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Multi-index notation

A multi-index, or multi-order, isan element a of N". Thatis, a isan n-tuple of non-
negative integers: a = (ay, -, ap).

Theorder, or length, of a is |a]| =0y + - +ap,

If a and B aremulti-indices, wesay that a < if o <B, for k=1,...,n.

If o isamulti-index, a! :=a,! - a,!. Thisisread “aphafactorial.”

It a and y aremulti-indices, § = oy
If x isin R", and a isamulti-index, x% :=x,%1 - x %n. Weread thisas “x to the

alpha (power).”
We use multi-orders to express the operator of (mixed) partia differentiation. Two fairly
common notations we will use are

a adl + ...+ On
%ﬁa and D® todenote —— -
0Xxq" 1 0X,n
We also express D% as (00, A wide variety of notationsis used for differentiation.

A polynomial of degree d in x 0 R" isafunction of the form P(x) := z c, X%,

la| < d
where the coefficients ¢, are complex numbersand d isin N, and at least one ¢, with

|a| = d isnon-zero.
Wewill use the notations P, and P

thisisread “alphachoose gamma.”

o respectively, to denote the multiplication

operatorsdefined by P,f(x) := (ix)® f(x) and P ,f(x) := (-ix)* f(x).

d!
Exercise: Provethat, for d in N, (x1+---+xn)d: Z 5T X% Thisisasoknownasa
o =d
“multinomial theorem.”
Exercise: ProveLeibniz Rule: (fg){® = z %Ef(y)g(“‘y). Assume all the indicated
y<a
partial derivatives are continuous functions.

Exercise: Determine how many multi-indices o thereare, for agiven n, with |o| =d.

Exercise: Findtheformulafor (x +y)® intermsof powers xP and yY. Here, x and y
arein R".

Let S denotethe (Laurent) Schwartz class of “rapidly decreasing functions,” defined to
bethe set of al C* complex-vaued functions f(x) defined on R" such that, for all multi-

indices a and multi-orders B, x“f(B)(x) isabounded function of x. The bound can
dependon a and B.
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Theorem: S O LY(R") n Co(RN).

Proof: Since (1+|x|2)n isapolynomial, and (1+|x|2)”f(x) isbounded if f isin S,
the result follows at once because (1 + |x|2)‘” isintegrableand in Co(R").

Theorem: S isacomplex linear space that is closed under partial differentiations of all
orders, multiplication by polynomials, and pointwise products (so that S isan algebra).

Proof is straightforward, and uses Leibniz’ Rule.

Let M denotethe set of all C* complex-valued functions m(x) defined on R" such

that, for each multi-order a, m(“)(x) is bounded by a polynomia in x. The bound can
depend on a.

Theorem: MS O S.

Proof is straightforward, and uses Leibniz’ Rule.

Lemma (on integration by parts): If f and g arein M O S, and at least one of them
. _ o 99
isin S, thenfor k=1,...,n, | %, gdx——j fax, o

Proof: Without loss of generality, we may assume k =n. Using Fubini’s theorem we
write the integral as an iterated integral with the dx,, integral performed first. If we prove

thetheorem for n=1, therest now follows. Sincetheintegral isthelimit,as R - +oo, of
theintegralsover (R, R), we can use ordinary integration by parts on each such integral,
and note that the boundary termstend to O, by the previous theorem.

The following lemma could be phrased in terms making little use of Lebesgue theory.
Since we have it, though, we will useit, and probably achieve supefluous generality.

Lemma (on differentiation under theintegral sign): Let Y beameasure space, with
measure y, and suppose that

0] F(x,y) ismeasurableon | xY, where | isan openinterval contained in R;

(i) foreach x in I, F(x,y) isanintegrable function of v;
(i) for ae y inY, F(x,y) isdifferentiablein I;

(iv)  thereexistsafunction g in Ll( du) suchthat,fordl x in I, and ae y inY,

%:(x,y)ﬁ <9(y)-

. d I I oF
Then, foral x in I, g y F(x, y) du(y) = Ya—X(X,y) du(y).
Scholium: The equation implicitly states that the derivative exists!

Proof of the lemma amounts to setting up the difference quotient, applying the Mean Vaue
Theorem for a.e. y, and using Lebesgue’ s Dominated Convergence Theorem.
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The Fourier transformation and the Schwartz class

Thereisanatural affinity between Fourier transformsand S. Our first objective isto show

that the Fourier transformation is an invertible linear mapping on S. The “affinity”
referred to will become clear as we derive several formulas relating the composition of the

Fourier transformation with operators involved in the definition of S.

We define the Fourier transform, f of fin S tobethefunction given by

2o =] e EXH(x) dx. Wewill sometimeswrite F f for 1.

We haveto show, foreach f in S, that E“?(B)(E) is a bounded function of &.

N
Thefirst stepistoshow that S 0 C*.
Theorem: If fOS, then f isa C*® function,

Proof: We can apply the differentiation lemmawith Y =R", du(y) := [f(y)| dy, and
FE,y) = ey sgn f(y). Recall that sgn z := z/|z| for acomplex number z# 0; sgn 0= 0.
Wefind, inductively, that DO‘?(E) = I gty (-iy)%(y) dy, or

DF=FP,.

Since f in S implies P f isin S, and S iscontainedin L1, the desired result follows
since the Fourier transform of an integrable function is continuous.

Theorem: If fOS, thenfor each multi-index a, Pa’f\ is abounded function.

Proof: Since S isclosed under partial differentiations, we can prove the theorem by
verifying the formula

FD%=pP, F.

We do this by applying the integration by parts lemma, inductively:
j gi&x DY (x) dx = J (ie)® giex f(x) dx. The minus signsin the integrations by parts
are cancelled.

Theorem: FS O S.

Proof: Wehave £%f®)(z) =& (-ix)Pf(x)) "(2) = (—i)“H)“((—ix)Bf(x)) H'@), by the

last two theorems (we have to juggle powers of —i, and abuse notation; (<)® “should”
be

).
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Next we prove the inversion theorem for S, by using an approximate identity based on an
important example of an S function.

Example: | e¥&XeX72 gy = (2mn2 g kI72

2
It isroutine to verify that e X2 jsin S, using the fact that a partial derivative of this

2
functionis apolynomial times e X2 Theformulais derived by Jones: FT16g, pp 301-
302. We need avariant of this, that uses the formulafor an affine change of variables:

. 2 2
J e X g €XT2 gy = %;EE“/Z alel2e

The change of variablesis Tx = x/afe . The general formulain thiscaseis
f(Tx)NE) = e M2 T(e%) .

The Inversion Formulawe want is

f(x) = (2] & Fe) dk.

We cannot replace ?\(z) by theintegral and change the order of integration. But we can
2 .

takethelimit, as € - 0, of f,(x) := @™ e tlI72 g&x Fe) de, and show that it is

f(x). Inthelast formula, we can change the order of integration:

{0 = @] etk2 dex 5 i€y 1(y) ayF e

2 .
= 2m™| ﬁ[ e ElIT2 grie =) dz@ f(y) dy

2
= [ (omg 2 VX122 1(y)

Thisis one of the approximate identity formulas. Since f is continuous and bounded, we

can apply the substitute result for L® (see Jones, Ch 12 # 17). In our case, the

approximate identity hasintegral 1, so f(x) convergesto f(x), asdesired. Andthe

integral that defines f.(x) convergesto theintegral on theright in the Inversion Formula.

We have proved:

Theorem: F isinvertibleon S, and F ~f(x) = (2r)™" (F ().

Some applications of the Fourier Inversion Theorem for S.

1). The Fourier transformation isone-to-oneon S. Thisfollowsfrom theinvertibility.
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It istempting to try to prove this without using the inversion theorem.

2). Let us define some semi-normson S.
Definition: For f in S, and a and p in N", let ||f || := sup, , gn kP .
Theorem: Foreach o and g in N, ||f ”aB isanormon S.

To seethis, we note that || f || =0 impliesthat x*fP)(x) isidentically 0. Since x* is

0 inaclosed set of measure 0, and f(B)(x) is continuous, we conclude that f(B)(x) is
identically 0. Then, since F DP = PB F, we conclude, as before, that the Fourier transform
of f isidentically 0. Itfollowsthat f isidenticaly O, by application 1).

3). Theorem: S isclosed under convolution.

Proof: This can be shown directly from the definition of S. To show that || fxg ||0(B < oo
we can use the differentiation lemmarto differentiate, say, f. Then we write

X0t g)Bx) = xA((Breg)) = x@ | 1B x—y) g(y) dy =
| x—y+y)  f®x—y) giy) dy = | (x—y +y) B x—y) g(y) .

Thisis equal to asum of terms of the form const. J (x —y) B (x —y) yWg(y) dy. We

recognize that each of these isthe convolution of two integrable functions, henceis
bounded.

We can aso prove this using the inversion theorem and the equation I ?\(E) g(&) de =

J f(x) G(x) dx, validfor pairs f, g of integrable functions. Suppose f and g arein S.
AN

Then feg(x) =] fx—y) gy) dy = (2™ | f(x-y) §y) dy =

N .
] fx+y) 8y dy=Eo | fx+ ") 8 dn=(2 ] €T Gm)
dn. We recognize from this equation that fxg isthe Fourier transform of afunctionin S,
namely the product of the two functions f and /g\ and hence f+g isin S.

4). A formulafor the Fourier transform of a product.

If f and g arein S, then [ Ffg=2n " Ff* Fg.

To show this, we use the second proof that S isclosed under convolution, with f and g

replaced by their Fourier transforms. In the last member of the equations we recognize the
Fourier inversion formula.
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5). Parseval’sformulafor S.

J oo dx = (2™ e ce.

Thisisan application of 4), and recognition that the integral of afunction isthe value of its
Fourier transform at 0. To carry it out we also need aformulafor the Fourier transform of

the complex conjugate of a function in terms of its Fourier transform. Let Cf(x) :=f(x) .
Thisisnot alinear map, but is conjugate linear. Such mappings have the same continuity properties as

linear ones. Let Rf(x) :=f(—x). Then RC=CR, and F R=RF, but

| e&xip) ax= | %t dx = f(=) .
Thatis, F C=RCF. Then,in 4), FfCf= (2™ Ff+ F Cf = (2™ F f » RCF f. That

s ] e o dc= @ | fe-n) fn) =@ feen) fo) o
Finaly, weset £ =0 to get the desired result. Thisresult says that, when properly
normalized, the Fourier transformation is an isometry with respect to the L2normon S.

Some applications of these propertiesof S outside S.

1. The Fourier Inversion Theoremon L. If f and f arebothin Ll(R”), then f is
equa amost everywhere to a continuous function, and for amost al x,

f(x) = (2] & F(e) dk.

This saysthat if the Fourier transform of f isintegrable, then f isthe Fourier transform of
an integrable function. The set of all such functionsis an algebra with respect to both
convolution and pointwise multiplication.

Proof 1(outline): Examine the proof for S, and note that all we used there was an
approximateidentity in S and thefact that, for f in S, f isin LL. Here, we assumethat
T isin L. Infact, we can use approximate identities that are not in S.

Proof 2: Since S containstheinfinitely differentiable functions with compact support, S
isdensein L1 Thusthere exists asequence f, - f, f, in S. Asinthe proof of the
completeness of LP, asubsequence exists that converges pointwise, a.e. Without loss (by

renumbering) we may assume the sequence converges both pointwise a.e. andin LL

Then fAk _f converges uniformly to zero.
By the inversion theorem,

(2n)‘”§k(-x) —(2n)‘”é\(—x) converges a.e. to f(x)—(2n)‘”;fx\(—x).
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Thus, for any C* function g with compact support, J a(f\k—/f\) - 0.
J‘ A A A . J‘ n A
Hence g(f, —=f) - 0. Thatis, g((2m) f—?):o for al such g. Inany ball
AN
there is a sequence of such g's that converges pointwise a.e. to sgn( (2m)"f -1 ).

N N
Thus J E(Zn)”f—’f‘H dx=0 foral R, so f=(2m)™ , asdesired.
[X|<R

Remark: Four sentencesin the proof, beginning with “ Thus, for any C* function g,”
comprise avery useful tool that deserves to be emphasized. One consequenceis:

Theorem: If f islocally integrable, thenfor 1< p < oo,
§ 00 a
IIf||p=supuf fg:goCg, and |Iglly<1o.
u O

The proof isessentially covered in those three sentences.

2
Example: The Fourier transform of e is 142 Thisisanintegrable function. By

the inversion theorem, its Fourier transformis 2me X = 2ie ™. Thatis,

J e—iEx
T2 dx = ekl

2. Definition of the Fourier transformation on L2. Parseval’sformulafor S canbe
rewritten | () 2 de = (2" {02 dx. Parseval’sformulashowsthat F s

continuouson S with respect to the L2 norm. Let usdefinean operator F, on L2 by a
procedure known as “ extension by continuity from a dense subset.” We will normalize

the operator so that F, becomesan isometry. Let f O L2 Since S isdensein L2, there
existsasequence f, - f, fi in S. Theconvergenceisin L2, Then (2m)V2F fi isa
Cauchy sequencein L2. If some other sequence g, - f, g, in S, the sequence
m™"F (f,—g,) convergesto 0 in L2 Thus

F,f:=L%lim, ., (e"2Ff,
iswell defined, and [F i, =lim, ., Hem™2F £, =tim, ., B H, =l

Thisargument shows alsothat F, isinvertible, with F, = RF,,.

29n
Example: The Fourier transform of the characteristic function of (-1, 1) is E & . We
o o, 2 sn’E . .
have, sincethislast functionisin L<, that ﬁf E_Z d¢ = 2, by theisometric property of
i 2
sin
F,, or J EZE dg =1t
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3. TheFourier transform of a product.

If f and g arein L2, orif f and g arein L1, and the Fourier transform of one of them
isin LY, then Ffg=(2n™Ff+Fg.

In either case, the product fg isintegrable. If f, - f, f, in S, and g, - g, g, in S, the
convergence taking placein L2, it followsfrom F flo =M™ Ff, * Fg, thatthe
desired result holds. Inthe second casewetake f, - f, fi in S, h, - @m"Rg, h, in
S, the convergence of both sequencestaking placein LY. Then r/l\k - @, uniformly. In
the equation kaﬁ\k =@m™"Ff +F r?k =Ff, * Rh, fkr?k converges, in LY, to fg,

F f, convergesuniformly to Ff, and Rh, convergesin L1 to (21'[)‘”6. Therefore both
sides converge uniformly to the desired equation.

1
— 5, where a>0,b>0.
+X

1
Exercise: Findtheconvolutionof 5—— and —
a +X b



