Solutions for Test 2, Math 3283W, Spring 2002

(1) Solution:

(1) [10] State and prove the Difference of Powers Formula. Sug-
gestion: use a literal substitution.

Difference of Powers Formula [4 pts]:
For all complex numbers a and b, and for all positive integers n,

n—1
a—=b" =(a—-0) Z a" 1Rk,
k=0

Proof [6 pts]:
Let a and b be complex numbers and n a positive integer. Then
(Cl _ b) n—1 an—1-kpk

2 if=0 .

— GZZ:O an—1-kpk _ bZZ:O an—1-kpk
— Zz;é an—kbk _ Z’Z;é an—l—,kb/k—i-l
=Sy at R = e bk (replac%ng’ k+ 1 with k')
=q" 4+ 22;11 avkpk _ (bn + Z:’_:ll an—k pk )
—q" — hn

Grading Notes: You may replace “complex” with “real” in the above solution
with no deduction. Also, for full credit to be awarded, you need to show enough
work to make the cancellation in the last two lines clear.

(2) Solution:

(2) [15] Prove that, if {z,} is an increasing sequence of real numbers
that is bounded above, then {z,} converges.

Suppose {x,} is an increasing sequence of real numbers that is bounded
above. Let S := {y € R: y =z, for some n € N}. Then S is a nonempty set
of real numbers that is bounded above. So, by the Completeness Axiom, sup .S
exists. Let s := supS. We will show that x,, — s [6 pts so far]. Let ¢ > 0 be
given. By the definition of s, we can choose y € S such that s —e < y. Say
y = xn [4 more pts]. Then for all n > N, we have
|2y — s
= s — x, (since z, < s because s is an upper bound of .S)
< s—xn (since z,, < xy because {x,} is increasing)
< € (by choice of y = zy).

So, x,, — s.



(3) Solution:
(3) [3] What are the distinct numbers in the sequence {i"}? [3]

Find the real and imaginary parts of z := %—I_Z [9] Calculate w,, :=
S o 2" and find the distinct numbers in the sequence {w,}.

(3 points)
{i"} ={1,i,—-1,—i}
(3 points)
120 _ 1—i | 1—i _ 1-2i—1

2= T 1 T ariqe —
Hence Re(z) = 0 and Im(z) = —1.

(5 points)
Note that w,, is given by a geometric series:
W, — n—1 k 1—2" _ 1—(—=49)"
n k=0 % T—2 — 1+
(4 pomts)

Now since (—i)™ only takes on four distinct values, we can plug those in to
find the distinct values of w,,.

1-1 0
I+4i
1+% _
141
1+1 2 1—d 2-2 1
T+i  14i 1-i 2 '
1—1 .
1+i
(4) Solution:

(4) [10] Let 21 =1, 25 = 1_}_—1, x3 = 1+11%, Ty = 17 111 , and so on.
What is the limit, assuming it exists? o
(4 points)

Suppose z,, — L, and note that x,, 11 = ﬁ
(1 point)

Then L = 1+—L
(3 points)

Solving for L, we have

L*+L =1
L*+L-1 = 0
I ~1+VI+4 -1++5
2 2
(2 points)
Note that x,, is positive (this should be clear both from the recursion as well
as the original definition). Hence we must have L = %‘/5



(5) Solution:

(5) [10] Prove that, if {z,} and {z/,} are sequences with limits z
and 2’ respectively, then the sequence {z,z,} has limit zz'. Give an
“epsilon—N” proof, assuming that |z,| < M and |z| < M’'. You may
take it for granted that |z| < M and |2/| < M’. Suggestion: subtract
and add!

Let € > 0 be given. [1]

|znzl, — 22| = |znzl, — z2n2’ + 2n2" — 22| < |znzl, — 2p2'| + 202’ — 22| =
[2nllzy, = 2" + |2 — 2||2']

Then |z,z2], — 22| < M|z, — 2’| + |zn, — 2| M. [4]

Also, |z, = 2| <¢/(M +1)ifn > Ny and |z, — z| < e/(M'+1) if n > Na. [3]
Then if n > N := max{N;, Na},

|znzy, — 22| < M|z, — 2|+ |20 — 2|M' < Me/(M +1)+eM'/(M'+1) <e. [2]

(6) Solution:
(6) [20] Prove that, for all positive integers n, if 0 < r < n then p,, :=

(”fll)r ”jl—j_?“ < 1. Suggestion: calculate p,, then calculate p,, — py ;y1-

0 —
o= () S0 =1 < 1

n—|—1)rn—|—1—r (n—!—l)T—Hn—b—l—r—l
n

Pnr — Pnor+1 = ( n+1 n+1

_ <n; 1)?‘ n(n: 5 9]

Since (”T'H)r g = 0, (the inequality is > if r > 0),

Pnr decreases as 1 increases. Thus py,. < ppo = 1. [7]




(7) Solution:

(7) [10] Suppose that A is a non-empty subset of R, that B C R
is bounded above, and suppose that A C B. Prove that sup A and
sup B both exist, and that sup A < sup B.

(2 points) We are given that A # 0.

Also, suppose M is an upper bound for B. Thena € A= a € B=a < M,
so A is bounded above.

Thus sup A exists by the Completeness Axiom.

(2 points) We are given that B is bounded above.

Also, since A # (), there is some element a in A. But then a is also in B,
since A C B. Hence B # ).

Thus sup B also exists (again, by the Completeness Axiom).

(6 points) Suppose (in order to get a contradiction) that sup A > sup B. Then
there is some element a € A withsup B < a. Buta € A= a € B,soa < sup B,
which is a contradiction. So we must have sup A < sup B.

(8) Solution:

(8) [10] Let z; = ;- and z,41 = 1 — =, for n > 1. Prove that {z,}
has no limit as n — oo.
(2 points)

Note that 42 =1— 2,41 =1— (1 — z,) = z,,. Hence

.- {

(2 points)

Suppose that x,, does converge to some limit L, in order to get a contradic-
tion.
(1 point)

Then there is some M € N so that |z, — L| < 2 whenever n > M (any € < 2
will do).
(4 points)

Since n can be even or odd for arbitrarily large values of n, both of the
following must hold for any n > M:

if n is even;

if n is odd.

sl-sle

For n even For n odd
- ol<3 - <3
—2<H-L<? -2« -L<i
- B<-L<-3 —3<-L<&
l<L<® -t <L<}

(1 point)
But then % <L< %, which is a contradiction. Thus x,, must not converge.



(9) Solution:
(9) [10] State the n-th root Theorem. Show that if z > 1 then

z/" — 1 as n — co. You may use without proof that z/" > 1 if z > 1.

n-th Root Theorem [4 pts]:
For all positive integers n and all non-negative real numbers y, there exists
exactly one non-negative real number x such that x™ = y.

Suppose x > 1. Let € > 0 be given. Choose a positive integer N such that
N > (z —1)/e. Suppose n > N. Then n > (z — 1)/e and so 1 + ne > =x.
Now, by the Binomial Theorem, (1 + €)™ > 1 + ne (the first two terms in the
expansion). So, (14 €)™ > z. It follows from the Difference of Powers Formula
that 1 4+ ¢ > /" and so |2/ — 1| = 2'/" — 1 < e. We've proved that
|z1/™ — 1| < € for all n > N. This means that 2'/* — 1.

(10) Solution:

(10) [20] Prove that, if S is a bounded non-empty set of real num-
bers and sup S ¢ S, then there exists a sequence {s,} such that s, € S
for all natural numbers n, and lim,,_... s,, = sup S. Hint: Consider the
numbers sup S — (1/n).

Suppose that S is a bounded non-empty set of real numbers such that sup .S ¢ S.
For each positive integer n, we can choose an element s, € S such that s, >
sup S — % We can do this by the definition of sup .S since sup S — % < supS
[10 pts so far]. We have defined our sequence {s,}, now we must show that
sp, — supS. Let e > 0 be given. Choose a natural number N such that
N > 1/e. Then, for all n > N, we have

|$5, — sup S|

=sup S — s, (since s, < supS)

< L (by our choice of s,)

< € (since n > 1/e).

We have proven that s, — sup S.



