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Assigning a topology to the Schwartz class

The Schwartz classisinteresting, and applicable, with the Fourier transform and the tools of
Lebesgue measure. We will define open setsfor S, and with this topology, introduce the space S’
of continuous linear functionalson S. These objects are also called tempered distributions. They

“include” al the LP spaces, S itsalf, and much more besides. The key ideas are these: regarding
the action of alinear functional asa“formal” integral, and the “transpose” of alinear mapping. We
have seen thisin two places recently: the equations

of d
] ax gdx=—] f % dx for integration by parts, and | () g(e) de = | () §x) dx, that
sayswe can “movethehat.” Thefirst equationisvaidwith f in S and g in M. Inthat equation,
the left side makes sense for any measurable function g bounded by apolynomia, if f isin S. So

we define alinear functional on S by the equation Tg(f) ::J f(x) g(x) dx. Theleft side of the first
of
eguation can then be expressed as Tg(@ ). If g isin M, then we can write the equation as

of o N _dg
Tg(axk )——Tag/axk(f). Theright side may not make sensg, if g isnotin M, sowe define X,

to be the linear functional, defined on S, given by theleft side. The sameistruein the second
equation. The second equationisvalidwith f in S and g in S. Theleft side makes senseif f is
in S and g isin M. But the right side does not — how do we define the Fourier transform of
|x|2, for example? The point is, we define it by the equation, not as afunction, but as alinear

functional. Infact, wehave T(€) &.2=—1() (ig,) 2= Ho?
: , 2= )2=— L
B

N

(®), 0 () kP =—(ahHrE),

where A denotes the Laplace operator. Now the equation reads —J (Af) M) dg = (|x|2)"(f). The

left side contains the factor 1 =750, By the inversion theorem we recognize this as —(2m0)"(Af)(0).
Thuswe will be able to say (|x|2)’\ = —21)"(A*)(0).

two possible topologies for S

We have infinitely many normson S, namely the || f ”aB' with o and g in N". Each of these

gives us acollection of open sets, i.e. atopology on S. There are two immediate possibilities: we
can define our topology to be the intersection of all these norm topologies. Thiswill certainly yield a
topology. Infact, we can usethisfact to talk about the smallest topology containing agiven collection
of sets. The other possibility isthe one we will use: the smallest topology that contains all

these norm topologies. Itislarger thanthefirst one. Thusitis“easier” for afunction that has S
asitsdomain to be continuous. Let X be aset that has atopology. Then,

f: S - X iscontinuous with respect to our first topology if and only if f is continuous with respect

to every topology in the collection. On the other hand, f: S - X is continuous with respect to our
second topology if f iscontinuous with respect to just one topology in the collection.

Theorem: Thesmallest topology on S that contains all the topologies Tas given by the norms

|| f ”aB’ with a and B in N", isthe collection of arbitrary unions of finite intersections of members
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of |:| TGB.
ap

Proof: Any topology that contains D To(B certainly contains finite intersections from this union,

[of
and arbitrary unions of them. And this collection of arbitrary unions of finite intersectionsisa
topology on S. Thusit isthe desired topology.

how to use this topology

Lemma: Let U beasubsetof S. Then U isopenif andonly if, forall f in U, thereexistsa

finite subset ® of N™:= N"™xN", and positive numbers eqp, such that
If—gllyg < eap foral (a,8) in @ impliesthat goU.

Proof: Suppose U isopen. Thenforeach f in U thereexistsaset Q, containedin U, with fO
Q, that isthe union of setsthat are finite intersections of setsin D TGB. Now, f belongsto one

op
of thesefinite intersections. This means that there are finitely many open sets, each belonging to one
of the topologies TGB, suchthat f isineachone. Inorder that f belongtoaset O thatisopenin
Ty@ there must be a positive number ey such that By(f.eys) 0O. Thatis foral g in S, ||f—g
”y6< eys impliesthat g0 U. It followsthat theset @ and positive numbers ey asserted by the
lemmaexist.

Next, supposethe set ® and positive numbers ez mentioned in the lemmaexist, for each f ina
set U containedin S. Then each ball Byg(f,eqp) isopen, and containedin U. Thus U isopen.

Corollary: If asubset U of S isaneighborhood of O, there existsafinite subset ® of NM2,
and positive numbers eqg, suchthat || f ”aB< eqp foral (a,p) in @ impliesthat f O U.

Conversdly, thesetof dl f in S for which such inequalities are true is aneighborhood of 0.
Proof: Thefirst statement is, by definition, the statement that O isaninterior point of U. The

second statement follows from the fact that the indicated “neighborhood” is the intersection of open
setsthat each contain 0.

Lemma: A linear mapping T:S - V, where V isanormed space, is continuous if and only if
there exists afinite subset ® of N, and positive numbers Cqp, suchthatforal f in S,

ITENs > Copllf llyp-
(a,p)O®

Proof: Here, || Tf || isthenormof Tf in V. Because our topology consists of all trand ates of
open setscontaining O, and because T islinear, to prove continuity we only have to prove continuity
a 0. Conversely, given the continuity, we know we have continuity at 0. Suppose the given norm
inequality holds. Thenif, for any £ >0, we consider those f such that

€
I llg <
(¢} Z Cy5

yo b
T iscontinuousat O, hence continuous.

for each (a,B) 0P, we have aneighborhood of 0 inwhich || Tf||<e. Thus
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Now we supposethat T iscontinuousat 0, and we want to show that an inequality like the onein
thelemmaholds. What we are givenisthat for al € >0, there existsaneighborhood U of 0 such

that | Tf ||<e forall f in U. Thusthereexistsafinite subset ® of N"2, and positive numbers
e, suchthat ||f ||, < eqp forall (a,p) in @ impliesthat fOU. Let B bethesubsetof U in
which these inequdities are true.

Then f OB implies || Tf || <e. Let f bean arbitrary non-zero element of S. Define

IIfII \3
N(f) := Z . Then g: 7'5 satisfies ||g||0(B <¢ggp foreach (a,p) 0 ®. Thus, gOB,
yod
IIfII Vo
and thisimplies || Tg || <e, or, %%ﬁ <e Thatis, || Tf||<e Z , aninequdity

yo b
that also holdswhen f = 0. Thisiswhat we wanted to show.

Asan application, recall the proof that S 0 LY. We used the fact that (1 + [x|9)" [f(x)| is bounded,
by definition of S, to conclude that
111y < sup, {2+ XD 0OR S (@ + D™ dy.

We have (1 + [x)"= Z C,x°9, for some constants C,. Thus

[a]=n
sup, {(L+ PO < > Cullfllger S0 Il Y Bgllfllgo,
[a]sn [a]sn

where B, =C_| (1+yP ™ dy.

Thus the “inclusion mapping,” that takes f in S into f in L%, iscontinuous. A similar argument
shows the continuity of the inclusion mappingsof S into LP, 1<p<w, arecontinuous. The
inclusion mapping of S into L* isimmediately continuous, because the norm || f ||, isthe same

asthe L® norm.

Exercise: Provethatif V isanormed space,and T:V - S islinear, then T iscontinuousif and
only if for all (a,8) in N"%, thereexists Cgp suchthat || Tv [lug < Copll v ||

Exercisel Provethatif T:S - S islinear, then T iscontinuousif and only if for al (a,p) in N2,

there exists afinite subset ®; of N"2, and positive numbers C?,%, such that

forall finS, [ THlegs 5 CY5 IIf llgg:
(v,0)0P
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Definition of S

Definition: Let S' denote the collection of continuous linear functionalson S, the elements of
which are called tempered distributions.

We will denote the generic tempered distribution by u, and write u(f) or (u,f) for thevalueof u
a f in S. Sometimeswe will write u(f) as J u(x) f(x) dx, when u(x) isasuitablelocaly
integrable function.

We may also write u(f) = J u(x) f(x) dx, evenwhen it doesnot make sense! Thisisadevice useful for defining

operations on distributions by extending them, by continuity, from the set of those distributions on which the
operation does make sense. We used this device before to define (jx[2)*, for example.

Examples
1. For xo in R", let evxo(f) =1(Xg). Wehave |evxo(f) |<|[f[lpp Thisdistributionisalso
denoted éxo(f), and called the Dirac delta function. Another common notation for 6X0(f) is J

O(Xo —X) f(X) dx, where & isthought of asa*“point mass’ at the origin, or as“afunction that is 0O
away from 0, and solargeat O thatitsintegral is 1.” Note the use of convolution notation!

2. If u isalocally integrable function such that (1 + |x|2)‘p lu(x)| isintegrable for some p, then
u(f) ::J u(x) f(x) dx is defined as an absolutely convergent integral for each f in S. If p is
negativeor O, u(x) isintegrable, and u(f) is continuous with respect tothenorm || f ||, If p is
positive, let P bethe smallest integer at least p. Then we prove the continuity of u in the same way
we proved the continuity of the inclusion mapping that takes S into L,

3. If u isaBorel measure such that J a+ |x|2)‘pdu(x) <o for some p, and g(x) isbounded

and Borel measurable, then u(f) .= I f(X) g(x) du(x) isatempered distribution, by the same
argument as in the previous example.

4. We can combine these examples with continuous mappingsof S into S, such asthe Fourier
transformation (not yet shown to be continuous!) to get examples such as

u(f) := ?\(xo) and u(f) := j ?(x) g(X) du(x). Thesewill be used to define the Fourier transforms of
the Dirac delta and of certain measures.

5. Another version of the previous example involves differentiation, and multiplication by
polynomias: u(f) = | x%®) dx, u(f) = | x4 B (x) g(x) du(x) are tempered distributions. To

verify thiswe need only show that the map that sends f to xo‘f(B)(x) iscontinuousfrom S to S.
To do so, we need to estimate the y&-norm of xo‘f(B)(x). This means we want to find the supremum
of the absolute value of xVDE’(xO‘f(B)(x)) = (by Leibniz’ Rule) asum of terms of the form: const.
times x°‘+y"zf(B+Z)(x), where 7 <. Each of these is bounded, by definition, by one of our norms.

Theorem: The Fourier transformation is a continuous functionon S.
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Proof: We haveto show that, for all (a,8) in N, there exists afinite subset ®,q Of N"2 and

positive numbers C?,%, suchthat foral fin S, ||f llug < Z Cﬁ% I llyp- We have
(v,0)0P

TP =% (-xPr) ") = (-i)“H)G((-ix)Bf(x)) H'). It is enough to estimate the L -norm
of DO‘((—ix)Bf(x)) . Todo thisit is enough to estimate the supremum of (1 + [x[2)" D“(xBf(x)) :

Thislast quantity isalinear combination of terms of the form x2V+B'Zf(Z)(x), where {<a, T <B,
and |y| < n. Itisdominated by || f ”2v+B-ZZ . Itfollowsthat F iscontinuouson S.

the extension of linear operatorsto tempered distributions

The main point of interest in our study of tempered distributionsis the extension of linear operators
such asthe Fourier transform and differentiation to tempered distributions. Thisinvolvesalittle
work. The usual procedureisbest illustrated with examples.

Example: Let uscalculate the derivative, in the sense of distributions, of [ x > 0], the characteristic
function of the positive real numbers. First, weexpress [ x > 0] asatempered distribution:
([x>0],1):= I [ x>0]f(x) dx. Now if it werethe casethat [ x >0] were differentiable, the
formulafor integration by parts would give the equation

Idix [x>0]f(x) dx=—] [x>0]d%f(x)dx:f(0)-

In this equation, only the first member does not make sense. Therefore, we make the members that
do make sense the definition of the left side, expressed as atempered distribution, rather than an
integral:
d df
(@ [x>0],f):=-(x>0],gx ) =f(0).
Note that, when the tempered distribution pairs a suitably bounded function with afunctionin S, the
meaning istheintegra. Inthe present case, in terms of the delta function, we have

d d df
ax [ x>0]=03. Wecan now differentiate the deltafunction: (g o,f) :=— (3, gx ) =—1(0). We
canthink of &' asadipole... You canwork out other examples. For example, what is the second

derivative, in the sense of distributions, of |x|? Asyou experiment, you have to be careful sometimes.
For example, the function log [x| islocaly integrable, so

(log x|, f) == J log || f(x) dx. Therefore, in the sense of distributions,

d df
(gx log x|, f) :=—(log [x|, gx )- Thisisal very well; the fun comesin simplifying beyond the mere
definition! We have (recalling improper Riemann integrals)

df df , H o d H
—(log . 3¢ ) ==/ 1og X g dx=—I|mbTO’aloBr log [x| e dx + | log | g e =

—0 a

. H 1 ®1 E
=limMy 040 Br x f(x) dx—log|b|f(b) + j xf(x)dx +log lalf(a)H =?
- a
The two integrals do not converge separately, at least for al f in S. The boundary terms don't

converge either. The usua techniqueisto usethe Cauchy principal value, the limit with b =—a,
or
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lim, é{ %f(x) dx—log e f(—e) + | %f(x) dx +log |£|f(£)§ =
—00 3
0
ﬂ%wJﬂMMHmwmeM—
e

ﬂ%w%wye) SN RORCINN

dx +log e (f(e) — f(—s))E
0

Thelast integral is absolutely convergent because f has a continuousfirst derivative. The boundary

termstendto O by the mean value theorem and abasic limit: xlogx - O as x decreasesto 0. The

Cauchy principal vauein this caseisusuadly written

im |t &
I|mSlo fx) % -
[x]>€
Thus, in the sense of distributions the derivative of log |x| isthe tempered distribution

_ [ foo 2
(pv ,f) = I'muo f(x) % -
[x|>¢

1
Exercise: Find the derivative, in the sense of distributions, of p.v.5 . Your goal isto find an

expression for it intermsof f, notintermsof f'. Suggestion: when you integrate by parts, subtract an
appropriate constant of integration!

Example: Let us caculate the Fourier transform, in the sense of distributions, of [ x>0], the
characteristic function of the positive real numbers. First, weexpress [ x >0] asatempered

distribution: ([x>0],f) := J [ x>0]f(x) dx. Now if it werethecasethat [ x >0] were
integrable, the equationj /f\(z) g(&) dg = j f(x) /g\(x) dx would give

| [x>017®) fE)dx= | [x>0]7(x) dx. Theright-hand side makes sense. We thus define
the Fourier transform, in the sense of distributions, of [ x > 0], by the equation
([x>0]N1) = J [x>0] ?(x) dx. Again, we want to express the integral on the right in terms of

f, not f. Wecanusethe approximation device, and write

00

J 1x>01%00 ax=lim,_ o] e™%(x) dx. Now wecaninterchange the order of integration.

0
[ eo800 ax= | eo| eb [ f0)
We have f(x) dx e Vf(y)dydx= E+iy dy. Thelast integral resembles
0 0

1
(pvix ,f). Toexplait this, let uswrite

f f
[0 -] ity -soa+ | Loy [ D
ly[>e ly[>e ly|e

Inthefirst and third integralslet usreplace y by ey. Thisgives

f
J eﬁ(uy.)y dy = f(ey)ﬁJr—.y —@ dy + f (y) dy + ] 19.2/

ly>1 |y|>s lyls1
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Now wecanlet ¢ - 0, and use dominated convergence to get

im, _ J o000 o= | 1Oy -mrldy- v 0+ | 1ok oy

lyl>1 lyls1

. _ 1 _;% dy
It remains to evaluate the two integrals I iy iy dy and J T+iy - Letusreplace y by -y
lyl>1 lyls1

1 1 d
in each of theseintegrals. We get J a—_iy'*ﬁédy and f ﬁ . Now let usadd
y>1 lyl<1

corresponding integrals and divide by 2. We get J 5 dy an I
ypr Y Vi

1 1
is . Therefore, ([x>0]"f)=(maf) -+ (pvy ,f). Wesay [x>0]* =10+ p.viy

5 . Thesum of these

Exercise Show that & =1, interpret the equation!

Definition: The partia derivative, u(@, of atempered distribution u, isdefined to be
U@, ) := (=1)llu, 1),

Definition: The Fourier transform, G, of atempered distribution u, isdefined to be
N N
(u,f):=(,ft).

Each of these definitions uses the idea of the transpose of alinear transformation. Thisis defined,
abstractly, asfollows. Supposethat T isalinear transformation from avector space V toitself. Let

V* denote a space of linear funcionalson V. Then, for each v* in V*, the equation

T*V*(v) :=v*(Tv) definesalinear functional on V. Moreover, thetranspose, T*, isalinear
transformation. The only issue, in applications, iswhether or not T*V* isin V*. Inour case, with V
=S, dlweneedisfor T tobecontinuousfrom S to S.

Exercise: Provethat each of these definitionsyields atempered distribution. Y our proof must be
correct and very short to be accepted!

There is another point to be emphasized here! We really need an operator whose transpose is known
tous. Thenitstranspose, asamapfrom S’ to S', will bethe desired extension.

Exercise: State and prove the Fourier Inversion Theorem appropriateto S . Y ou will need to define
the “reflection” of atempered distribution too. While at it, define the complex conjugate of a
tempered distribution too.

Exercise. Find the Fourier transform of DY8.

Exercise: Find the Fourier transform of x°.

Exercise: Show that the convolution of atempered distribution and afunctionin S isafunctionin
M. The convolution is defined intuitively by I u(y) f(x —y) dy, and actually by the equation
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wf(x) := (u, T, Rf).

the topology of S isgiven by a metric.

There is a standard technique for combining a countable family of metrics dj, to make a
topology. There are two steps. In first step we replace each metric by the equivalent, bounded,

di (X, y)
k
metric, —————— . This is still a metric because the function X is subadditive on [0, ).
1+di(x,y) 1+X
Then we form the new metric
di(x,y)
_k "k . . . .

dix,y) = z 2 "—————— . Itis aroutine matter to show that d is a metric, and that the

1+dg(x,y)

topology it determines is the smallest one that contains all the topologies determined by the
individual metrics that determine d.

f-all

| o -3 e N9l

Hereisametricfor S: Let d(f, g) := 2 T+[T=9gl.« Mg
(a,B) ON"xN"

Theorem: A sequence { f, } in S convergesto g in S if and only if Ifx—9llyg ~ O for each
(o, B) in N"xN™
Proof: For afixed (a, B) in N'xN",

I —9llap
—al-IB-2 —|o|-B|-2 .
d(f,, g) > 271oHk-2n T+~ 0l > plak-Bl=2n If—9llyp;

on the other hand, Lebesgue’ s dominated convergence theorem shows that the converse istrue.

Example: Hereisacontinuous non-linear function from (0, «) into S, namely the approximate
identity f () :=fx@,(x), where @.(x) := e @(x/e), and @(x) isa C* function that is non-negetive,
even, has support in the unit ball, and whose integral is 1. We check most easily that f, belongsto
S by taking the Fourier transform.

Theorem: f, convergesto f in S, as e - 0. Apl(e) :=f, iscontinuousfrom (0, «) into S.

Proof: We can use the theorem just proved, and show two things: For each (a, B) in N™xN",
||f€—f||0(B -0, a¢- 0, ad ”fs_fn”aB -~ 0, as¢-n, foreach n>0.

Thefirst of these follows a pattern that | hope isfamiliar by now. Theideais simple, but the details
are tedious, and they make use of some facts from calculus that you might not be familiar with. Now,

B0 = | o) x-y +y)Pxy) dy
] a0 T HHx-y) WY Bixy) dy

y<a

o T By () 1P xy) B x4 PYx))

y<a
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= g0 T HByY oy By -x P dy

y<a

+] Q) > %Hyo‘_yxyf(s)(x) dy = 1+1l, for short.

y<a
Eachof | and Il isafunctionof x and s. We need estimates for x“fs(B)(x)—x“f(B)(x).

We have 11 —x%f®)(x) :J oy > %Eyo“yxvf(ﬁ)(x) dy. For each term in the sum, we have

ysa
y#d

oo Bes®oydyd < | omGyey i qay.

a-y lal-1vl g
Recall that |y | <1yl . Since y<a and y#a, the exponent |a] - |y] = 1.

Since the ]y| <e are the only ones that matter, we can write | ya_yl <e.

Thus,
oo Beva®oyayd <8 e ooy =B,

To handletheterm |, let uslook at the sumintheintegrand oneterm at atime. In each term, we

want to estimate the factor (x—y)yf(B)(x—y) —xY¥(®) (x). Thisisacomplex-valued function. We will
use the Mean Vaue Inequality on this difference, viewed as afunction of .

The Mean Value Theorem is not true for complex-valued functions of a real variable. Here is

an example. Let F(t) = e'm, 0<t<1. Then F(t)=imn e'm, but F(1) - F(0)=-2#F'(t)(1-0) for
any value of t, since |F'(t)] = t#2, for all t. Nevertheless, we have, for any continuously
differentiable (in the real sense) complex-valued function F of n =1 variables, the estimate,

known as the Mean Value Inequality: | F(y)—F(X) | <sup | grad F | |y —x], where Sxy is the
Sxy

n 1/2
line segment that joins x and vy, | grad F | ::§ %QZE , and each partial derivative is
J
=1

evaluated at a point on Sxy. We prove this by forming the function g(t) :=F(x +t(y —x)), 0<t<1,
n
which has derivative ¢'(t) = grad F(x + t(y — x))=(y — X) := z g%(yj - xj) , where the partial
: J
A1

derivatives are evaluated at x + t(y — x). Then we apply the Fundamental Theorem of Calculus,
Schwarz' Inequality, and estimate | grad F | by the supremum that appears in the desired

n
inequality. If it is convenient, we can use z %@ instead of the quadratic norm, by the

=
triangle inequality.

Put G(y) := (x=y)¥P(x—~y). Wewill etimate G(y) —G(0). At y, by the Chain Rule,
0G
3, =Y (x=y)¥ 9 fB)(x—y) — (x—y)* B (x—y); thefirst term is absent if y=0. Wehave

G .
%ﬁ <Y |If ”y—q eT |If ||Y,BJrej . Sincethe |y|<e arethe only ones that matter,
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G . : ,
%@ <Y IIf ||y—q et |If ||Y'BJrq . We can skip some details here. When these estimates are

added, and multiplied by |y|, sincethe |y|<e arethe only onesthat matter, we seethat term | is
dominated by alarge constant, timestermsinvolving norms ||f ||y5, times . We now combine our

estimates, and conclude that ||f8—1‘||0(B -0, as e~ 0. Thisissofor each o and B, so by the
theorem, f.—f - O, as ¢ -~ 0, asdesired.

The second task isto show ||f€—fr]||0(B -~ 0, as ¢ - n, foreach n>0. Wehave
X3, B00 -x°1, B0 = | (@) - @) (x—y +y) 1 ®ey) dy
- om-a,0) T HETVx—y) {Bpxey) dy.

y<a
Again, let us estimate the sum term by term. We have

T (0.0) - 0,00 y*x =y Py dyA < | 10.0) 0,0 ™ I g . Itis therefore

1 1
enough to show that I Eﬁ(p%g——ncp%y“_\q dy tendsto O as ¢ tendsto n, for each positive
n
n. Upon multiplying y by ¢, wehave

[l n
glo HV'J[ Ecp(y)—s—ncpanl%ya_ﬂ dy. Since ¢ iscloseto n, let's subtract and add (pgnlE This
n
gives, after an application of the triangle inequdity,

el [ E(p(y) ([B_%ya ) dy + elal-M]J (1—8—)¢E—% 97| dy =1 +II. Inthe second

integral, let' smultiply y by 3 1 Thisgives Il :%IH Jorl= MI (1—8—)(p(y)ay°‘ Y dy. As e
approaches n, Il approaches 0, uniformly in x.

Finaly, weturntoterm I. Let usestimate H(p(y)—chnl%. Consider the function of t defined, for
t closeto 1, by g(t) :=q@(ty). The Mean Vaue Theorem can be applied; we get
oy)—@(ty) = (grad @(ty))ey (1 —t), for some 1 in (t, 1). Since @ isin S, there exists aconstant

C suchthat | grad @(ty) | <

(1+ly |2)n+1+|a| , if t=1]<1/2. Thisal givesthe estimate

Clyl(1-5)
(1+|y|2)n+1+|(]| |y
This was enough; the theorem is proved.

| < s|°‘|_|y|l Y| dy, whichtendsto 0 as & - n.
aremark on thetheorem
The restriction to approximate identities based on a function with support in the unit ball is not

necessary, only convenient. Without it, there is dways a second term that takes advantage of the
smallness of theintegral away from the origin.

the weak*-topology of S .
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Thereis a standard topology for dual spaces, called the weak*-topology. Sometimesit isthe only
one used in practice. Thistopology consists of arbitrary unions of trandates of finite intersections of

setsof theform { v: OV™ : V' (V)| <e}, where v isan arbitrary vector in V, and ¢ isapositive
number. Thus, abasic neighborhood of 0 in V* isaset of theform

{V OV V(v)l<g, for k=1,... ,N<w}.
Thisisthe smallest topology such that all the evaluation maps v* - v*(v), v in V, are continuous

on V*. With respect to the weak”-topology, the transpose of a continuous linear mapon S is
continuous. The proof of thisis amatter of checking definitions.

A fact that is more specificto S isthat M, viewed asasubset of S’ by the map that associates m
in M with thelinear functional (m, g) ::J m(x) g(x) dx, isweak"-densein S'. Asyouwork

with S and S', thismay help dispel the uneasiness that comes with enjoying “magic.” To show
this density we can use approximate identities, and put the convolution on the distribution. To be sure

thiswill work, we need to check that the convolution of adistribution and afunctionin S isin M.
We need to define the convolution u*f, uin S', f in S.

Definition: The convolution, u* f, of uin S', f in S isthefunction
u=* f(x) :=(u, f(x —+)), thatis, u appliedtothefunction f(x —y), asafunctionof y; x isregarded
asaconstant. We can alsowrite ux f as ux* f(x) = (u, t, Rf).

Theorem: If uisin S', and f isin S, then ux*f isin M.

Proof: We know that there exists afinite subset ® of N"2, and positive numbers Cop, suchthat
foral f in S,
@l > Coplifllgp:
(a,p)OP
Therefore, |u~* f(x)| < Z Cop Il T, Rf ”aB' We need to estimate || T, Rf ”aB' Now,
(a,B)OP

| 7% Rf llgp = SyUIo |y°‘f('3)(x —Y)| . Asusua by now, we write

Vi®x-y)= 3§y 4B -y,
y<a
Let usdefine w:=(Ix4], ..., X D, 1:=(1, ..., 1). Thenwehave

YOy < 5 BHwary < 1 (+ )7 < R £ 200+ !
y<a

It followsthat u* f isbounded by apolynomial.

Note: Here, as elsewhere in these notes, | have avoided the refinement that the exponent Ja] in
the last expression could be replaced by [Ja]/2] + 1, or even by “the smallest integer whose double
is at least |a].”

It remainsto show that u=* f is C*, and that each derivativeisbounded by a polynomial. If we can
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o(uf) of
show, for each k, that W exists, and isequal to u * X, we will be done because of what

has just been proved.

o(u~ f) of
Exercise: Provethat W exists, and isequal to u * X, - The only way | know to do thisisto

show that the difference quotient for the partial derivative convergesin S to the partial derivative.

Theorem: M isdensein S'.

What this means is that the techniques we used in the examples amount to working in a dense
set, where we show continuity, and then extend to the closure, “by continuity.”

Proof: We seek to show that thereisan M - functional m* in every set of the form

{uoS ' u(f) —us(f)l<g, for k=1,... ,N<ow}.
To do thiswe use an approximate identity. Set u.(x) := ug*@,(x). Then u, isin M, andwe
consider J u.(x) f,(x) dx asthelimit of Riemann sums over larger and larger cubes with finer and
finer meshes. Each such sum can be written

S U0 i) NQ) = (o S 9u(5=*) fixp) A(Qp) )

p p

=(Uo 3 @ —%p) Fil}) AQp),
p

because ¢ iseven.
Exercise: Provethat Z cpe(y—xp) fk(xp) )\(Qp) convergesin S to @*f,. Youalsoneedto

p
specify the sizes of the cubes and their meshes. Dyadic subdivision isthe easiest to deal with. Itis
also convenient to express the sum asthe integral of afunction that is constant on small subcubes.

Then we have J U (X) fi(X) dx = (U, @.*f}) - (U, f,). Now we can choose & so smal that each

of theinequalities |u,(f,) — uo(f,)| <& holds. Let m* = u,. Thisestablishes the density.



