Math 2243, Fall 2002 Trial Solutions Using Leibniz’ Rule

Introduction
A linear ordinary differential equation with constant coefficients and functions of the form e™ go together very well!

We are concerned right now with second-order differential equations of the form y” + a1y’ + asy = F(x), where a;
and ag are constants that are real numbers. But the methods discussed in this note apply to all linear ordinary
differential equation with constant coefficients, at least in principle.

Background (can be skipped at first)
When we substitute y = e’ into our equation we get the equation

Y+ a1y + agy = r’e" + are™ 4 age™ = P(r)e™ = F(x),

where P(r) = r? 4+ a1r + ag. If it were true that for some r; we had F(z) = Ae™®, and we took y; = Ce™®,
then we’d get
Yl + ary) +agy = Cr2e™® + q;Cre™ + a,Ce™® = CP(r1)e™® = Ae™”

if we choose C' so that CP(r1) = A. If P(r1) #0 all we have to do is choose C' = A/P(ry). If P(r1) =0 we're
still OK if also A =0, and then we could choose C' =1, or any other number. However, if P(r;) =0 and A # 0,
this method will not work.

We can still find a solution, but we have to work harder. We need to have the idea of “linear differential operator.”
*f . : *Pro *f *f

is continuous, then exists and that then = .
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application is, we let H(x, ) := ", where z is a real number, and r is a complex number (thus r can be a real
number, because the real numbers are just complex numbers with zero imaginary part). Then we have

We need to know that if To see what our

a_H =rH and 8_H = xH, by the Chain Rule.
Ox or
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We can keep going, and get o o 9~ or (rH) = H—i—rﬁ =H+raeH=H+2rH = Por In general,

we can see that we can take the derivatives in any order, without making any difference. We will think of H as a

function y(z) that has a “parameter” r. That lets us make sense of expressions like %y” = (%y)//, that “really”

o0H _ o (on
or 0x2 ~ 9x2 \ Or

working in one variable; the r comes in “separately.”

means ) , by just changing the order of differentiation. And yet, we can still think we are

Another thing we do is recognize that differentiation is a linear operator, and (by analogy with matrix multiplication)
we write Dy =y, D? =", and so on.

We next write y” + a1y’ + asy = Dy + a1 Dy + asy = D*y + a1 Dy + axly = (D? + a1 D + axl)y =: L(y), so that
L is a linear differential operator with constant coefficients. This is just a way of saying “multiply by a2, add that
to the result of differentiating and multiplying by ai, and finally add the result of differentiating twice.” This says
“in advance” what we’re going to do to y.

There is another thing we can do, that I did not mention in class: we can think of the operator L as a polynomial
in D! That is, we can write L(y) = P(D)y. That is, L(y) =" + a1y’ + asy = (D?> + a1 D + axI)y = P(D)y.

k k k
We know now that for any integer k > 0, 9 Ly)=1L 9 y| = 9 L(y) (we can work in either
or aor aor
a\" a\" a\" a\"
Let us write this in our new way: <5> [P(D)y] = [(E) P(D) P(D) (E) ] y = P(D) (E) y] .

order). Right now, k will be one, two or three.
We can always write this in the reverse order! When we apply this to y(z) = €™ we get, reversing the order,

() -

y:

0

k
P(D) = P(D) [z*e™] = (E) [P(r)e"™].
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The Method You will need to read this with pencil and paper handy!
We want to avoid doing differentiations over and over. We use Leibniz’ Rule:

(%)k [P(r)e™] = f: (’;) PE=O(r)zter.

£=0

When k =1 thisis

P(D)[ze™] = (%) [P(r)e®] = PA=0 ()20 + POV (p)2le™ = P'(r)e"™ + P(r)ze™.
When k= 2: 5
P(D)[z?e™] = (%) [P(r)e™] = P"(r)e™ 4 2P'(r)ze™ 4 P(r)z?e™,

and when k= 3:

3
P(D)[z%e™] = (%) [P(r)e™] = P"'(r)e"™ 4 3P" (r)xe™ + 3P’ (r)az*e"™ + P(r)az®e"™.

We’ll do examples to illustrate the method.
Example 1 (Easy Case): Find the general solution of the ODE

y// _ 2y/ _ 3y — 6276.

Here P(D) = D? —2D — 3I and the polynomial P(r) =1r%—2r —3 hasroots 7y =1 and ry = —3 by factoring.
On the right-hand-side we have F(z) = e with a = 2. This value of a is not a root of P so we know that (for
that reason!) P(D)e?* = P(2)e?* and P(2) =4 —4—3 = —3, so we know that P(D)e?® = —3¢**. Therefore if
we try y, = Ce?® we get P(D)y, = CP(D)e*® = —3Ce** because of linearity: we can factor the C' out. Now
we pick C'=—1/3 and we get y, = (—1/3)e**. In addition we know that the general solution of the homogeneous
equation is y. = c1e® + ce 3%, so the general solution is y(x) = c1e” + coe 3% — (1/3)e?®.

This example is typical when F(z) = Ae®® and P(a) # 0. Thus when you are confronted by a second-order linear
ODE with constant coefficients and the right-hand-side function is F(x) = Ae®*, your first step is to check whether
P(a) =0. If P(a)#0, then y,(z) = (A4/P(a))e*. We have not had to use “the method” here.

Example 2 (One root duplicated): Find the general solution of the ODE 3" — 3y’ — 2y = e?**. We have
P(r)y=r*=3r+2=(r—1)(r —2). Thus P(a) = P(2) = 0 and we cannot use the easy method. We can easily
write down the general solution of the homogeneous equation: ¥.(z) = c1e® + c2e?*. Since 2 is only a single root
of P(r), we will try y,(z) = Cze?.

Remark (can be skipped) If we try the easy method, we get P(D)[Ce**] = 0, not €2*. But since y = e**
satisfies y’ = 2y, we know that y' —2y = 0, or that (D — 2I)y = 0. Therefore, if we had a valid y, we would
have P(D)y, = €**. Then (D —2I)P(D)y, = (D —2I)e** = 0. In other words, our particular solution is a
solution of a homogeneous linear ODE with constant coefficients. Therefore the methods of Section 2.3
should work, even tho the homogeneous linear ODE with constant coefficients is third order. What are the roots of
the auxilary polynomial? They are 7 =1, ro =2 and 73 =2, so 2 is a double root, and we expect to use xe?”
as our third solution. This is how we think to try Cze?*. End of Remark

This is where “the method” comes in: we can quickly write down P(D)xe?® (learning to omit writing the in-between

steps):
- %) PR = (%> P(r)e’™

because P(2) =0. Here, P'(2) =2-2—3 =1, so we choose C =1 and get P(D)[ze?**] = ¢?**. This means

= P'(2)e** + P(2)ze* = P'(2)e*”

r=2

P(D)[ze**] = P(D) (%) et
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the general solution is
Y(®) = ye(x) + yp(x) = c1e” + c2e®® + we”.

All we did was remember the case k=1 of the Leibniz Rule above, because we only duplicated one root.

Example 3 (Two roots duplicated): Find the general solution of the ODE y” — 63’ + 9y = €3%. This time we
have P(r) = (r — 3)? so we have a double root of 3, and thus y.(x) = ;3% + coze3®. Since it won’t work to try
Yp(x) = €3, we try Cz?e3”. According to Leibniz’ Rule, case k = 2,

P(D)[z%3*] = P"(3)e3® + 2P'(3)2e®™ 4 P(3)x%e3®.

Since P(r) = (r —3)2, P'(r) =2(r —3) and P"(r) =2. When we plugin r =3 we get P(3) =0 = P'(3) and
P"(3) =2. Thus P(D)[z2e3*] = 2e3*. If we take C =1/2 we then have P(D)[(1/2)z%€3*] = €37, as desired.
The general solution is y(z) = y.(z) + y,(z) = 163" + cowe®® + (1/2)z%e3®.

Example 4 (A complex root duplicated): Solve the IVP y” +y = 2cosz, y(0) = 1, 3/(0) = 2. As a first
step we write cosz = e’ + e . Now we can work with » = ¢ and r = —1. Our complementary solution is
Yo = 1€ + cpe” ™ in complex form. But since our linear differential operator has constant real coefficients, if a
complex-valued function y(z) satisfies y” +y = 0, then also 3"’ + 3 = 0, so ¥ is also a solution of the DE. But
then (y+ ¢)/2 is a solution, by linearity, and (y + 7)/2 is just the real part of y. Similarly, the imaginary part of
y, namely (y — ¢)/2i, is a solution. So if we just don’t worry about complex numbers, we can use the method of
Example 2, “twice at once.” We therefore try y, = Aze'® + Bre~**. By our method, we calculate P(r) =r*+1=10
when r = +i, and we have P’(+i) = £2i. Then we use Leibniz:

P(D)y, = AP(D)[ze'™] + BP(D)[ze™ ] = A[P'(i)e™ + P(i)xe*"] + B[P'(—i)e™ " + P(—i)ze "]

Notice that we don’t actually do the differentiations each time! Leibniz’ Rule takes care of that! And we treat the
complex numbers as just numbers! Now P(i) =0 = P(—i), so

P(D)y, = AP'(i)e"™ + BP'(—i)e™ ™ = 2i(Ae"” — Be ") = 2cosx

if 214 =1 and —2iB =1, by our first step. So we let A =1/2i = —i/2 and we let B = —1/2i =i/2. This means
that our particular solution is

Yp = Aze™ + Bre ™ = (iz/2)[—e™ + e ] = (ix/2)[~ cosz — isinz + cosz — isinz] = rsinz.

The general solution is y(z) = Cycosx + Cysinx + xsinx.

Check of this solution (in case you worry about our method):
y(x) = Cycosx + Cysinx + xsinz.

y'(z) = —Cisinz + Cycosx + sinz + x cos .
y'(x) = —Cycosz — Cysinx + cosx + cosx — x sin z.
Thus y"(z) +y(z) = (—Crcosz — Casinx + cosz + cosx — zsinz) + (Cy cosz + Cosinz + xsinz)

= (2cosx —xsinz) + xsinz = 2cosx.

Solve the IVP:
1 =y(0) = Cicos0+ Casin0+ 0sin0 = C

2 =1/(0) = —Cy sin0 + Cy cos 0 + sin0 + 0 cos 0 = Co.
Solution of the IVP: y(x) =cosz + 2sinz + xsinz.

Example 5 (Another complex root duplicated, and a power of z on the right):
Solve the IVP ¢” +y = 2?sinx, y(0) =2, y/(0) = 1. The 22 on the right means lots more work!

First step: z?sinz = 22(e!® — e7%)/2i. Since our P(D) is the same as the one in Example 4, we can use what we

did there. We count roots: both of #i occur on the left, and both occur on the right. Moreover, there is an z?

)
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and that counts as another two each of +i on the right. The grand total, on the right side is thus three of each of
44, and each of those occurs once on the left side. We might like to think now that we should try, for a particular
solution, Az3e™ + Bz3e~ ™. But to be safe, we have to try the “in-between” powers of = too:

ye(x) = Asz3e™ 4+ Asx?e™ 4+ Ajze™ + Byale ™™ + Box?e ™ + Bixe .
Perhaps we ought to include Age’® and Bpe *? We don’t have to do that, because P(D) annihilates them.

Were we to calculate y; and y; directly, without using Leibniz’ Rule, we’d have a total of eight terms, with
coefficients that are sums, then we’d have to add those, getting eight terms with more complicated coefficients.
There would be plenty of room for arithmetic errors. If you are always careful without having to work too hard at it,
then you should just keep on. I myself find it safer to use Leibniz’ Rule. In what follows, the steps are done “fully,”
so you can see what’s happening. In use, we can skip directly to the step below labelled (). Here are our formulas,
applied first with any P(r):

3
[P(r)e™] = P"'(r)e™ 4 3P" (r)xze™ + 3P'(r)az%e"™ + P(r)z3e"™,

[P(r)e™] = P"(r)e"™ 4 2P'(r)ze™ 4 P(r)z?e™,
P(D)[ze™] = (g> [P(r)e™] = P'(r)e"™ + P(r)ze"™.

For our P(r) =72+ 1 we have P'(r)=2r, P"(r)=2 and P"”(r)=0. This gives
P(D)[z%e"™] = 6xe™ + 6ra’e"™ + P(r)az®e"™,
P(D)[z%e"™] = 2¢"* + 4rxe™ + P(r)ae™,
P(D)[ze™] = 2re™ + P(r)ze"™

When we substitute » = +i in, the P(r) terms disappear and we get

P
(*) P

D
D

3] = 6xe'™ + 6izZe™™,
[2%e'®] = 2 4 dize™,

(D)[x
(D)

and

Now we can try our solution:

P(D)[y:(z)] = P(D)[Azx%e™ 4 Agze™ + Ayjwe'™ + Bya®e™™ 4 Boz?e ™™ + Bywe ']
= A3P(D)[2%e"™] 4+ Ay P(D)[z%e™] + A, P(D)[ze™]
+ B3P (D)[z%e™ "] + By P(D)[z*e™ "] + By P(D)[xe "]
= A3[6ze™ + 6ix?e™] + Ag[2e™ + dize'™] + A[2ie']
+ Bs[bze ™ — 6iz?e "] + Ba[2e™ " — dize” "] + By[—2ie "]
= 6A32e™® + 6iAsze’™ + 245e" + 4iAsze™ + 2iAqe'®
+ 6Bsze™ " — 6iBsz’e " + 2Bye” " — 4iByxe " — 2iBre "
= 6iAzx?e™ + [6A3 + 4iAp]we™ + [245 + 2iA;]e™”
— 6iB3x?e™ " + [6Bs — 4iByJve ™" + [2By — 2iByJe” .
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This explains why we had to include the in-between terms; without them, we’d have “stuff left over;” we need the
As to make the coefficient [6A3 + 4iA2] = 0, and so on. Now we need

?sine = 22" — e7) /2i = 6iAza*e’™ — 6iBzx?e™™, or: 6iA3 =1/2i and 6iB3 = 1/2i.
This means we take A3 = —1/12 = Bs. This gives us

P(D)[yi(z)] = (—i/2)2%e™ + [6A3 + diAs|ze™ + [245 + 20 Aq]e™
+ (i/2)2%e™ " + [6B3 — 4iBy]we™ " + [2By — 2iB;le” ",

We want all the other coefficients to be zero. That is, 0 = [6A43 + 4iAs] = —1/2 4+ 4iAs so Ay = —i/8, so
0 =245+ 2iA; = —i/4+ 2iA; so A; = 1/8. Similarly (please check my work!) Bs =i/8 and B; = 1/8. This
gives , . 4 4

P(D)[y:(x)] = (—i/2)x2e™ + (i/2)z?e™ ™ = 22(e — e7*)/2i = x®sinx,
as desired (we have —i/2 =1/2¢ and /2 = —1/2i because —i = 1/i).
Our particular solution is y,(z) = Asx3e’® + Ayx?e'® + Ajze'™ + Bszle™ ™ + Boz2e™ ™ + Bize ™. We can
rewrite this by combining the terms with e and e~ that have the same power of z. This gives (putting in the
numbers and combining)

yp(2) = —(1/6)2> cosz + (1/4)2? sinz + (1/4)x cos .

The general solution is y(z) = Cjcosz + Cysinz — (1/6)z3 cosz + (1/4)x? sinz + (1/4)x cos .
Solve the IVP:

2=y(0)=0C1
1=9(0)=Cs+ (1/4) so Cy =3/4.

Solution of the IVP: y(z) = 2cosz + (3/4)sinz — (1/6)z3 cosx + (1/4)x% sinz + (1/4)z cos x.
Closing Remarks

Using this method requires some practice, and you may well decide not to use it. If so, be sure to work along with
the examples given in Sections 2.4 and 2.5. The presentation here makes it seem long, but with practice you learn
which steps you can combine or even skip.



