right-hand side of one of the
equations, if they appear at all, by parameters. Use the same parameter for each occurrence of the
same unknown. Use different parameters for each of these unknowns. Most peopleuse r, s, t, or
t1, to, t3, and so on as namesfor their parameters. (Optiona in Step 6) write down one new
equation for each of these supplanted unknowns: i, =t1, Xj, = t2, Xi5 = t3, and so on, where X;,,

Xio, Xi5, and so on, are the unknowns that were replaced by parameters. Goto Step 7.

Step 7 Backsolve the modified reduced equations that still involve unknowns not replaced by pa-
rameters (seethe YES part of Step 4 for how to backsolve) . This can be done because al un-
knowns that could not be solved for are assigned values (their parameters) that can be chosen later;
the remaining ones have anon-zero coefficient in at |east one equation, and each equation, begin-
ning with the last one, can be solved uniquely for one unknown in terms of the entriesin the re-
duced matrix, your parameters, and previously found unknowns (which are already expressed in
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terms of the entriesin the reduced matrix and your parameters). Now write down (smplified) e-
guations for the unknowns, x; = d; + g1t1 + got1 + g3tz + and so on. The system is solved.
There are no more steps. Note that some of the equations will have theform x; =tj. Thesearethe
equations that were optional in Step 6.

A word to thewise: Unlessyou find that there are no solutions, always check your solution by
substituting it into the original system, even if it contains parameters! Y ou might consider it to be:

Step 8 (unofficial) check your answer! We'll see later away to check your answer evenif it isthat
thereisno solution. If you do get a solution, the best way to check it will always be to substitute it
into the original equations.
Example 1

X+ y+ z=1,

X—y+ 22=0,

—X + 3y -5z =3,
Xx—-3y+5z=3.

After Step 1,

After Step 2,

iR
[ o

Step 3 says, “Look at

*

N
Oooo

Step 3 says, “Look at

[*x * *
[* = *
L+ 2 2
e % 6
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It'sdone. Even without going through the motions (as directed in Step 4 and Step 5) of writing
down the reduced matrix, we can see that the last equation isgoing to be 0z =6, sothereisno
solution. As| mentioned before, we'll find away to check that later on. Right now, please check
the arithmetic to see if you agree!

Solution to Example 1. No solutions exist.

Comments: Please go back and look at the original equations. If we simply add thelast 2, weget 0 =6,
which can't be true. So we could have seen at once that there was no solution, with no doubting based on the pos-
sibility of arithmetic error. But, as| said, the procedure is mechanical, and this but one example. In most casesit’s
not easy to spot equations that contradict each other. One rule of thumb is that when there are more eguations than
unknowns we expect that there are no solutions - but there can be, as alater example will show.

Example 2

—2X1 —4x3 + 5X4 + bxg = 3,
(2.5 5X1 + 9% + 10X3 +4x4 = 7,
—X1 + 8Xo —2x3 + 84— X5 =3.

This system has more unknowns than equations. We know at once that it has infinitely many so-
lutionsiif it has any, but we do not know how many parameters will be needed, nor do we know
which unknowns are free to take any value whatever, or whether any solutionsexist. So, I'll apply
Gaussian elimination, recording steps the way it was done in Section 1:

02 0-45 530
H5 910 4 074
-1 8-2 8-13

S5[1]+2[2] - [2] & EF(? 1% _g 353 2% 2?{9E

01204 5 5 3[
[2]3] -[2] & Op 20 22 32 260
—8[2]+[3] -[3] give Uo 0 0 -165-263—205""

Thereduced systemis:
—2X1 —4X3 + 5X4 + 5x5 = 3,
X2+ 11x4 + 16x5=13, 2 egndivided by 2,
— 165x4 — 263x5 = —205.

Follow Step 6: noticingthat x3 and Xs never get to start an equation:

—2X1 + 5%x4 =3 + 4x3—5X5,
X2 + 11Xx4 + 16x5 = 13,
—165x4 = =205 + 263xs.

Let'suse s, t asthe parameters, replace x3 by s, x5 by t, andadd 2 new equations (thisisthe
Optional part of Step 6):
—2X1 + 5x4 = 3 + 4s-5t,
X2+ 11x4 =13 -32t,
—165x4 = —205 + 263t,
X3=5§,
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X5 =1.
Thiscompletes Step 6. Now, onto Step 7: Thelast 2 equations are already “solved.” The third

equation has the solution
X4 = (205/165) — (263/165)t = 41/33 — (263/165)t,

and this leads the second equation to
X2 =-11(41/33 — (263/165)t) + 13/2 — 16t, or

X2 =-41/3 + (263/15)t + 13/2 — 16t, or
Xp =—-2/3 + (23/15)t.

The first equation yields (after similar arithemetic | hope you will check)
—2X1+5x4=3+4s-5t, or
X1 = 53/33 — 25— (49/33)t.

Solution to Example 2: X1 = 53/33 — 25— (49/33)t,
Xo =—=2/3 + (23/15)t,
X3=5,
X4 = 41/33 — (263/165)t,
X5 =1.

Comment: Often such formulas are written in the form
(X1, X2, X3, X4, X5) =
(53/33,-2/3,0,41/33,0) + (2, 0, 1, 0, 0) + t( —49/33, 23/15, 0, —263/165, 1).

Here, 3(—2,0,1,0,0) means (-2s,0,s,0,0). Ingenera, c(Xq,..., Xy) means (CXx,..., CXn), Where
each and every xj ismultiplied by c. Thisiscalled scalar multiplication.

Example 3

[SYAYIIR
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&
+
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I
~

After Step 1,
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In Step 4 weget aYESanswer. The number of unknowns, n, for our matrix is 3. Sowe

backsolve thefirst 3 equations:
22=4, 0 z=2; —2y+2=-1, 0 y=3/2; x+3/2+2=1, s0 x=-5/2.

Having begun with the assumption that the equations all were true for sometriple (x,y, z) asyet
umknown we have found that thereisindeed atriple, namely (-5/2, 3/2,2), that solvesthe equa-
tions. The solution is now seen to be unique, assuming the arithmetic done correctly. For, were
there others, we would have found parametric formulas for them, and we did not.

Solution to Example 3: (x,y,2) =(-5/2,3/2,2) istheonly solution.

Comment: Even though there are more equations than unknowns, a unique solution exists. Thelast 2 equations
seem to have disappeared. In away that istrue, but they are still in effect; the Gaussian elimination showed that
they are consistent with the first three equations. In Example 1, the last equation was inconsistent with the others,
and so the solution-set of the last equation, and the solution-set of the others-holding-all-at-once, have no pointsin
common.

Example 4: What else can happen?

X+ y+z=1,
X— y+2z=0,
X+ 3y = 2,
X+7y—-2z= 4,
X +11ly —4z = 6.

The remaining steps follow, with little comment:
% 111
-120
302
% 7-24 E
1146
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t:

z will be replaced by a parameter (Why’?) Siy

backsolve:

y=(1+1)/2, x=(1-3t)/2, z=t.
Solution to Example 4: (x,Y,2)=(1/2,1/2,0) +t(-3/2, 1/2, 1); thesolution-setisaline.
It is described with one parameter, hence has dimension 1.

Comment: Here, there are more equations than unknowns, yet the system has infinitely many solutions!
Example 5: What else can happen?

—2X1—4X3+ 54+ bBx5=3,
(2.6) B5X1 + 9X2 + 10X3 + 4x4 = 7,
—X1 + X2 — 2X3 + 19x4 + 15x5 = 11.

02045530
H5 910 4 0 74
-1 92191511

S[11+2[2] - [2] & 1518 0 %2 290
—{1]+2[3] - [3] give 0 018 0 3325 19D

The next step isto subtract row 2 from row 3. Theresult isareduced matrix with arow that has
all zeroes except for the last entry. Thereis no solution.

Solution to Example 5: No solutions exist.
Comment: Here we had more unknowns than equations, and yet had no solutions!

L ead-in: The preceding examples have al had specific numbersin them. Sometimes the structure
of asystem, and simple conditions, allow usto recognize at once that any system with the same
form has a solution, without doing any work. If that isall you need to know, then knowing such
“theoretical” thingsis quite practical: it can save you work!



Intro to Linear Algebra Math 1553 S‘93 Max Jodeit, Jr. 9/5/02 23

Example6: Show that, if a b, and c areadl different, then for any d, e, f the system
X+ y+ z=d,
ax+ by + cz=e
ax + b2y + c2z =f,

has a unique solution. Once thisis known, and you encounter such a system, you' Il know it has a unique solu-
tion. And thiskind of system does come up, for example, in solving ordinary differential equations.

HllldH

ab ce
HaZbZCZfH

1 d H

1
EO b-a c-a e—adH_
0 b2-a2 c2-a2 f-ad
The next step would not be doneif b2 = a2
1 1 d H
—-a c—a e—ad H
0 c2-a?2—(c—a)(b+a) f-a2d—(e—ad)(b+a)

1

Since c2—a2—(c—a)(b+a)=(c—a)((c+a)—(b+a)=(c—a)c—b)z0, andsince b—a is
also non-zero, we know, from Step 4, that the system has a unique solution. Thisisall that needsto
be done to complete Example 6. If you want the solution-formula, just continue the algebraic steps to arrive at it.

Exercises. Solvethefollowing linear systems. Clevernessis encouraged!

1. 2X + 4z + 5w = 3, 6. X+y=0,
S5x+7y+9z+4w =7, 2X+2y+z2=3,
X+ 4y + 3z + 20w = 21, X-y+2z2=4.
X—4y + z+ 3w =217.
7. r+2s+2t+ u = 0,
2. 2a+ 4c+ 5d=3, 2rt+b6s+ t+2u= 5
9c+ 7b+ Sa+4d=7, r+4s— t + u =5,
8b+a+8d+2c=3. r + 5t + u=-5.
3. X+ y+ z=1, 8. r$2s+2t+ u = 3,
X—y+ 22=0, 2r+6s+ t+2u= 2,
X+ y+4z=3. r+4s— t + u =-1,
r + 5t +u= 5
4, X+ y+ 22=w,
X—y+ 32=0, 9. r$2s+2t+ u = 1,
X + 4y — 6z = 3w. 2r+6s+ t+2u=-1,
r+4s— t + u =2,
5. X COSB —Y SiNG = CoSw, r + 5t +u= 4

X SiNG +y CosH = Sinw.
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10. r$2s+2t+ u = 2, 11. Suppose AD -BC=1. Solve
2r+6s+ t+2u= 3, Ax + By = u,
r+4s— t +u =1, Cx+ Dy =v.
r + 5t +u= L Note that your solution-formulaisalinear
system!
12. (@) Solvefor x,y, and z
X+y=0,
2X+2y+z2=3,
X-y+2z=4,
(b) Substitute your valuesof x,y, and z for the constants of the system below and solveit:
r+ s+ t=x,
r—s+tz=y,

r+ s+tz=z
13. In Exercise 12, substitute the expressionsfor x,y, and z (intermsof r, s, and t, part (b))
into the system of part (@), smplify, then solve the resulting system for r, s, and t, and compare
with thevaluesof r, s, and t you got in Exercise 12.

14. Thisexerciseillustrates the rule of thumb, that a*“random” system of equations with the same
number of unknowns as equations usually has a unique solution, a system with more equations
than unknowns usually has ano solutions, and a system with more unknowns than equations
usualy hasinfinitely many. Get aquarter, adime, anickel, and apenny. Shake them up well and
drop them on atable. Findthevalueof 2(4Q+ 2D + N +1)( P—1/2) + 1, where, each timeyou
toss, Q=1 if the quarter is Heads-up, otherwise Q =0, and so on, with the other coins being

treated the sameway. Thus, you'dfind 2(40+21+1+1)(1-1v2)+1=5 if thequarter
shows Tails, and each of the others, Heads. If youget 9, changeitto 1. If youget 8, ignoreit
—try again. Do this 12 times, and enter your numbers as the coefficients and constants of the
systemin the following system, one at atime, from left to right, starting with the first row and
continuing to the second and then the third:

X + Y + z= ,
X + Y + z= ,
X + Y + Z=

Now, using the same list of numbers, enter them, in the same way, into this system:

X+ Y = ,
X+ Y = ,
X+ Y = ,
X+ Y =

Solve both systems, and bring your resultsto class on the appropriate day. Assuming that your
way of shaking up your coins makes every one of the 16 possible outcomes equally likely, your
systems are “random.” When | did the experiment | got these numbers. 5,7, 4, 2,6, -2, 9, 4, 2,
5, -2,-b.

Conclusion: This section gives you technical details of a step-by-step way to solve systems of
linear equations - Gaussian elimination and backsolving. It develops, both descriptively and by
examples, the way to present the “solution” of a system - asingle n-tuple when the solutionis
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unique, the assertion that the system has no solution when it does not, and alist of parametric so-
lution-formulas when there are infinitely many solutions. Here are the underlined terms:

system of m linear equationsin n  unknowns
coefficients

constants of the system
matrix

entry

ij-th entry

leading zeroes

upper triangular form
reduced matrix

reduced system
backsolving

dimension

row operations
Gaussian elimination
main diagonal

leading

parameter

scalar multiplication
inconsi stent

consistent

Section 3 Matrices, matrix operations, and their basic properties

Definition of a matrix, and some nomenclature
An m-by-n ( notation: mxn, called thesize of @ (rectangular) matrix isan arrangement of mn
numbers ajj (or other objects - but more on this much later) into a “table” or “array” with m

rowsand n columns. The ith row contains, in order, the numbers gj, j=1,..,n. The jth
column contains, in order, the numbers gj, i =1, ..., m. When anumber isin amatrix, itiscalled

anentry. Tolocate an entry, we call the entry that isin row i andin column j the ij-th entry.
Hereis (apictureof) an mxn rectangular matrix :

[Jaar a12 ... ... ain [ |
[]ee1 &2 ... .. an []
Daml am2 ... ... amn D

WEe'll use acompact notaion, A =(g;), to denote amatrix. When we want to indicate its size,

we' |l use one of the symbols (aj)mxn. or A™". The entriesthat have equal subscripts, namely
those of theform &, lie on the main diagonal. The other diagonals pardlel to the main diagonal
are characterized by constancy of the difference between their subscripts. The diagonals perpendic-
ular to the main one don’t get used much. They are characterized by constancy of the sum of their
subscripts. Anentry g;j isbelow the main diagond if its row number, namely i, islarger thanits
column number, j. If i—j <0, then g; liesabovethe maindiagonal. Each entry inamatrix can
be thought of asa 1x1 matrix. Thisissometimesuseful! Each row of an mxn matrix isitself a
matrix - a 1xn matrix. Thus,row 1 is (a11 &2 ... &n) = (agj)1xn. Notice that there are no
commas separating the entries listed in therow. On the other hand, column 1, also amatrix, is
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11
Bl
D : D Sinceit takes up alot of space on the page to illustrate a column thisway, an
an1
alternative way to do it is to write down arow of numbers, separated by commas, to denote a
column: (a1, a1, ...,a801) = (&1)mx1 Itisimportant to noticethat a 1xn matrix has a different

Sizethan an nx1 matrix!

Definition of matrix equality

Two matrices A = (gj) and B = (bjj) areegual if they have the same size and if corresponding
entriesareequal. That is, they have to have the same numbers of rows and columns, and, for every
dlowable i and every dlowable j, &; = bjj.

Definition of scalar multiplication

A matrix can always be multiplied by ascalar, the word given to describe a number in linear algebra.
If A=(gj) isamatrix,and c isascaar, then cA isthematrix formed by multiplying every entry
of A by c. Thisgives cA =(cgj). Sometimeswewrite Ac for cA.

Definition of matrix addition

Two matrices (the plural) can be added together sometimes - when they have the same size. Inthat
case (and only then!) we define the sum of (gj) and (bjj), denoted (gj) + (bjj), by adding corre-
sponding entries. Theresult: (&; + bjj). The reason for the requirement that the matrices have the
same sizeisthat then each entry 1n each matrix has a corresponding entry in the other one to be
added to.

Definition of zero matrix

For each matrix size, there isaspecial matrix, Omxn, €ach entry of whichis 0. If A isan mxn

matrix, then A + Omxn = A.

Definition of a matrix multiplication - motivation

For some of you, matrix multiplication isanew concept! It iscomplicated, but not too
much, once you get theidea. Theideais based on something called the “ dot product of 2 vectors
of thesame size.” In this context, avector isan ordered list of numbers. Itssize isthe number of
numbersinthelist. If a=(ag, a, ..., a), and b= (b, by, ..., bpy) are 2 vectorsof size n, ther
dot product, denoted a-b, isthe number obtained by multiplying corresponding numbersin the
list together, and then adding these products. The formula for the dot product ab is

n
ab :Z ab; .
i=1
I’1l begin with showing how matrix multiplication comes up naturaly. In 2 earlier problems,
(Exercises 12 and 13, Section 2; look them up NOW, please!) you were asked to solve asystem

31X1 T @2X2 ... + &nXn = G, i=1..m,
and then to solve a system
bij1uy + bjous + ... + bjkuk = X;, i=1,..n,

in which the unknownsin the first system, after being found, become the constants of the systemin
the second system of equations. Do you agree that those problems fit the description just given?
The point of those problems was to show that you could do such athing with lesswork if you first
substitute the expressions for the x;j, given by the equationsin the second system, into the first

equations:
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gj1(b1aug + bioup + ... + bikuk) + gia(boaug + booup + ... + bokuk) + ...
... + @in(bn1uy + bpous + ... + bpkuk) = ¢, i=1,..m.

Then you simplify, which is a straightforward process, and get a new system with new coefficients,
and involving only the unknowns ;. So only one Gaussian elimination needs to be done!  Of

course, the arithmetic is tedious, and involves alot of unnecessary writing.
In the new system, what are the coefficients of the ultimate unknowns, u;? Let'sfind the
coefficient of uy first. Inthe It equation, it isthe sum of g1bi1, a41b11, and so on, with last

summand anbn1. 1N compact summation notation thisis Z” ajbj1. Noticethat thisisasum
=1

of products, the products of the entriesin row | of the matrix ( gj)mxn, and column 1 of the
matrix ( bjj)nxk Thusthereisasystematic way to combine the coefficients of the 2 systems,
without having to write down so many symbols for unknowns, and it forms the basis for the
definition of the matrix product. Important! Notice that the number of columnsof (g;), the
matrix that came first, is the same as the number of rows of (lyjj); it came second. This procedure
for finding the coefficients of the new system did not require the writing of the unknowns uj. They
served really as “placeholders.” Thisisthe way the product of matricesis calculated.

Definition of matrix multiplication product: in words -

Two matrices can be multiplied together sometimes - when they have sizesthat fit right. They
might fit right in only one order, so it might be possible to form the product AB but not the pro-
duct BA. Theconditionisthis: the number of columns of the first factor must be equal to the
number of rows of the second factor. In that case (and only then!) we define the matrix product of
(@ij)mxn and (bjj)nxk, denoted (aj)(bjj), by forming, inal mk possible ways, the sum of the n
products of the entriesina row of (&;) withthe corresponding n entriesof a column of (bj).
Thereare mk waysto do this, one for each pair of: arow from (gj) and acolumn from (bjj).
The result of forming the sum of the products of the entriesin row p of (aj) withthe corres-

ponding entriesof column g of (bjj) becomesthe path entry of the product matrix, which thus

has m rows and k columns. Noticethat the pgth entry of the product matrix is the dot product
of row p of (aj) with columnq of (bj;)! Then is“used up” inthe process of forming the
product, though it still hasinfluence, aswe'll see, later.

Definition of identity matrix, square matrix

There isa special matrix associated with square matrices, namely those with the same number of
rows as columns. Ithas 1's onthemain diagonal, and 0's elsewhere, and iscalled the (nxn)
identity matrix, denoted | (or Inxn), becausefor every mxn matrix A,

|mxrnA:A, and Alnxn:A.

Definition of the matrix product: in formulas -

Hereisaformulaversion of the definition of matrix product:

If A =(gj) hassize mxn, and B = (bj;) hassize nxp, thenthe product, C = (cjj) = (aj)(bjj) =
AB exists, hassize mxp, andtheentry cjj, inrow i and column j of C=AB, isgivenby

Cij =er<‘:lakbkj Li=1,.,mj=1..p.

Definition of the matrix product: what you DO when their sizes are small-
Toformthe product AB of A =(aj) and B = (byj), first check that the number of columnsof A

agrees with the number of rowsof B, then form the dot product of the ith row of A with the jth
column of B, and put the result in the new matrix asits ijth entry. | usualy imagine picking up
the ith row of A, turning it into a column, and match that column with the jth column of B,
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multiply the matching numbers together, and add them up as | go. Thisisthe usual way people
multiply matrices. But there are other useful ways to do the work; more on this later!

Example 1 Find the product

Work: Thefirst factor has 4 columns, the second 4 rows, so the product can be formed. It will
havesize 3x2. Row 1 isall 1's, sowhen | match corresponding entries, multiply and add, it just
amounts to adding up the entriesin column 1: | get c11=0. NextI’ll do c12, just add the
numbersin column 2, toget cio = 6. Working with row 2 of the first factor is not as smple, but
sinceithasa 0 asitslast entry, | only have to match, multiply, and add thetop 3 entriesinthe
columns of the second factor. | get cp1 = 1(-1) + (-1)(-5) + 21 =6, and cp2 =13+ (-1)3 +
2(-3) =—6. Row 3 isthe most tedious. But | can see some patterns - to find c3; | noticethe 3's
get multiplied times 5's of opposite sign, so they’ll cancdl, leaving c31 =—4. Agree? | get c3p=
30. Agree? If my arithmetic is correct, this gives

Example 2 Find the product

20
55
Us 9

Thistime, the product will be done differently. The new way illustrates a very important way to
look at matrix multiplication. Noticethat, were | to form the dot products as described before, the
entriesin column 1 all would get multiplied by 4, thosein column 2 would al get multiplied by
3, andthosein column 3 by 7. Thissuggests another way to carry out the matrix multiplication:
Multiply column1 by 4, multiply column?2 by 3 and add that to 4(column 1), then finaly
multiply column 3 by 7 and add that to the previoustotal to get the answer. Work:

G20 OO B4D pen pop G280 3O
455 +3 555 +753 % % 56
HsH D 4o 707 D?OD H17H"

Y ou should do thisthe original way to seethat it works. This approach to matrix multiplication is
of theoretical importance, but is also useful, for example, in case the column whose entries provide
the scalars has some nice pattern, such as, al 1's, in which case, you'd just add the columns of the
first factor. A sum of products of matrices by scalarsis called alinear combination. Thisterm will
beused alot! Inparticular, wecansay “Ax isthelinear combination of the columnsof A with
coefficients from x.”

Moreterminology A specia termisused to describe matrices with more than one entry that have
only one row or column: vector. A matrix with onerow (and more than one column) is also called
arow vector; amatrix with one column (and more than one row) is also called a column vector. The
standard “vector” for usis going to be acolumn vector. A matrix with 1 row and 1 columnwe
treat asascalar. We could treat scalarsas 1x1 matrices. But we don't.
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Last major matrix operation: transpose We can change arow vector into a column vector, and
vice versa, by reversing the row and column subscripts. This can be doneto any matrix. Thus, if A
= (&j) isan mxn matrix, (gj)! isan nxm matrix, denoted Al, andread “A transpose.” Al-
though there are other matrix operations (such as the matrix inverse, which sometimes exists), al
can be described in terms of scalar multiplication, sum, product, and transpose. The basic
operations themselves are called scalar multiplication, (matrix) addition, (matrix) multiplication, and
transpose.

Example 3 Form the transpose of

Answer:

Notice that the entries on the main diagona don’t change place. The entries are “reflected” in the
diagonal (often used instead of “main diagonal”).

Example 4(sort of)

Let'slook at how matrix agebramight be useful. Imagine m things that you can make out of n
ingredients according to specific directions - so much of this, so much of that, and so on.

Suppose:

Tomake 1 unit of thing i, you need aj unltsoflngredlent o 1=1,...,m, j=1,...,n
The cost per unltoflngredlentj is G, j1=1,...,m

The vaueto you, per unit of thing i, Is vj, |—1 ., m.

Suppose you decide to make X; unitsof thing i, i =1, .

Here are some questions and their answers.

How much of each ingredient will you need?
Tomake x; unitsof thing i, youneed xjgj unitsof ingredient j. Thus, the total amount of

in—gredient j youneedis zm Xigj . Thiscan be expressed as (X1 X2 ... Xm )(aj), the product
i=1
of arow vector of length m, and an mxn matrix, and it resultsin arow vector of length n.

What will be the total cost of the ingredientsto be used?
Y ou know, from the answer to the preceding question, how many units of each ingredient you need.
So you multiply each amount by its cost per unit and add. The answer is

zn Cj §|m x|a”§ Z azlmaijcj @:

=2y 2y Xi@e = T Zl Xiaiq -

The “double sums” are mterpreted asthough the inner ones had parentheses around them, like the
onesin thefirst line. We can do the adding in any order and get the same answer because only a
finite number of terms are involved. In terms of matrix operations, this can be expressed as
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[f1[]

(xL%2 Xm)(aij)EE:E'l

What will be the total value to you of the things made?
Multiply the amount of each thing you make by its value to you per unit, and add. Thetota is
M vijxj . Thislookslikeadot product. Inaway, itis. What it “really” is, in this part of the
i=1
course, isamatrix product of 2 vectors. In order to make it work as amatrix product, rather than
as adot product, make one of the vectors be arow vector and the other one a column vector, so their
sizes match up right. Since we already havetreated (X1 X2 ... Xm) asarow vector - note the
absence of commas - we may as well make a column vector out of the vi's: (v1, V2, ..., Vvm) - note
the presence of commeas, to express this as a column vector, written horizontally. Then we write
M viX; =(X1X2...Xm)(V1y, V2, ..., Vm). Thesizes match right - thefirst factor is 1xm, the
i=1
second oneis mx1, sotheresultisa 1x1 matrix, which we regard as a number, oops, ascalar,
that is.

So far, thisisjust a possibly handy way to keep things and amounts straight. But here' s a different
question: Suppose you have y; unitsof ingredient j available, j=1, ..., n. For example, your
ingredients might be the vegetables you produce in your garden - about 500 tomatos, 90 big
zuccini, abushel of basil leaves, 2 pounds of garlic, 4 bushelsof green beans, 75 beets, and so
on. Let'ssay thisiswhat it seems like you have |eft over by the time your relatives, friends,
neighbors and co-workers won't take any more! So you decide to make up batches of various
recipes, of which you have m, and make x;j of eachrecipe, i =1, ..., m. Thequestionis, how
much of each recipe to make in order to use up al your ingredients? Well, make x; unitsof each
one, where x; isan unknown! Recall that (X1 X2 ... Xm )(&j) expresses how much of each
ingredient you need. Y ou want to use up al your ingredients, so you write down an equation:
(X1X2 ... Xm)(@&j) =(Y1Y2 .- Yn).
This can be written more compactly: XA =yt
The equation saysthat if you make x; units of each recipe, it will take y; units - what you have -
of each ingredient. When all the matrix operations are carried out, you'll get n equations

Zm Xigj =y, j=1,...,n
i=1

They don’t look exactly like the linear systems we' ve worked on, but only because of the different
order of the factors, so thisreally isa system of linear equations. So now we could use Gaussian
elimination to try to solve the equations. Infact, if we transpose both sides of the matrix equation,
we Il get asystem in standard form (except that row and column subscripts are reversed):

(3j|)( X1, X2, ..., Xm) = (YL Y2, ..., yn)
This can be written more compactly: Atx =y. Notice that the subscriptsin the matrix got reversed,
the row vectors became column vectors, and the order of the factors changed. This new equation
has exactly the same solution-set as the other one does, but we need atheorem to justify saying that
the transpose of amatrix product isthe product of their transposes, in reverse order. That will
come soon. Right now, al | want you to get isafirst glimpse at how a“practical” problem can
lead to a system of linear equations. And don’t look too closely at the example! It failsto take
various other ingredientsinto consideration: what about salt, pots and pans, storage containers and
method of storage, and what about your time? Can the system be solved?
Basic properties of the matrix operations
Addition, when it can be done, is commutative and associative, just asit isfor numbers. That is, A
+B=B+A, and A+ (B +C)=(A +B)+C. Thisisproved by noticing that the operations are
performed entry by entry, and they only involve the addition of numbers. Scalar multiplication also
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works as you might expect: S(tA) = (st)A, again, because the operation only involves working with
oneentry at atime. Multiplication, when it can be done, is associative, but isnot, in general,
commutative. Thatis, A(BC) = (AB)C aways, but AB = BA, except in specia circumstances.
An example of thisisseen in the last set of exercises (see#13). Let's see why matrix
multiplication, when it can be done, is associative. To do thisas clearly aspossible, | hope, let’s let
the ijth entry of amatrix (name of matrix) be denoted (name of matrix ); j- Let'ssupposethat A has
size mxn, B hassize nxp, and C hassize pxg. Then BC hassize nxq, so

ABQC)ii=S" Ak(BCOk =SN" AkSP BxGi =S " AkSP ByC; =
(A(BQ))jj Zkzl ik(BC)kj Zkzl |kz|:l kICij zkzl "‘Zzl kiICjj
n P AiBkCi =S P N AikBkCii , becausethe order of adding up afinite number
ey Z:l ikBkCjj zl=1 Zkzl ikBkICij g up
of quantitiesisimmaterial. By definition, the inner sum, ZE AikBkiCij , isequal to (AB);Cyj,
=1
because Cjj isaconstant asfar asthesumin k isconcerned. Thusthewholesumis Z:O (AB)iICj;
=1

. Thisis, inturn, the definition of ((AB)C)jj. Since i and j were arbitrary, the matrices A(BC)
and (AB)C areequal.
Summary of basic properties of matrix operations:

A+B=B+A, (matrix addition is commutative).

A+B+C)= (A+B)+C, (matrix addition is associative).

S(tA) = (st)A, (scalar multiplication is associative).

A(BC) = (AB)C, (matrix multiplication is associative).

(AB)t = BIAY, (transpose of a product is reversed-order product of transposes).
A(B+C)=AB +AC, (A +B)C=AC +BC, (multiplicationis distributive over addition).
S(A +B) =sA + 3B, (s+1t)A =sA +tA, (scalar multiplication is distributive).

Thefirst 4 of these we ve checked. Thefifth one, (AB)t = B!At, hasbeen mentioned, but not
checked. Why isit true? Theidea of the proof isto compare the expressions defining each side of
the equation, entry by entry, and show they are equal. Thiswill then satisfy the definition of matrix
equality. Here arethe steps, assuming A is mxn and B is nxp:

t - =\ N o= =
(AB)” (AB)J| Zkzlqkbkl , | 1, ceny p, ] 1, oy M.

Now g = Aﬁj , and byj = Bitk , Where I’ ve used the convention that putting the subscripts ij on
the name of amatrix signifiesthe ijth entry of that matrix. Therefore,

n n
— ' R tpt — tat — .

Therefore, corresponding entries of (AB)itj and (B'AY);; are equal, so by the definition of matrix

equality, (AB)t=BtAL

Some properties matrix operations DON'T have:
In generd,
AB zBA, even if both products can be formed; sometimesthey are equal;
AB =0 does NOT imply that one or both of A and B is 0; sometimesit does;
AB =AC doesNOT imply that B = C; sometimesit does- samefor BA = CA;
AX =B doesnot always have asolution, X; sometimesit does.
Wewill seelater how to tell when these are and are not true.

Thereisavery useful way of looking at matrices, that we will need later.
Matricesin block form, and multiplication of matricesin block form
A matrix can be written in block form by partitioning the matrix into blocks, by drawing horizontal
or vertical lines, or both, in an array, that separate the entries into rectangular blocks, each of which
isthen treated as a matrix of the appropriate size. Hereis an example:
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0
1
A=[PO
@o

0

Now, I'll mark off thefirst 2 rowsand ¢ because it’ |l emphasize the 2x2 identity matrix
there, and do the sameto thelast 3 rows and columns, for the same reason:

1 0|23 5 4
0 1|78 1 &6 EE
0 0|4 [1 0 O
0 03[0 1 0O EE
0 o|ofo o0 1

This aso makes the third column into a pair of blocks. Next, I’ [l define some matrices, and use
them as the entries in another matrix. | do have to make sure there are no “holes’ in the finished
matrix! This meansthat each row of matrices has to consist of matrices that all have the same
number of rows, and each column of matrices has to consist of matrices that all have the same
number of columns. Let

10 2 354
All—EO 1E,A12—H E A13—H816E;

BB, R, moen
A - 00 ,A = 3 ,A = 010 .
21 = []OOD 22 DOD 23 DOO].D

. %All A1z AlB% . -
Now we canwrite A =Tla,; A,y Aoy . Noticethat each matrix in row 1 hasthe same number

. %511 B12 Bl3§ .
of rows. The same can be said of each row and column. If B =T,, B,, B,3 [, andthesizeof

Bij isthesameas Ajj for each pair i, j, then we can add the matrices by adding corresponding
HB11 B2
blocks. No big deal. But now suppose B = HBH B22 E and that for each j, Ajj hasthe same

number of rows as Bjk. Noticethat it doesn't matter What i is,or what k is. Wedo take for
granted that the rules for forming the block matrices A and B are satisfied. Then, the product
AjjBjk canbeformed. If i and k arefixed, then each of these matrices has the same size, no
matter what | is, because the rules for forming the block matrices A and B are satisfied. Thus,
the matrices can be added over j (meaning: added as j takes on each of itsvalues, one after the

C11
other), and they formamatrix Cix. Wewill get amatrix C="c,, szﬁ and thebig dedl is

that thismatrix, if put back into ordinary form by removing the block boundaries, is precisely the
product AB! Try it with an example, and you'll be convinced. If not, let me know, and I’'ll go thru
the proof, which amounts to making good use of notation for partitioning sets of subscripts; the
argument is an exercise in bookkeeping. We will find this block multiplication business useful in
talking about solving matrix equations.

Exercises
011110 5e 8 20
IN1-10, let A=l -12 05 B=0g 18 o 1
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Perform each operation givenin 1—10, if it can bedone. If not, say why not.
1. A+B, 2. At+B, 3. A+Bt 4. At+Bt,
5. AB, 6. BA, 7. AlB, 8. ABt, 9. BtA, 10. BAL
Hl 2 Hl 3 El OE
In 11-20, let A=l 34, B=Lo gy 1=y
Perform each operation givenin 11 —18.
11. AB, 12. BA, 13. AB-BA, 14. AlB, 15. A2—-4A -5],
16. B2—-4B-51, 17. A2-5A =21, 18. B2-5B-21,
In exercises 19 and 20, usetheresults of some of Exercises 15 - 18.
19. Findamatrix C suchthat AC=1. 20. Findamatrix D suchthat DB =1.
21. Let x=(123), y=(4,5,6). Find xy and ytxt.
22. You have 7 bags of cashewsand 11 bags of peanuts. Y our deluxe mix has twice as much,

by weight, of cashews asit has of peanuts. Y our regular mix has three times as much, by weight, of
peanuts as it has of cashews. How much of each mix should you make to use up your ingredients?

Jab 0 0oCffPac
. cdo 0O 011
23. Find the product: 01 0A BC :
b1DEF 101
111
Use block multiplication, and choose the “blocking” to make it as easy as you can.
12340 gr 9 3EH

121
2. Let A=3 1425 B=07 o _30. Find AB and BA.
11326 o 4 10

25. Show A(B+C)=AB +AC, (A +B)C=AC + BC, (multiplication is distributive over addition),
26. Show S(A +B) =sA +sB, (s+1t)A =sA +tA, (scalar multiplication is distributive).
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sze

(rectangular) matrix
row

column

entry

ij-th entry

main diagonal
below

row number
column number
above

equal
corresponding entries
scalar

matrices

sum

dot product

matrix product
(nxn) identity matrix
linear combination
vector

row vector

column vector
transpose

block form

block

block multiplication

Section 4. Describing linear systemsin terms of matrix equations

The discussion of this material iswell-illustrated by a chatty example:
Example 0 Hereisthefirst of many systems of linear equations that will al have the same
coefficients, but have different “constants of the system:”

X+y+z=1,

X—y+ 22=0,
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—X+3y-52=3.
01 11 10
Recall that to carry out Gaussian elimination we write down %11 —31 25 g E .

To describe this system as a matrix equation, notice that the system assertsthat 2 column vectors

areequal:
Ux+y+2z 0 01

H
Ux—y+2z0_UolU
Uy +3y 5,07 U3l

Recall that the vector on the left can be expressed as alinear combination of columns, one

associated with each of the unknowns, so the equation becomes:

by L HH LB H B
DﬁDX+D§Dy+q%DZ-DgD

It is customary to write the scalars on the left. The equation becomes:

E e o an
XQiO*YO30+20507 030

Recdll that, if A isamatrix, and v isacolumn vector, then Av isalinear combination of the
columnsof A. Thisallows usto seethat the following matrix equation is the same asthe original
equations.

3 SRR

0y 3 g, O~ a0

Please stop now and check, by doing the multiplication, that thisis correct.
01 1 10 Dx D

This gives us an equation Ax =b, where A = %11 —§ %E Dy 0 and b=
equation does not, in itself, help us find the solution(s) of the system! If we want to know just this
system’ s solution-set, we' d use Gaussian elimination. But it sometimes happens that we have to

solve Ax =b for several b's. Suppose we also needed to know solutionsto Ax = by, for each k
1+Kk
=0,1,2 3, where bk = E k2k E Thenwe d have 4 Gaussian eiminationsto do, and it would

involve alot of repetitive work, unless we keep track of what we do at each step and just perform

those steps on the different vectors by. An even better way isto write down abigger matrix for

Gauss elimination, having 4 columnsfor the constants of the systems:
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g1 111234(
41 11201490
(4.1 5 3532100

Please check that columns 4,5, 6, and 7 of thismatrix are b, by, by, and bs. Now just one
Gaussian elimination could be done, and al the reduced equations would be easy to backsolve - but
it would till take awhile! If you disagree, try it and let me know! Thereisavariation of Gauss
elimination, reduction to row echelon form, that would essentially do all the backsolving “in” the matrix. We'll go
over it later. But then, | could ask you to find aformulafor the solutionsfor all k. | have a better
way to suggest, and it arises because we have expressed the system in the form of amatrix equation
Ax =b! Just divide both sides of thisequationby A. Oops! We have not defined matrix division!
And since multiplication can’t dways be done, neither can division. It can sometimes be done, but
it can’'t be done just because sizes match! Well, you might say, maybe it can be doneif A isnot
the O matrix with the samesizeas A. That would be nice, but it can’t be true, because then we
could solve any system, and we know some can't be solved. But it can still be done, in adightly
tricky way, sometimes. Infact, it can be donein thisexample. We can form amatrix C that
makesthisequationtrue: CA =1, where | isthe 3x3 identity matrix. Then, we multiply both
sides of the equation Ax =bx by C:. CAx=Cby. Since CA =1, weget Ix=Chy. Since Ix =X,
wefinally get: x = Chy. Thisisthetricky way of dividing by A: multiply by A-1. The matrix
just now called C isusually denoted A-1, called the (matrix) inverse of A. We could call it the
“reciprocal” of A, but people don't, despite my thinking it would help to do so! It exists
sometimes, if thematrix A issquare- that is, if A isan nxn matrix. It hasthis property: AA-L
=1=A-1A, where | isthe nxn identity matrix. If you stop and ponder awhile, you'll agree that
thisisthemeaning of 1/x: 1/x isthesolution y of the equation xy = 1. Since the matrix
product is not commutative, | put down 2 equationsto define the matrix inverse: AA-1=1, and
A-1A =1. Hereisthematrix C=A-1 for thisexample (you'll learn soon how to find inverses, if

they exist, and how to tell if they exist):
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Please stop now and check that this matrix satisfies both of the equations that define matrix inverse:
AA-1=|=A-IA. Remember, the (1/4) in front meansto multiply each entry of the matrix by
(/4). It seasiest to do this multiplication as your last step.

Now we can get the formulafor xk, the solution of the equation Ax =by. It is
118 3 %1+k5 Hok2—k +2

e 3 S
—_ + k —

Please check the arithmetic! | was surprised when the answer | got had no fractions! The solution

formula can be written as alinear combination that separates the roles of k2 and k from the part

gz 0 10 d20

of the solution that does not depend on k: Xk = k2 %—% H+k E % o+ % A E

Comments. In summary, to convert asystem of linear equations to a matrix equation, we write
down, in one matrix, say, A, the coefficients of the system, in a column vector, say, X, the
unknowns, equal in number to the number of columns in the matrix, and in another column vector,
say b, the constants of the system, equal in number to the number of rowsin the matrix. Then we
writethe equation Ax =b. Conversely, given amatrix equation of this sort, we can write down a

system of equations, or write down an augmented matrix that includes the coefficients of the

system, then the constants of the system, as we do when carrying out a Gauss elimination.

More kinds of matrix equations

We could be given other matrix equations, suchas AX =B, where A is mxn, B is mxp,
so that means X would haveto be nxp to make the multiplication do-able. Infact, thisiswhat the

example, with the different by’'s, amountsto (see (4.1)):
El 1 1% El 23 4%
(4.2) D_]j__?:,L_ZSDX: 50149 .

Then we found formulasfor xk, for any k. Let’s make amatrix out of 4 of the X's:

] d
4.3) X = %(0 X1 X2 X3E =
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where the first array is meant to suggest arow of column vectors (it's an example of when the
entriesin amatrix might be something besides a number - avector, in this case).

Please check now that the matrix X solvesthe equation (4.2).

We could be given equationsin the form XA =B. We might think, let’s do column operations on
the augmented-below matrix (A, B). That should work! But we can use atrick: the equation

XA =B istrueif, and only if, Alxt=gt Therefore, al we haveto dois solve Aly =Bt for Y,
andsat X =YL,

What if we' re given an equation such as AXC =B? Waéll, first we can seewhether AY=B hasa

solution, then seek asolutionto Y = XC.
We could be given an equation such as. find X suchthat AX =XB. | don’t know anice way to
dothisone! But telling you about it gives me the chance to introduce you to something called the
Kronecker delta, named after a 19th-century mathematician. Thisisusudly written g; i andis
defined thisway: 8 =1if i=j, and 8 =0 otherwise. So, if X is mxn, A hasto have m
columns, and B hasto have n rows. Then AX has size ?xn, XB hassize mx?. Hence, ?=
m, and ?=n, s0 A must be mxm, and B must be nxn. AX =XB meansthe two matrices
must be equal entry-by-entry, so (AX)ij = (XB)ij, 1<i<m; 1<j<n. From the definition of
matrix multiplication (please stop now, and write down the definition; if you can’t, look up the
definition, and then write it down), this means kan AkXkj = z: Xikbj , fori=1,...,m; j=1,
=1 =1

..., N. Thisgives mn equationsinthe mn unknowns Xjj. Thereisno neat way to write them
down, at least noway | think isneat. But the Kronecker delta gives me aformulathat could be put
onto acomputer:

uation ij is: m n irdsj — bgj&ir ) Xrs = 0.
€q J =1 Zszl (Grdg — bgdir ) Xrs

Notice: thisis ahomogeneous system! It either has only thetrivial solution, or hasinfinitely many
non-trivial solutions.

0
. X =X

[ [
|
oBbP
N O W
© 0N

[
N
|:| .

—bhbD
wotw
NODN

Example: Thisequation implies X is 3x3, soit

amountsto 9 equationsin 9 unknowns. Equation 32, for example, is

X12 + 3X22 + 2X3p — 3X31 — 6X32 — 2X33 = 0.

Noticethat, in all the equations discussed, the unknown, whether it is a number or amatrix, appears
to the first power, and is not multiplied by any unknown! So these are dl linear equations.

In an equation such as XIAX = B, the unknown appears to the first power, but it isin an expression
multiplied by Xt, also an unknown, so this equation isnot linear. It isquadratic, and is much

harder to solve.
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Using matrix operations to describe what we do when we do Gaussian elimination

Every time we do amatrix product, say AB, wecanlook at itinatleast 2 ways: A isdoing
somethingto B, or B isdoing somethingto A. Theway A actson B hereisthat each row of
A provides n coefficients that multiply corresponding rows of B and then add; this can be said
inthisway:

rowi of AB isthe 1xn matrix formed by multiplying row 1 of B by &1, row 2 of B by
a2, row 3 of B by g3, andsoon, and then adding these rows together, and putting the result in
row i of the output matrix AB.

Theway B actson A hereisthat each columnof B provides n coefficients that multiply
corresponding columns of A and then add; this can be said in thisway:

columni of BA isthe nx1 matrix formed by multiplying column1 of A by bsj, column2 of
A by by, column3 of A by bgj, and so on, and then adding these columns together, and
putting the result in columni of the output matrix BA.

We can say this all more compactly by saying that therowsof AB arelinear combinations of the
rowsof B, with coefficients from the respectiverowsof A, andthe columns of AB arelinear
combinations of the columnsof A, with coefficients from the respective columns of B.

Let’s build matrices that “do” the three basic row operations when when they “act” by
multiplication on the left. Please stop now, and write down the definitions of the three basic row
operations; if you can't, look up the definitions, and then write them down. Suppose we want to
add row 1 to row 3 inthefollowing matrix, and we want acomputer to do it, and al the computer

can do is matrix operations:

(1000
We can do that by multiplying on the left by %g (1)2 E . Tryit! Noticethat this matrix has the

formula | + eSeR, where & stands for the 3x1 matrix that hasa 1 initsthird row, and zeroes

elsawhere, and et1 stands for the 1x3 matrix that hasa 1 initsfirst column, and zeroes elsawhere

(it isaso the transpose of the 3x1 matrix that hasa 1 initsthird row, and zeroes elsewhere).
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Next, suppose we want to subtract the first row from the second one. We can arrange that by
g1o000

multiplying on the left by %_(:)L % 8 E . Tryit! Thismatrix hasthe formula | —e,e! .

The mx1 matricesthat have exactly oneentry of 1 and al therest O arevery useful. They are

cdled the standard unit vectors.

Definition of the standard unit vectors
The standard unit vector, €, isthe mx1 matrix that hasanentry 1 in rowr and hasall its other
entries 0. Thereisalittle ambiguity here! Part of the “ standard” meaning is the implicit

requirement that 1 <r < m. Context, or whereit is used in an expression will usualy let you know
what the size of the unit vector is. We can use the Kronecker deltatoo: €, = ()., 1Sacompact

way to eXpress €.
Row operation matrix of typelll: add a multiple of onerow to another row

Toadd a times rowr to row s of amatrix A, multiply A ontheleft by | +aeSeE. In words,

thismatrix has 1's onitsmain diagonal, and O's elsewhere, except for its sr entry, whichis a
Row operation matrix of typell: multiply arow by a non-zero scalar

Tomultiply rowi of A by rz0, multiply A ontheleft by |+(r—1)(-,|\eE. In words, this matrix
has 1's onitsmain diagonal, except for its ii entry, whichis r, and has 0's elsewhere.

Row operation matrix of typel: interchangetwo rows

Tointerchangerows i and j of A, multiply A ontheleftby | —eéd —elelt +e](-:~|t +ee. Try

it!

Exercises
011110 02 o 58
IN1-10, let A=gL-12 04 B=0g 18 o O
11353 Ths 7 110

1. Expressthe system as amatrix equation:
X+y+z=1,
X—-y+2z=0,
—X + 3y 5z =3.
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2. Expressthe systems as a single matrix equation:

X+y+z=1, X+y+z=4,
X—y+22=2, X—-y+2z=17,
—X+ 3y -5z=3; —X+3y-5z=09.

3. Expressthe matrix equation
El 111 E -2 0 4 5
1-1205x-= 0
I3 353597 " Hp 13 7
as systems of equations. Don’'t write them all out; write one out and say how to get the rest!

4. Findal 2x2 matrices A that satisfy the equation A2=A.
5. Show that the set of al 2x2 matrices Z of theform Z = %;(_))(/ E is“nice” in the sense that

— X
Z1Zo= ZyZ7 fordl such Z’s, that,if Z= Eg )3(/ E:ﬁ 0 (matrix), then W = (x2 + y2)—1H_y i .
isthe matrix inverse of Z. By theway, these 2x2 matrices“are’ the complex numbers...
6. (See Exercise5) Find two 2x2 matrices Z, of theform Z = a/(_}(/ E
%—3—4% _ - . .
suchthat Z2=0U, _gU. Beginby finding Z2 interms of the unknown entries x and y. Then
34
set up the matrix equation that asserts your matrix isequa to %_4 -3 E . Finally, solvethe

equations that you need to, using the quadratic formula. Be sure to choose the signs appropriately!

_ _ . Hu—v E _ %—3 —4 E
7. Solve Exercise6 for an arbitrary non-zero matrix u - inplaceof g _gU.

Section 5: How to solve matrix equations AX = B, and find determinants

The next thing we' |l do isto see how to set up and solve matrix equations, using Gauss eimination
(and variations on it). Gauss elimination isthe tool for doing an actual calculation in linear algebral
But matrix algebra - especially multiplication - will be useful! We will also see how to find

determinants. Gaussian €limination can be used there too!

Given: amatrix equation AX =B (Exampleswe have seen: Ax=b, where A is mxn, and X, b
are (column) vectors of size n, m respectively (nx1, mx1, resp.); CA =1, and AC=1, where A is
nxn and soare C and | (the equations definig the matrix inverse); equation (4.2)). The matrices A

and B must have the same numbers of rows. They can have different numbers of columns. The
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matrix X hasto have asmany rowsas A has columns, and as many columnsas B has, in order
for the equation to have any chance of being true. If A isasquare matrix, there is a chance that
AL exists, and if it does exist, the solution iIs“just” X = A71B. Then you have to find A land
multiply it times B ontheleft. You find A7L if it exigts, by augmenting A with an identity
matrix of the samesizeas A, (augment meansthat you add columnsto A) and then you do row
operationson it until the part where A started out turnsinto the identity matrix. And then, the part
where you added the identity matrix contains A~L. Moreon thissoon! Or, ...

To gtart the general procedure write down an augmented matrix, beginning with A, to which
you add the columnsof B, inorder. The augmented matrix lookslikethis: (A OB),
schematically. Then do Gauss éimination on the augmented matrix. When you are done, you'l|
have areduced matrix, asusual. The reduced matrix lookslike ( EA UEB ), where E standsfor a
matrix that has the effect of carrying out all your row operations “at once.” EA will have zeroes
below the main diagonal, and perhaps some all-zero rows. EA occupies the part of the matrix
where A started out. I'll call thisthe “A-block” of the augmented matrix. The other part, where
B started out, I'll call the “B-block.” If westart with C, not A, I'll refer to the C-block, etc.

If you get an all-zero row tn the A-block, and thereis a non-zero entry in the same
row of the B-block, then the equation AX =B hasno solutions, and thisis the

end of the procedure.

m360 @121 70
Example 0: Solve %1 2 4 EX: %5 39 8%. The augmented matrix is
15 10 6 010 4
1136112170
12 4 539 85, I'll dothiscombined step: —3[ 1]+2[ 21+[ 3]-[ 3]; theresultis

M1 5106 010 41 ep: 31+ 2]+ 3]-[3]
113611 21 70 M1 360

(plesse checkiit!): =1 24 5 39 8 E The A-block, %1 2 4%, has azero row. The
0 00-22015-5 000

corresponding row of the B-block hasat least 1 non-zero entry - 1 isall it takes- so the

equation has no solution. And that’s the solution!
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When that does not happen, thereis more to do. The usua procedure isto backsolve. But now we
don't start backsolving, unlessthere are only afew columnsin B. We keep on working on the
augmented matrix, using row operations, with the objective of transforming the A-block, as much
as possible, into an identity matrix: wewantto get 1's on or above the main diagonal, and 0's
elsewhere, below the main diagonal and above the 1's that are on the main diagonal; we want
each row to have at least one more leading O than the row preceding it, and we want al the al-zero

rows to be together at the bottom. Such amatrix isin row echelon form. We try to achieve this only

inthe A -block. But we must do these row operations to the whole augmented matrix! Example
13611 21 70

1: %1 24 5 3938 E is not in row-echelon form. To get row-echelon form, I'll first reduce
0002201556
36112170

it, by subtracting row 1 from row 2: HO—l 26181 E Next, I'll combine 3[1]+[2] -[1]
00 02201556

1 00-7 525100
and 2] -[2]: %0 126 -1-38-1 E Now the matrix isin row-echelon form. Noticethe 2
000220 15-5
in row 2, column 3. Wecan't makeitintoa O using row operations! That’s becauseit is not
abovealeading 1. Soitjust staysthere.
The row-echelon matrix you get might have an identity matrix inthe A-block. Of course, this can
only happenif A issguare. But, asinthe example, evenif A issquare, there might be some

diagonal entriesthat are 0, and there might be some non-zero stuff in arow, that comes after the

leading 1 inthe samerow, stuff you can’t get rid of using row operations. But...

If you can get an identity matrix inthe A-block, the desired answer, X, isthe

matrix in the B-block, the columnsoriginally occupied by B!

U1 360 1121 704
Example 2: Solve %2 S SEX: %5 39 8%, and avoid fractions.
479 6 010 4
Here is the augmented matrix:
1361121 70
Ez 585309 85_
4796 010 4

Gauss elimination to areduced matrix yields
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10-17-4-7-50
%14 17 1 76%_
0 547-3-29 6

| did these steps - probably not what everyone would do, just motivated by adesire to minimize
arithmetic: —2[ 2]+[3]-[3]; [3]+[1]-[1]; =2[1]+[2]-[2]; [3]+[ 2]-[2];
[2]+[3]-[3]; 2[3]+[2]-[2];[2]~[3]; -[2]-[2]; —[3]-[3]. Thereduced
matrix isnot yet in row echelon form. It looks as though it will be possible to do row operations,
and makethefirst 3 columns of this reduced, augmented matrix into a 3x3 identity matrix. |
want to avoid fractions, so I’ll multiply each row by what it takes to make each diagonal entry
equal to the least common multiple of all the diagonal entriesin the reduced matrix. Inthis
example, the least common multiple of al the diagona entriesin the reduced matrix is 5. That
means, do 5[1] - [1], and 5[2] - [2]. Then| continued, with the following steps, to reach a
matrix in modified(for fraction avoidance) row-echelon form:
—4[3]+2]-[2];[3]+[1]-[1], findly getting

[(bOO 82 -23-64-19

50-103 17 81 6
6

0
0
05 47 -3-29 6

The next step isto divide each row by 5 to get the desired identity matrix in thefirst 3 columns,
01360
the ones originally occupied by L2 5 8 E

0 7 . However, wewon't do that. We'll just pull out

what’ s left over, beyond that nice 5-times-identity matrix, and write it down as our answer,
082 -23-64-19 E
multiplied by (1/5): X = (JJS)%%{(;:” 1; %19 g 0. Thelast stepisto check the answer: substitute

X into the equation, pull the (1/5) out to the left, perform the matrix multiplication, divide each
112170

entry in the product by 5, and check that the result is %g g 1% 2 E Please check it now!

Therefore, if A isasquare matrix, and you can reduce A’s columns of the
augmented matrix to an identity matrix, the problemis completely solved, and it
has the unique solution X, comprised of the columns originally occupied by B,

and thisisthe end of the procedure.
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This does not always happen, unfortunately, so there may still be moreto do. Incase A isnot
sguare, there will surely be moreto do! Before going on to the next stepsto do, let’slook at some
examples. Thefirst onewill be“nice” - we'll get an identity matrix.

O
[
|:| .

Example 3: Findtheinverse, A-1, of A = Thisredly istwo matrix equations. We

[
-PDI\JI—‘
~No1tw
© oo™

haveto find amatrix X suchthat AX =1 =XA.

IMPORTANT: Here'show to find inver ses and deter minants!!

Firstof dl, A hasto beasguare matrix. If itisn't, you can say, “the inverse does not exist.” If
A issguare, then, as usual, build an augmented matrix, starting with the columnsof A, in order,
then “augment” it by attaching an nxn identity matrix to play the role of the columns of B.
Why? Because the equation we want to solveis AX =1, (we also want the equation XA =1 tobe

true - more on that presently). The determinant of a square matrix isanumber that we can get asa

by-product of the Gaussian elimination we do to find inverses. All I'll do now isto say how to find
it, not what it means or why it’simportant. In our example, thisis the augmented matrix:
1361000
%2 5801 OE_
479001

WEe'll go thru essentially the same stepsasin Example2: -4[ 1]+ 3]-[3];=2[ 1]+ 2]-[ 2];
S[2]+H3]-[3];-1[2]-[2]. Thistime we get the reduced matrix

01361000
E0142-10E_
0056-51

How to find the deter minant from the steps leading to the reduced matrix
We did two of the three kinds of row operations. adding a multiple of one row to another row

(done 3 times), and multiplying arow by anon-zero constant. We did not interchange any pairs



Intro to Linear Algebra Math 1553 S‘93 Max Jodeit, Jr. 9/5/02 46

of rows. To find the determinant, we need to keep track of (i) the numbers we multiply arow by -
in this example we multiplied by —1 - and (ii) the number of times we interchanged rows - in this
example we interchanged rows 0 times. When we have achieved zeroes below the main diagonal,
we then do five things.

() multiply together al the diagona entries of the reduced matrix. If theresultis 0, STOP: the
determinant is O; don’'t do any more steps. But, if the product isn’t 0, - in our exampleit’s 5,
(i) multiply together all the numbers we multiplied arow by - —1 in thisexample -

(i) find out whether the number of row changeswas even or odd - in thisexample, O iseven -
(iv) multiply the product from (ii) by —1 if the number of row changeswas odd - so do nothing in
thisexample - the product stays —1 -

(v) divide the product from (i) by the product from (iv); the result is the determinant of A. Inthe

example, we get 5/(—1) = -5 = determinant of A.
Now continue, with 5[ 2]-[2]; 5[1]-[1];4[3]+[2]-[2];6[3]+H[ 1]-[1];

=3[2]+[1]-[ 1], togetthefollowing matrix, in “fraction-avoiding” row-echelon form:

(500 11-1560
%5 0-14 15 45
05 51
Then
Dll -15 6 E
A-1 = (1/5)214 15 -4
WO 570
The process has succeeded - we got an identity matrix (times 5) inthe A-block. If we can't get
one, it’s because we wind up with azero row inthe A-block. And because we started with an
identity matrix as B, it turns out that there MUST be a non-zero entry in each row and column of
the I-block (weput | inplaceof B, sowecall that part the I-block). So, the processfor finding
aninverse (if it exists) isto make an augmented matrix with n rows and 2n columns, that hasthe
columnsof A asitsfirst n columns, and hasthe n columns of an identity matrix asits second n

columns. Then “clean out” the columns of the A-block, using row operations, to get an identity
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matrix, if possible. If not, you conclude that the inverse does not exist. If so, theinverseiswhat’s
in the columns where the identity matrix started out.

Now, what about the equation XA =17? It really does have to be checked, but that checking is done
for us by atheorem that says, if T isalinear transformation on afinite dimensional space, meaning
it mapsthe spaceinto itself, then T hasan inverseif and only if it hasaright-inverse, namely, if
thereisamapping S suchthat TS=1. It'salso OK to work with left inverses. BUT THISIS
ONLY TRUE IN THE CONTEXT OF FINITE DIMENSIONAL SPACES!

Example4: Thisexample showsaway to handle amatrix equation of the given form AX =B
when you have to “do morework onit.” It also introduces 5 important terms, homogeneous

equation, particular solution, general solution, and, most important, basis and null space.

J134250 [2532(
Solve 2324510y _Uas5150
054123077 1230

Thismight be how you'd combine 4 systemswith the same coefficients, but with 4 different
vectors making up the constants of each system. Thereare 2 different approaches we can take.
I’ll go thru the most staightforward one first; it works for any equation AX = B. The second
approach is potentially easier to use, but more difficult to understand.
First approach

Suppose you'rewillingto do 4 backsolvingsonthisto get 4 answers, if any answers
exist a all. Thereisaway to cut down onthework abit. First do Gauss elimination on the
augmented matrix
2
5
3
M34 2525320
| get the reduced (not row-echelon) matrix % 114132 6 18211 E .

0454502058338

Now work with thefirst six columns. Say you backsolve and get the answer (in terms of

unkNownNs X1, X2, X3, X4, X5 ):

x1= (8/9) —s+1,
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X2 =—2/9) + s—2t,
(5.1 X3 =(4/9) —s,
X4 =5,
X5 = t.
Thismeans x4 and x5 have been replaced by parameters s and t. Express these formulas as

column vectors, as you have done before:

TH FA B B
e B

Now please, stop amoment, and think what the answers have to be, if you multiply each of the
column vectors hy =(-1,1,-1,1,0) and hp=(1,-2,0,0,1) by A. If youdidn't guess, that's
OK - but then please do the multiplications now. The answer is, “the vector that, when added to

itself, remains unchanged.” Thevectors h; and hy are solutions of the homogeneous equation,

Ax =0. Onthe other hand, the vector P=(1/9)(8,-2, 4, 0,0) isasolution (one of infinitely

many) of
134250  [2(
324510y- 040
U5 41 23077 g0

This P, or any other solution of the equation, is called a particular solution of the equation. For

example, if welet s=2/9,t=0 in (5.1), we get another solution, namely ( 2/3, 0, 2/9, 2/9,0),
and this one can also be called a particular solution. Since ALL solutions can be obtained by

choosing appropriate values of the parameters s and t, we call

=0 BB BB 20
CEFURHCREBE

the general solution. The part of the genera solution that involves the parameters s and t can be

called the general homogeneous solution. The 2 vectors (-1,1,-1,1,0) and (1,-2,0,0,1)
are known as abasis for the null space of the matrix A.
Exercise: Show that, if X1 and xo areparticular solutionsof Ax =b, then A(x1—x2) =0 (the

vector), that is, x1 —X2 isasolution of the homogeneous equation.
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Fine. Now, to finish this approach, you set both of s and t equal to zero in the reduced
equations, and backsolve them, one at atime, with the vectors (5,5,1), (3,1,2),and
(2,5,3) takingtheplaceof (2,4,4). Thereasonisto get aparticular solution in each case.
Then the general solution isyour particular solution, plus the same homogeneous solution! Thisis
what you would do if you had 4 different systemsto solve, where the only difference wasin the

constants of the system. But, if you need to solve the original matrix equation,

134257  [2532[
324510y-Ua515
U5 4123077 0p 1230

thereisone more little (hal) step. Y ou take each general solution formulafor the separate columns
of B, (these columnsbeing, inthisexample, (2,4,4),(5,5,1),(3,1,2), and (2,5,3)), ad

replace s and t by s and t; inthefirst general solution formula

=28 B B

etting (1/9 +s 1+t inthisexample), replace s and t by s and to in
(getting ( )%E 15‘1% 1%% l ple), rep y 9 2 i
0 1

the second general solution formula, and so on. Then you put them all together inan nxp matrix.
In thisexample, it would be a 5x4 matrix that could be written asasum
X=P+(-1,1,-1,1,0)(s1t &2 3 4)+(1,-2,0,0,1)(t1 tp t3 tg), wherethefirst matrix,

P, would have, asits jth column, a particular solution of the “simple” equation Ax = jth column
025320

of %2 ? % g% Please write these products out now! You'll first need to do this

Exercise: Findthelast 3 columnsof P. Thefirst column canbe (2/3,0, 2/9, 2/9,0).

Thisexampleistypical of what you do in situations like this. Notice the peculiar form of the
matrices involving the parameters. The products do make sense! They are like that because the
homogeneous solutions can be shared from column to column of B. The particular solutions,
though, need to be figured out individually. This process works, and, if adopted, completes the

description of how to solve matrix equations of theform AX = B. Hereitis, condensed:
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Given AX =B, where A is mxn, and B hascolumns by, ..., bp. Do Gausse-
limination on the augmented matrix ( A 0B ), and get a reduced matrix. Set up
reduced equations, using only thefirst n+1 columns of the reduced matrix. Solve
them, introducing parameters ty, ..., tk, if necessary (k = n—m, remember).
Express your answer in the form of a general solution, consisting of a particular
solution plus a linear combination, involving the parameters ty, ..., tx, of thebasis
vectors of the null space of A:

(X1, oy Xn) =(P11, ..., Pin) +t1(Z11, ... , Z1n) + ... +t( Zka, - » Zkn)-

Recall that, because of the commas, these are actually column vectors. Thereare
double subscripts on the entries of the particular solution becauseit involved bq’s
column of the augmented matrix. Now go back to the reduced equations, set all of
the parameters equal to zero, and using the next column of the reduced matrix,
instead of the one you just used to get your general solution, backsolve, and write
down your particular solution as the next column of a matrix P = (P;) that will
eventually have p columns, one for each of the columns of B. Repeat until all the
columns of the reduced matrix past the nth column have been used. Then write

down your answer in the form

HZuf

o
X=P+ Hz.ingtll t]_p) +..+ EZ

15
- Mtk ... 8 .
1ng k1 kp)

This completes the procedure for solving an equation of theform AX = B.

Second approach

134250 [2532(
Solve 2324510y _Uas5150
054123077 01230

We noticethat B has more columnsthan A hasrows. So doing Gauss elimination looks like a
lot of tedious work, especidly if wewant to avoid fractions. So, weignore B for the moment, and
augment A witha 3x3 identity matrix. W

013425100
%2451010
54123001

1)

do Gauss elimination on the augmented matrix

OO
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and get, using the same steps as before, the reduced matrix
M34 251000
%1141321 3 -2%_
045450211-7

We keep going, trying to get an identity matrix inthefirst 3 columns of the 3x5 A-block of the

augmented matrix. It turns out that we can, and we get, avoiding fractions, the “row-echelon”

ma-trix
45 0 0 45-45-14 13 40
Eo45 0 -45 90 17-198%
004545 0 2 11-7

It isn’'t quite arow-echelon matrix, because it doesn't have 1's astheleading entries of the rows.
But it does have the same number asthe leading entry in each row. So, if we divide the whole
augmented matrix by 45, we'll get amatrix with a 3x3 identity matrix initsfirst 3 columns.

Let’sexpressthefirst 5 columns of the augmented matrix in block form: (I S). That'sthe A-
1-10

block, where A was when we started. Thus, S:H‘ll(z) E Let'scall thelast 3 columns of the

(14 13 40
augmented matrix E. Thus, E = (]J45)%1; —1119 87% That’swhere the 3x3 identity matrix was

when we started. Let’s express the unknown matrix, X, a 5x4 matrix, in suitable block form too:

X1
X = DX, % where X1 is 3x4, and X2 is 2x4. Now we can write down the answer! Let X»

be an arbitrary 2x4 matrix. It will play therole of the parameters, so let'sset X2 =T = (tj). Then

X :%ﬁlé where X1 = EB — ST:

014 13 4002 53 20 [1-10
¥, = (45017 19 8004 5 1 50 1 5 D11 t2 iz tia
1=( )DZ 11 7004 1 2 3070 g Ott2n t22 t23 tg =

Sart with an augmented matrix (A ). If you can get an identity matrix in the
first m columns of the A-block, the desired answer, X, is X = HEB-FST E
where E, mxm, and S, mx(n—m), comefromthefinal form, (I S E), of the
augmented matrix, after we get the identity matrix in thefirst m columns of the A-
block, and T isan (n—m)xp parameter matrix, where p isthe number of

columns of B. Thisisthe end of the procedure, in this case.
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Instead of next giving an exampleto illustrate what happens if you can’t get an identity matrix in
thefirss m columnsof the A-block, I'll state the condensed version now, and then give an

example. Thispart of the second approach ismainly for reference!

But what if we can’t get an identity matrix in thefirst m columns of the A-block?
This happens when, and only when, there are some rows in the reduced matrix that
start off with n zeroes. The reduced matrix now hastheform (R E), where R
consists of thefirst n columns of the reduced matrix, and E occupiesthelast m
columns of the reduced matrix. Thematrix R has some all-zero rows now.
Thereare 1 or 2 stepsthat remain. Formthe matrix product EB. If, for some
i, rowi of R is zero,and rowi of EB isNOT zero, thenthisisthelast step:
AX =E hasno solutions! What dowedoif EB hasa zero row wherever R
does? The answer issimple, but might scemweird! Remember that R isreduced
asmuch asit can beusing row operations. We will now do column operations
on the“ non-zero part” of R! Crossout any rowsof R that are all zero.
Suppose the new matrix has r rows. The number r isvery important in the theory of
linear algebra. Itiscalledthe (row) rank of A. Call theresulting matrix R'. Then
writedown an nxn identity matrix under the matrix R'. Do column operations on

"
the matrix %‘? E tryingtoget an rxr identity matrix into thefirst r columns of

your big matrix, and zeroes everywhere else in thefirst r rows of your big matrix.
This can be done, with modifications about 1's if you're avoiding fractions. You
wind up with a matrix that looks like this, in block form:

Ir 0

C1 Co—
Here, I isan rxr identity matrix, Cq isan nxr matrix, and Cp isan nx(n-)

matrix. If you'retrying to avoid fractions, you'll have dI" instead of IT.

Remember, thelast m— rowsof EB arezerorows. Let (EB)" denote the matrix
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consisting of thefirst r rowsof EB. Let T bean (n—r)xp matrix (of parame-

ters): T = (tjj). Write down the answer, X, given by
EB)'
X =(Cy Cp) HEB) |

Thosetrying to avoid fractions, will have to multiply the right-hand side by 1/s.

This completes the second approach to solving equations of the form AX = B.

By the way, the columns of C, constitute a basis for the null space of A.

Example5: Solve Ax =h, where

02 463450 [h1[]

(2452360 2 ]
A=%123225E,mdb= I

124229 4

In this example, we are being asked to find for which b’s thereisasolution, and for which nat,
and to find aformula, in terms of the entries of b, and parameters, perhaps, for all solutionsin case
solutions do exist - we know that infinitely many exist, if any do, because there are “more

unknowns than equations.” First, we set up the augmented matrix
02 46
2 45
(Al)=0123
U124

3
2
2
1242

O 01O 0l

10
01
00
00
and then use Gauss €limination to find the reduced matrix
M12003-4 3
(00104 2-1

0015-10

0000-21

DDDDB_ NN O

3
-2
2
1

LOOO

Then we set up the “augmented-under” matrix to follow, and carry out column operations on it:

120030
01045
0015

0000
%1000%

0100
%0010

0001

becomes, after doing-2[ 1]+[ 2] -[2];[2] -[3];[3]-[4];-3[1]+[ 5]-[5];
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-A[2]+[5]-[5];-5[3]+[5]-[51:

100000
%10 0 OE
0100
00-2-3
%oo 1 OE

100-4
%01 0-5E
000 1

We can now write down the answer as
Eb)"
X = (Cy Cp) HED'H

where C; isthefirst 3 columnsof the 5x5 matrix above, Cy isthelast 2, E conssts of the
last 4 columns of the reduced matrix, on the previous page, and T is 2x1. Of course, al this
would not be done unlessthe 4t row (entry, that is) of Eb is 0. That is, we need

—2by + by + bz +bg =0.
Exercise: Assuming —2b1 + bo + bz + bg = 0, write out the formulafor the general solution of
AXx =Db inthelast example.
Exercise: How can we solve matrix equations of theform XA =B?

Exercises Solve Ax =b, where

021000 [P1[]

012100 2 ]
A=0p 1210, and b= I

Uo o1 2" .

M or e about deter minants

In Example 3, we found the determinant of A = . Wegot -5. Wefound the

determinant as a by-product of inverting A. You probably noticed that it really is a by-product of
reducing A.

We denote the determinant of A in 2 standard ways: by det(A), usualy used when we're
01360

referring to amatrix by name, and by %ﬁ ? 8 E usually used when we' re referring to a matrix
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explicitlﬁl,lbyé sh605vi ng its entries, actually or schematically. So for our example we can write det(A)

What if al wewant isthe determinant? |s there some procedure we can use that doesn’t demand
Setting up an augmented matrix? Yes! Here are some
Rules for operating on deter minants
(D1) The determinant of amatrix A isdefined when, and only when, A issquare;
(D2) The determinant of alower triangular matrix is the product of the entries on the main diagonal;
(D3) det(AT) = det(A) (so the preceding rule applies to upper triangular matrices too);
(D4) Interchanging two rows of amatrix just changes the sign of the determinant;

NOTE: This means the determinant of the new matrix - the one with interchanged

rows - isthe negative of the original one. The original determinant is still the

same!
(D5) Multiplying arow by anon-zero scalar, ¢, multiplies the determinant by c;
(D6) Adding a multiple of one row to another row does not change the determinant ;
(D7) If arow can be expressed as the sum of two row vectors, the determinant can be expressed as
the sum of two determinants, each containing a different one of the summandsin that row.
These are dl the rules needed, in principle, but there are some handy derived rules that can be
deduced from (D1) - (D7):
(D8) If two rows are proportional, the determinant is 0.
(D9) If two columns are proportional, the determinant is O.
(D10) Interchanging two columns of a matrix just changes the sign of the determinant;
(D11) Multiplying a column by anon-zero scalar, ¢, multipliesthe determinant by c;
(D12) Adding amultiple of one column to another column does not change the determinant ;
(D13) If acolumn can be expressed as the sum of two column vectors, the determinant can be
expressed as the sum of two determinants, each containing a different one of the summands in that
column.

(D14) If acolumn, or arow, is zero, the determinant is O.
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U
U
U

AN
~N o1 w
[(eNeeNe)!
OO

There isanother bunch of rulesthat isimportant. But first, let’s use these to find

directly. Our objectiveisto reach alower, or upper, triangular determinant. We can use row and

column operations! Here is one way to proceed:

71360 P13 60 H1360 [1360 [136[
258 :258 :0—1—4 :_014 :_014 =5,
Ug 7907 09370703707 g 370~ g5l

Steps for each =: —2[2]+[3] - [3], by (D6) no change; —2[1]+[2] -[2], by (D6) no change;
—2]-12], by (D5) the original determinant is (1) timesthe new one; 3[2]+[3]-[3], by (D6)

no change; by (D2) the last determinant is 5, but ismultiplied by —1 to give thefinal answer.

Example 6: Find

i [
OOFrLN
OFRL NP
PNRFRO
NF,OO
[ [

N
OCOoORN
OFNEF
PNEFRO
NP OO
I
N[

N
OONN
or hp
RPNNO
NP OO
EJI%II:H:I
N

[
OOON
orRrwkR
RPNNO
NR OO
DI%II:H:I
(] 1)

I
coooN
ocwwprR
RPONO
NWOO
EJI%II:H:I

-

ol
I
cooN
cowr
RANO
NWOo O
N
I
cooN
cowpr
ARANO
VWO O
N
R

[ ||
cooN
cowr
oRrNO
WO o
I:II%I (I
o

Here, alot of row multiplying was done inside, so to compensate, fractions had to be put outside.

After each fraction-avoiding multiply was done, arow was subtracted from the one just below it.
013 60

Example 7: Find E% % fb E We notice that columns 2 and 3 are proportional, so the

determinant is 0, by (D9).

01350
Example 8: Find E% % é% Subtracting row 1 fromrows 2 and 3 won't change the
%1 3 5% %l 35 %
determinant, so D% % é’D = 58—21—1 0 =0, by (D8), because the new rows 2 and 3 are

proportional.
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01 350
Example 9: Find Eg g g% If weinterchangerows 2 and 3, or columns 2 and 3, weget

an upper triangular matrix, and we change the sign, so the determinant is —6. Please do it!
01350
Example 10: Find Eg g g% The last row can be expressed as (1 00) + (00 7). So, by
%135% ElSSE %135% %135%
D7),5020 ==020=24+4-020=2==0205+14=
(ON.07 § 70 Uy o008 "Hoo7H8 " HiooH
05310
= H020H+14=-10+14=4
001

Rules that allow reduction in the size of a deter minant
Y ou might have noticed one way to reduce the size of adeterminant. Hereis an exampleto
illustrate it.

[ [
U U
U 0

QO
wolo
~NDNT

Example 11: Find . Thismatrix isaready partly reduced. So we know that, aswe

continue to reduce to an upper triangular determinant, we'll just be copying the first row over and
over, and, in the end, we will just beusing the 8 that startstherow. So we can say that

D8 ab D E E E E

19 525= - 8743 70= 87 s =232

Before we state the next rule, let’ slook at another example.
07 050

Example 12: Find Eg (8) 2% This matrix has a column with all but one of itsentries 0. But
it'snot the first column, so we will simply put it there, but it will take 2 steps. First, we
interchangerows 1 and 3, change the sign, then switch columns 1 and 2, and change the sign:
SATUINEHEEN: NG
Up g al™ D705D‘D07 7 —112
Rule for reducing size when a column has only one non-zero entry:
Thisrule demands that you figure out a possible sign change! First, the easy part:
Write down the determinant you get by crossing out the row and the column that
contain the single non-zero entry in your column that has only one non-zero entry,
then multiply by that non-zero entry. Here's how to find the sign change: Suppose

that non-zero entry isin rowi, col j. Multiply by (=1)i+i.
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7 050
Let'sredo Example 12 thisway. Start with %g g% The single non-zero entry in col 2 isaso

WO oo

7
in row 3. Sowe do thefirst part, and get SEZ E Now we multiply by (=1)3*2=-1, and get

15 030_ A7 5B o | |
Op g 50 2 3 1. Please compare this with the first way we did Example 12. It’s not
exactly the same, but the answer isthe same. Please check that it is!
Rule for reducing size when a row has only one non-zero entry:
Thisrule demands that you figure out a possible sign change! First, the easy part:
Wkite down the determinant you get by crossing out the row and the column that
contain the single non-zero entry in your row that has only one non-zero entry,

then multiply by that non-zero entry. Here's how to find the sign change: Suppose

that non-zero entry isin rowi, col j. Multiply by (=1)i+i.

Therules just discussed are a special case of the next one. So “many” just means “more than
one.”

Rule for reducing size when a row has “many” non-zero entries:

To makethisrule easy to write down, let’s develop some notation for it. When A isan nxn
matrix, let’slet All stand for the (n—1)x(n—1) matrix that is obtained when you delete row i and
col j from A. Let'slet g stand for theentry of A thatisin rowi and col j. Hereistherule,
expressed as an equation:

n . .
Foreach i, 1<i<n, det(A) = ¥ (-1) *kay det(AIK).
k=1

Thisis called “expanding a determinant along the ith row.” The most commonly used row, when
there is no nice pattern to exploit, isthe first row.
Rule for reducing size when a column has “many” non-zero entries:

n . .
Foreach j, 1<j<n, det(A)= 3 (-1) k*la det(Ak).
k=1

Thisis called “expanding a determinant along the it column.” The most commonly used

column, when there is no nice pattern to exploit, is the first column.
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021000
012100 _ .
Example 13: Find g 1 2 1 U. Let’'sexpand aong thefirst column. To do this, we need AKL
Uoo 12V
for k=1,2, 3,4. Herethey are:
EZlOE %100% %100% %100%
All: 121 ,A21: 121 ,A31: 210 ,A41: 210 .
Up 1 20 o1 20 o120 1210

Wealsoneed a1, for k=1, 2,3,4. Herethey are: a11 =2, ap1 = 1,831 = 0,841 = 0. Wehaveto
4 .
compute ¥ (-1) kHac det(AKL) = 2 det(A1l) — 1 det(A21) + O det(A3L) — 0 det(A4L) =
k=1
(210001000
2 det(A11) + det(A2) =291 2 1HH1 2 14 Wedon't need thelast 2 determinants, because

they got multiplied by 0. Such ashame! They were easy to calculate! Look at the second one:

the first row has only one non-zero entry, in row 1, col 1, sowe can reduce thesize. We get:
02100

21
det(A) = 2%% % % E—El 5 H Let's expand the first one along the first column. Please carry out

the steps! Hereiswhat | get: det(A) = 2( Zgi % E—E% (2) E) - E% % E Simplify: det(A) = 3H§ % E
oy =307 3H 22=305 50 42355 5, H 4=04=5

When we have alarge determinant, we use this method to reduce the size, but we have to compute
more determinants, so wetry to expand along arow or column that has alot of zeroesonit. If there
are no nice-that-way rows or columns, we might do some row or column operationsfirst to get
some zeroes. We have alot of flexibility. Flexibility requires attention. 1f you need a method that
always works, use the row-reduction method. It is guaranteed to work in about n3/3 multiplication
steps.

Formulasfor 2x2 and 3x3 determinants

We could use size reduction to find the formulafor an arbitrary 2x2 determinant; let’s use Gauss
elimination instead.

] &
Example 13: Find %ai ag % Casel: a;1#0. Then

%6111 ao % Eall a2 E
— a — . . .
Q1 A U= E 0 agy- ﬁ a0y E— a11 &2 — &2 1. Thisisactually the answer in both cases.



Intro to Linear Algebra Math 1553 S‘93 Max Jodeit, Jr. 9/5/02 60

Case2: 311 =0. Then

%311 312% 0 alzé ap1 azz%
1 apy U= 0ay ap 0=—00 a0 =—a1a2=0ap—ay a2 = a1 a2 — a1 a2

Eall a2 al:;E
Example 14: Find Eaﬂ a2 a3 E Now let’s use size reduction, this time along the first row.
g1 a2 a3

1 ap a

all a;z a13 E _ %azz azs% Eaﬂ azs% %6121 azz% ,

E 21 2 23E—a11 agy agz U — @12 Uag; ags U + @13 Hag, ag, O- Now we'll usethe
331 az2 as3

formulafor a 2x2, and we get
Eall a2 a13%

Eaﬂ &2 a23% =aq1 (appagy—azags) —an (1 a1 — a3 ags) t a3 (@1 a1 — A ag ) =
a31 932 ag3

a11 82 832 — 11 Sp3 833 — 12 Sp1 831 — 12 Sp3 @33 + 13 Sp1 Ag1 — 13 A2 Az.

There isapattern in the subscripts! 1n each product, the first subscripts are dways 1, 2, 3. When

check; do you agree? For nxn determinants, the pattern is more complex, but theideaissimilar.
Thereare 2 termsina 2x2, 6 ina 3x3, and n! inan nxn determinant. Thereason is, when we
set up thefirst subscriptsinorder, 1 2 3 ...n_, thereare n choicesfor thefirst blank, then only
n—1 for the second one, and so on, one less each time, until finally at the last blank thereis only one
unused number, so really no choice, but we count it as 1, and take the product, getting n! possible
arrangements of second subscripts. To find out what sign goes with each arrangement, we switch
them, 2 at atime, until we get them back in natural order. If the number of switchesis odd, we
multiply the product by —1; otherwise, if the number of switchesis even, we multiply the product
by +1. But the methods that have been described alow usto avoid doing al that.

Exercises; Find these determinants.

02-10 00 03-10 00 02 1 0-10 02 3 1-10
5-12—105 5-13—105 510—12% 54579%
0-12-1 0-13-1 0-12 1 4-10 1
Og g1 20 U9 01 3D 032100 U5 6 370
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D1+aéb1 1a1b% a]_gg a]_g4 |:|
by 1+apbhy bz aphy
E aghy aghy, 1+agbs aghy E = det(] + abt), 3x3.

asby  agby  agbz  1+auby

2-1000

Hl 2-100 E

Eg 01 21 21 01% 6x6 version of this determinant: 7x7 version of this determinant.
00012



