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§1: Un-ordered Summation: non-negative numbers

We begin with a non-empty set A, and a function a: A — R, such that, for all a € A, a, > 0. Our most-used
example will be A = N x N, and then, a, will be written a,,n, N0t @@ pn)-

Suppose that F' is a finite subset of A. We will write Z a, to denote the sum of all the numbers a, such that

a€EF
a € F. We could specify a way to express this sum more explicitly, but it would not make any difference in the sum

because addition is commutative and associative. I emphasize that here F' is a finite set!

Now we can define Z G, to be the supremum of the set of all sums Z a, where F' is a finite subset of A.

acA a€eF
In symbols, Z aq :=sup{y € R:JF C A such that F is finite, and y = Z aq } = sup Z Aoy
acA a€F a€F

where the supremum at the end means the least upper bound as F “ranges” over all the finite subsets of A. It is
a very informal notation that does a good job of getting the idea across, but can be confusing if pressed too hard to
convey information completely and precisely. We could achieve a compact presentation by first defining a set

(1.1) S=S8(A):={y €R:3F C A such that F is finite, and y = Z ay }, and then write Z g :=supS.
acF a€cA

Please Note: Nothing was said so far about the set S(A) being bounded above! If the set of finite sums, S, is

nonempty and NOT bounded above, we say that “the un-ordered sum is infinite,” and we write Z Gy = +00. We

acA
always do this — say that a set that is nonempty and not bounded above has least upper bound equal to +oc. This

may explain why we simply say, as above, that Z o = supS. Aside (important!): what if S is empty?
a€cA

We can state a useful and natural lemma now, that we will use later without mention. Its proof is trivial.

(1.2) Lemma: Let A be a non-empty set, and let a and b be functions a: A — R and b:A — R such that, for

all a € A, 0<a, <b,. Then ZaQSZba.
acA acA

The main tool for working with unordered sums is the “big enough” partial sum:

(1.3) Approximation Theorem (part 1): Let A be a non-empty set, and let a be a function a: A — R such

that, for all o € A, an > 0. If Z aq < +00, then for all € > 0, there exists a finite set ' C A such that
acA

for all finite sets G C A, Z g < €.
aeGNF

In other words, those numbers a,, with « in a finite set G, whose subscripts « don’t belong to F, add up to a
total that is less than e. In case G ~ F = (), we have an empty sum, which we define to be 0.

Proof :  We are given that the set S = S(A), defined in (1) is bounded above. Thus, for all € > 0, there exists

y € S such that y >supS —e€. Since y € S, there exists a finite set F such that y = Z Gq- Therefore,
aEF

Zaa:y>sup876:2aafe.

a€F a€cA

Reminder: The symbols E:aeFaa and E:aeAaa are defined differently!
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Now, let G be any finite subset of A. Then

(1.4) Zaaz Z Ao = Z aa+Zaa> Z aa—I—Zaa—e.

acA acGUF acGNF acF aceGNF a€cA

By looking at the two ends of the relations in (1.4) we can see that the proof is done.
We can give a version of the Approximation Theorem for unordered sums that are not finite:

(1.5) Approximation Theorem (part 2): Let A be a non-empty set, and let a be a function a: A — R
such that, for all « € A, ao > 0.

If Z o = +00, then for all real R, there exists a finite set F' C A such that for all finite sets G D F, Z aq > R.
acA acG

Exercise: Prove this.

We need one more lemma. But first you may need to work this
Exercise: Suppose that S and T are nonempty sets of real numbers. We define

S+T:={xecR:x=s+t suchthat s€S and te€T}.

Prove that sup(S+7) =supS +sup7. Don’t forget that we have not assumed the sets are bounded! For example,
(=1, 1)+ [0, 00) = (=1, 00). It is useful to think of the “sum” of two sets as the union of all the “shifts” of one of
the sets by elements of the other set.

(1.6) Lemma: Let A, B and C be nonempty sets such that AUB = C and ANB ={. Let a and b be
functions a: A — R and b: B — R such that for all o € A, a, >0 and for all 3 € B, b, >0. Let ¢:C — R be

. _Jay, if yEA, _
given by c, = {b% if veB. Then gaa —|—Bze;gbg = ;cv.
a 8!

Proof: Let F C C be finite and nonempty. Then FFN A C A is finite, and F N B C B is finite. Therefore

Zq: Z cy + Z Cy = Z ay + Z bVSZaa—I—Zbg,

yeF YEFNA YyEFNB YEFNA YyEFNB acA BEB

by definition. But on the left-hand side, F was an arbitrary finite set, so

ZCW:: sup ZCVSZG‘X—FZ%'

vec FCO, F finite =y BeB

Given R< ) c40q and S < Z,BGB bg there exist finite sets FF C A and G C B such that

Zaa>R and Zbﬁ>S’ so that Zaa+ZbQ>R+S.

aceF BeG acel BeEG
But then 2072 Z cV:Zaa+Zb5>R+S.
~veC yEFUG acF BeG

Since ) c40a + ZBEB bg is the least upper bound of all the numbers R + S that we used, the conclusion of the
Lemma follows from the fact that when S and 7 are nonempty sets of real numbers, sup(S+7) =supS+sup7.
Remark: The R+ S part of the argument allows us to deal with the finite-sum and infinite-sum cases in one
argument, so it needs to allow for “sups” of unbounded sets.

Another way to say this: if C' and D are disjoint sets, (disjoint means C'N D = (Z)) then E Ao = E Ao + E Qg -
aeCUD aeC acD
This can be extended to any finite number of subsets of A that are pairwise disjoint. Recall that we write E ao =0, if G= 0.
acG
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(1.7) Theorem(at most countably many positive terms): Let A be a non-empty set, and let a be a function
a:A — R such that, for all « € A, a, > 0.

If Z (o < +00, then the set P:={a € A:a, >0} Is at most countable.
acA

In other words, the positive terms can be listed in a sequence if the un-ordered sum is finite.

Proof: We will divide the set P into pieces, and show that each piece is a finite set. Then, we’ll be able to express
P as a countable union of at most countable sets, which will show that P is at most countable.

1
For each natural number N, let Dy denote the set of all @ € A such that SN < CGa < Let Dy denote

oN oN’

the set of all @« € A such that 1 < a,. If 0 < a, <1, there is a largest N such that a, <

1

oNTT < aq, 50 a € Dy. It follows easily that P is the union of Dy and all the sets Dy.

SN so for this N,

Is Dy a finite set? To answer this we let S := Z aq, and define M :=[S], the greatest integer in S.

acA
Let’s show that Dy has at most M elements. Otherwise, there would exist distinct elements «;, aws, ..., apy1 in
Dy. But then, if we set G := {aq, aa,..., apy1}y
M+1 M+1
M+1>8>) aa=» o, > 1=M+1,
a€G i=1 i=1

a contradiction. Thus, Dy has at most [S] elements. In a similar way, you can show that Dy has at most [2V+19]
elements. Incidentally, we did not have to define the Dpx’s so they were disjoint! Usually, this argument is given
with Dy defined to be the set of all « such that a, > 1/2", because we never used the upper bound on the sizes
of the a,! At any rate, the proof is finished by using the fact that a countable union of at most countable sets is an
at most countable set.

Now that we know the set P of positive a, is at most countable if ) , a, is finite, we know there exists a
one-to-one correspondence between P and, either N if P is countable, or Sy := {n € N:0 <n < N}, where
N € N, that associates each natural number n (in N or Sy, as appropriate), with one and only one a € P,
denoted «,,. Such a one-to-one correspondence is called an enumeration of a set. In this case it is the set P that
is enumerated, either by N or by Sy. Here, it is useful to make N start with zero! Why?

Aside (unimportant): There are either uncountably many such enumerations of P or there are N! of them.

(1.8) Theorem(on expressing an un-ordered sum as a series): Let Z ao be a finite and positive un-

a€cA
ordered sum of non-negative real numbers. If the set P of all « € A such that a, > 0 is enumerated as

o0
g, 1, Q2, ..., Oy, ..., (where the enumeration may terminate with some finite N,), then Z Ay = Z Go,, -
acA n=0
Proof :  Without loss of generality, we may assume that P is countable. Let € > 0 be given. There exists a finite
set F' such that Z Ao > Z ao — €. Since F N P is a finite set, there exists a largest n, say N, such that

acF acA
ap € P. That is, for all natural numbers n, if «, € F, then n < N. Thus F C {ag, a1, as,..., an}, so
O§Zaa— Z QQSZaa—Zaa<e.
a€cA ae{ag, a1, az,...,an} acA acF

Therefore,

N
OSZaa— Z aa:Zaa—Zaan<e.

acA a€{ap, a1, a2,...,an} acA n=0
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M
For all M > N, we thus have Z Ao — Z Gq, < €. Because € was arbitrary, we have shown that the sequence of
acA n=0
oo
partial sums of the series Z G, converges to Z G, which is what was to be shown.
n=0 acA

A Problem

o0
Show that, if {a,} is a sequence of non-negative numbers, then Z an = Zan. Do not use the theorem on

neN n=0
rearrangements of absolutely convergent series that you learned in Calculus! Recall: the sum on the left is un-ordered!

The purpose of this Problem is to show you that the proof of the preceding Theorem, plus this Problem, essentially
proves the theorem on rearrangements of absolutely convergent series! Your proof should include the case of series
that diverge to +o0o. The proof of the next Theorem might help you to solve the problem, but you really only need
to use facts about the sequence of partial sums of a series with non-negative terms, and the definition of an unordered
sum.
o0
A Corollary of the Problem: Suppose that {a,} is a sequence of non-negative numbers, and that Z an < 00.
n=0
Then, for all rearrangements {n;}72 of the non-negative integers, > 7" an;, = >~ an.

Please note that {n; };?‘;0 is not a subsequence; it is actually a one-to-one correspondence between N, indexed by
j, and N, indexed by n. An example: {0, 2, 1, 3, 5, 4, 6, 8, 10,...}, two evens, three odds, next 4 evens, etc.

A useful feature of a rearrangement of N is this: for every finite subset S of N, there exists J € N such that S
is contained in {ng, n1, ... ns}.

However, there are ways of “rearranging” N that don’t “recapture” all of N in one “pass” thru N. For example,
we might make all the evens, in natural order, come before the odds, also in natural order. This ordering is not a
rearrangement of N in the sense just discussed!

The next Theorem is what allows us to deal with “rearrangements” that are not “permutations,” and with multiple
series of non-negative numbers. As stated, it leads directly to double series. But it can be “iterated” to handle series
with any finite number of subscripts. We will generalize the Theorem later.
(1.9) Theorem (on expressing an un-ordered sum as a series of un-ordered “sub-sums”):
Let Z ao be an un-ordered sum of non-negative real numbers.

acA

If the index set A is the disjoint union of sets A,,, that is, if A = U Ay, where A, NA, =0 if n#m,

n=0
o0
then Zaazz<z aa>.
acA n=0 \a€A,
For example, if A = N x N, so that a, is written @mp, not agy, ), and A, := {(m,n) :m = 0,1, ...} for
n=20,1, ..., the theorem says we can add columnwise first, and add those sums:

) 00
E Amn = E Amn | -
0

NxN n=0 \m=

Recall that, if S =0, then we define Z aq = 0. Let us look at some examples before proving the Theorem.
acs

Example 1: A=7"%, Ay is the set of even positive integers, A; is the set of odd positive integers, and A, = 0,
if n>1.
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The Theorem “says,” after simplification, that i ni i e g i ek We can then write
i_ojni g(z +§: (2n—1) _iini i:3:21@1 ) 80 that gﬁ%g%
Example 2: A=7", ={2"(2k—1): k€ Z"}, so A, =2"Ay, for all natural numbers n.
The Theorem “says,” after simplification, that i L nio‘;ki m We can then write
ini iﬂ%xg 2k —1)? _giﬁ

Proof of Theorem(1.9): The finite cases.

First we suppose that Z aq is finite. Then, since 4, C A for all n € N, Z o < Z aq, for all n. Indeed,
acA a€cA, a€cA
N

we can apply Lemma (1.6) and induction to conclude that for any positive N, Z Z aq < Z aq. But then
n=1acA, a€EA

oo
Z Z an < Z ao. Let € >0 be given. Define ¢, := ¢/2""3. Then, for all n € N, there exists a finite subset
n=1acA, a€EA

F, C A,, such that Z Ao > Z Ao — €p.

a€F, aEA,
There also exists a finite set ® such that
Zaa > Zaa—e/ll.
acd acA

Let ¥, ;= F,U(®NA,) CA,. Forall ne N, U, is the union of two finite sets, hence is finite also. We need
U, for “bookkeeping” purposes. Each W, is a subset of A,, and it consists of all the elements of F,,, plus any
elements of ® that are in A,, and not already in F,.

Since @ is finite, there is a largest n, say N, such that A, contains an element of ®. That is, Ay contains an

element of ® but if n > N then A, contains no elements of ®. Let ¥ := U ¥,,. Note that & C ¥. Why?

n=0
Then
0o N N N [eS)
D= | D ta) =D =D Gt =3, D @ty D 4= D = >, D,
acA n=0 \a€A, acA acd acd n=0ac¥,, n=0ac¥,, n=0a€cA, n=N+1a€cA,

Therefore, by the way ® was chosen, the first difference on the right is non-negative and less than €/4, so

SUED 91 oRtl | ERTRI) SPED 9 oRA ) 9D SETED 3D DEALED DI SR

a€cA n=0 \a€A, aed n=0ac¥,, n=0acw,, n=0a€cA, n=N+1a€cA,

(1.10) <e/d+

Let’s show that the last term is less than €/4 4 ¢/2N¥*3. For each n > N, we have chosen a finite set F,, such that

Z g < Z Ao, +e/2"+3. Therefore,

a€A, acF,

Y Y 3 (Zaa+e/gn+3>:< > Zaa>+e/gw+s.

n=N+1acA, n=N+1 \a€F, n=N+1a€cF,
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N+K
Now for each positive integer K, Z Z Ao = Z G, where G is the union of the mutually disjoint sets
n=N+1a€F, aeGg

F,,, as n runs through the values N +1 to N + K, inclusive; Gk 1is a finite set. Moreover, Gx and & are

disjoint. By the Approximation Theorem, Z Ao < €/4. Thus the last term is less than e/4 + ¢/2NF3.

acGk
The first middle term is actually equal to

i ZGQ*ZGQZZ%‘—Z%‘: Z Aoy

n=0aev,, acd acVv acd acV~P

Then, since ¥ ~ ® is a finite set that is disjoint from @, we can once again apply the approximation theorem to
see that the first middle term is less than €/4.

So far, we have shown that the sum of all the terms in (3), except the second middle one, is less than 3e/4. The

N
second middle term, which we can call SMT, for short, is equal to SMT := Z ( Z Ao — Z aa> . But ¥,
a€cA, acw,,
contains F),, so Z Ao — Z gy < Z Ao — Z Ay < e/2”+3. Thus, by a calculation involving the formula
a€cA, acV¥, a€cA, ackFy,
for the partial sum of a geometric series, SMT < Eg:o €/2"3 = ¢/4 — ¢/2N 3. This gives us a total estimate of
¢ for the right-hand-side of (3), as desired — ¢ was arbitrary, so the desired equality of the Theorem is true, if the
unordered sum is finite. We now need to show that, if the double sum on the right is finite, so is the unordered sum,
that was on the left. However, we can deduce this from the infinite cases, so let us deal with those now.

n=0

The infinite cases.

Next, we need to consider the two possible “infinite” cases: when the quantity on either side of the asserted equation

o0
Z Ao = Z ( Z aa> is infinite. We will show that if either quantity is infinite, so is the other. This will
acA n=0 \a€cA,

complete the finite cases! The arguments are similar to what we have done before, but are actually shorter.

First, suppose the quantity on the left, Z G, 1s infinite. By definition, this means that the set S defined in

acA
(1.1) is not bounded above, so that, for all large real R, there exists a finite set F' C A such that ) _paq > R.

Because F' is finite, there exists a largest n, say N, such that A, contains any elements of F. Since the sets A,
N
are disjoint, so are the sets F,, := A, NF. Hence, R < Z Qo = Z Z Qq- Since F, is finite, Z o < Z Qo

acF n=0acF, acF, a€A,
for 0 < n < N. Therefore,

N N oo
PeY o= Yy Yasy Y
acF n=0acF, n=0a€cA, n=0a€cA,

But R was arbitrary; the only extended real number larger than an arbitrary real number is +oo; we have thus

o0
shown that, if Z a. is infinite, so is Z Z Qo

a€F n=0a€cA,

o0 o0
We finally have to show that, if Z Z a,, is infinite, so is Z aq. Thus, suppose that Z Z Qe 18 infinite.

n=0a€cA, a€F n=0a€cA,
N
Therefore, for all large real R, there exists a natural number N so large that R < Z Z aq. It could happen
n=0a€cA,

that one of the “numbers” > ., a, isinfinite. But then, since S for ) ., a, iscontained in S for ) . 4 aa,
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we would immediately know that Z a. is infinite. So, we have to assume that all the numbers Zae A, Ga are
acA

finite. In that case, we let € := Z Z ao — R, and we know that there are finite sets F,, C A, such that

n=0a€cA,
N
Z o > Z ao—€/(N+1), for 0<n < N. Let G:= U F,. Then G is a finite set, the sets F,s are disjoint,
a€F, a€A, n=0
and so
N N N N

LS IP I M O IP TSR] EPIpITE MULER RO Ip I

aeG n=0 a€F, =0 \a€A, n=0a€A, n=0 n=0a€A,
That is,

SIS P S ST (S S B

aceG n=0a€cA, n=0a€cA, n=0a€cA,

by the way € was defined. Therefore, S for Z a, contains arbitrarily large real numbers, and we have shown
acA

that Z Qo = +o0o if Z Z ao is infinite. The proof of Theorem (1.9) is finally complete.
a€cA n=0acA,

Here are some applications of Theorem (1.9).

Let’s investigate double series whose terms have the form a,,, = amb,, where the a,, and b, are all non-negative.
This theorem will tell us that, in some circumstances, we need to define 0 x (+00) = 0.

Theorem (on series of products)

If {a,} and {b,} are sequences of non-negative real numbers, then Z Amby = Z Gy X Z by, provided
(m,n)eNxN
that, on the right-hand side, we interpret 0 x (+00) or (4+00) x 0 as 0.
Proof :  Let us deal with the “zero times infinity” cases first. If anozo amy = 0, then for all m € N, a,, =0, so
the terms a,,b, are all equal to zero, and so the set S for Z amby, is {0}, and so Z by = 0.
(m,n)eNxN (m,n)eNxN
The argument is entirely similar if Y b, = 0.

Next, let’s suppose that both of Y >°_ a, and Y - b, are positive, and at least one of them is infinite. This

means that there is at least one m and at least one n such that a,,b, > 0. Suppose it’s Zf:o b, that is infinite.

Then for some m such that a, > 0, we define the finite sets F := {(m,n): 0 <n < N}, one for each natural
N

number N. We have Z aub, = am Z b = am Z b, — +oo. Therefore, Z amby, = +0o0, and
(u,v)EFN 0<n<N n=0 (m,n)eNxN

oo
the product Z Ay X Z b, 1is infinite as well.
m=0 n=0

Please note that we usually don’t show that two infinite quantities are equal to each other; we show that each is
equal to the same infinity.

Let’s apply this to an important specific example.

Theorem (that says e”t¥ = e%e?)
for all real numbers = and y,

— (z+
> et Zn. o

n=0 n=0
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Proof : At this time, we won’t prove quite what the Theorem says; we’ll assume that x and y are both positive.
First, please use the Ratio Test to show that all three series in the statement of the Theorem are convergent.

We rewrite the series on the left in the form Z (z+ y Z Z ol ( ) ~"y". This is valid, because we are

n=0 n=0r=0
n 1 1 11
only replacing M by Z— " " Ty", for each n. We algebraically simplify — ") b0 —— = We
n! = on' n! \r (n—r)!r!
o0 o0 n I/L‘S yr _ )
then e 35 EEI U SRSS TS S B SRS b compltes
n=0 n=0r= 0 n=0r+s=n (S,T)ENXN s=0 r=0

the proof, when = and y are non—negative. We will deal with the other cases of the signs of z and y at the end
of the next Section. By the way, the sets A, are A, ={(s,7) e NxN:r+s=n}.

oo o0

1
The next example uses the same sets A,,. The problem is: For which p is the sum SE:O TE:O m finite?
o~ (n+1)
We can write go;o s+r+1 ngoré ) s—i—r—i—l ngoré nﬁzngzom, and we know this

is finite if and only if p > 2.
§2: Un-ordered Summation: real numbers

We can use the same arguments that we used before even if the numbers a, can be either positive, negative, or zero.

The only problem we have is when the sum of the positive parts of the a, and the negative parts of the a, both

have infinite sums. We simply can’t tell what value to assign to oo —oo! But if Z al < oo, then, whether Z a,,
acA acA

is finite or not, their difference Z al — Z a, has a definite meaning. Thus we make the following definition:

acA a€cA
(2.1) Definition(of un-ordered sums of real numbers): We begin with a non-empty set A, and a function

a: A — R. Then, if at least one of the numbers

Z al and Z a,, is finite, we define Z Go i= Z al — Z a, -

acA acA acA acA acA
If both of Z al and Z a, are infinite, we say that Z aq is undefined.
acA acA acA

The point is, in the theory of un-ordered sums there is no such thing as a conditionally convergent series. Conditionally
convergent series arise in connection with an ordering of partial sums. The theory of un-ordered sums is concerned
only with sums defined in terms of least upper bounds.

There are some straightforward theorems. Exercise: Prove them.

(2.2) Z ao is finite if and only if Z |ae| is finite.
acA acA

(2.3) If Z aq 1s defined, finite or not, and w: A — A is one-to-one and onto, then Z Upo = Z Q. Moreover,

a€cA acA acA
one of these sums is defined if and only if the other one is.

(2.4) If Z aq Is finite, then at most denumerably many of the terms a, are non-zero.
a€cA

(2.5) If Z ae Is finite, then for all € > 0, there exists a finite set F C A such that,
a€cA

for all finite sets G C A, Z laa| < e.
acG~F
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(2.6) Suppose Z ao is finite.
acA
If the set P, of all « € A such that a, # 0, is enumerated as g, A1, Qg,..., Qy, ..., (where the enumeration

may terminate with some finite N,), then Z U = Z Qq,, -
a€cA

(2.7) If Z ae Is defined, and if the index set A is the disjoint union of sets A,, that is, if A = U A,, where
acA n=0

A, NA, =0 if n#m, then Zaa:i<z aa>.
acA n=0 \a€A,

Now we return to the exponential series. For all real numbers = and y,

Z x-i—y an ﬁ

n=0 n=0 n=0

All we have to do is apply (2.2) and (2.7). We already know that if = #0 and y # 0 then

ozt o= (2l +JyD)” |[" |
j;%———ﬁr—— < 2;;___75___- j{% n! 2:

Thus the un-ordered sum is defined and finite. By using the same calculations now and the same sets A, that we
used when = and y were positive, we get the same result. Finally, if one of = or y is zero, there is really nothing
to prove: one of the factor series has value one, and the sum series agrees with the other factor.

§3: A generalization of Theorem (1.9)

(3.1) Theorem: Let Z a, be an un-ordered sum of non-negative real numbers.
a€cA
If the index set A is the disjoint union of sets A,, that is, if A = U Ay, where A, NA; =0 if o # T,

o o x (£ )

acA o€X \a€cA,

The proof is essentially the same as that of Theorem (1.9), using un-ordered sums in place of series!

— 1
Example: Calculate Z %

n=1
[k<n]=1if k<n is TRUE, and [k <n]=0 if k¥ <n is FALSE. We can use this trick (Iverson-Knuth notation)
again to write k = > 77 [j < k]. we can then insert all this into our sum to get

. To start we recall that n(n+ 1) = 2,k = 2> [k < nl]k, where

IA

[

i n+1 QZ M 2§:§:§:

n=1 n= 1 j=lk=1n

i<k
; *4223

N) T

Me T

2>

Jj=1

ES
Il
—

What we did here was write the series as a triple series, change the order of summation, use geometric series.
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