Some stuff about Vector Spaces.

Many rules you have found useful in calculus have one of these 2 forms:

“The (something) of the sum, is the sum of the (something)s.”

“The (something) of a constant multiple of (what you’' re working with) isthat constant

multiple of the (something) of (what you’ re working with).”

Examples. differentiation, integration, limit of afunction, limit of a sequence, “sum” of an
infinite series. There are other rules that apply to products or quotients, but those rules have
different forms depending on what the (something) is - for example, “limit” and
“derivative.” And when (something) is“integral,” there is no rule that expresses the
integral of the product or the quotient of 2 functionsin terms of the integrals of each of the
functions. So addition, and multiplication by a constant - ascalar - are important because

they keep showing up, and because they behave so predictably.

The abstract theory known as Linear Algebraisthe study of what is*aways’ true when
you work with mathematical objects that can be added and multiplied by scalars, and the
study of what is*“sometimes’ true, in various interesting special circumstances. Our study
will be brief.

The objects of our study: vector spaces, linear operations, vectors

A (real) vector space consists of anon-empty set V, the elements of it being called vectors,

and 2 operations, addition, defined somehow for every pair (v1, vp) of eementsof V, and

scalar multiplication, defined somehow for every pair (c, v), where ¢ isarea number, and




v isandement of V. Addition of the pair (v1, v2) of dementsof V must result inan
element of V, and that result, called their (vector) sumis expressed in symbolsas vq + va.
Scalar multiplication of the pair (c, v) of area number and an element of V must result in
an element of V, and that result is expressed in symbolsas cv. Both operations must yield
aresult that isan element of V: v1+vo and cv both must exist and satisfy the conditions
of membershipin V. The operations of addition and scalar multiplication, known asthe

linear operations have to satisfy some more conditionsin order for the theory to describe

the situations we're used to. Before listing these properties of the linear operations, let’s
look at a number of examples of things we' re used to being able to add and multiply by
scalars - and have the result always be athing of the same kind we started with. These will

be followed by some non-examples.

Examples

1. Matrices of the same size.
2. Polynomials. Addition isdefined pointwise: (P+Q)(x) = P(x) + Q(X); scalar
multiplication is also defined pointwise, by (cP)(x) = c(P(x)).
3. Functionsthat are differentiable on an interval. Addition is defined pointwise:

(f+g)(x) =f(x) + g(x); scalar multiplication is aso defined pointwise, by (cf)(x) =
c(f(x))-
4. Functionsthat are defined on an interval. Addition is defined pointwise:

(f+g)(x) =f(x) + g(x); scalar multiplication is aso defined pointwise, by (cf)(x) =
c(f(x))-

Thereisasamenessin 2, 3, and 4 that we can exploit later with the idea of a subspace.



5. Sequences. Additionisdefined termwise: if s={sy} and t={tn} aresequences, the
sequence s+t isdefinedby (s+t)h=sh+ty, N=1,2,3,... Scaar

multiplication is also defined termwise, by (cS)n = ¢(Sn).

6. Series. Addition isdefined termwise: if s= ) © s, and t= Zm th areseries,
n=1 n=1

the  series s+t isdefinedby (s+t) = zw (sn+tn) . Scalar multiplication isalso

n=1

defined termwise, by cs= Zw c(sn) -
n=1

7. Rea numbers!
Some non-examples

1. All matrices, not just those of the same size. They can be multiplied by scalars, but can't
always be added.

2. Functionsthat have alimit at apoint Xo. They can be multiplied by scalars, but can’t

always be added. The problem islike that for matrices of different sizes. two

functionsthat havea limitat 0, for example, might not be defined on the same open

interval about 0, so they can't necessarily be added pointwise. Thereisaway to get

around this difficulty, but that is beyond the scope of afirst coursein linear algebra.

3. Matrices of the same size, with integer entries. These can be added, but can’t be

multiplied by scalarsthat are not integers, and still be matrices with integer entries.

4. Rational numbers. These can be added, but can’t be multiplied by scalars that are not

rational numbers, and have the results still be rational numbers.

5. Positive rea numbers. These can be added, but can’t be multiplied by scalarsthat are

negative numbers, and have the results still be positive numbers.

Properties of the linear operations



When we work with mathematical objects, we usually take for granted that the following
properties of addition and multiplication by constants - scalars, that is - aretrue. Therefore,
in the theory they become arequirement that a mathematical object must satisfy in order

that it be qualified to be called alinear space (a synonym for “vector space”).

0. Thereisanelement of V, caled zero, or (the) additiveidentity, and denoted by O

(some timeshby O for emphasis, or to avoid confusion with the scalar 0), such that, for
every vector vin V,v+0=v.

1. (Vector) addition iscommutative: for every vq and vz in V, vi+vo=Vvo+Vi.

2. Additionisassociative: for every vi,vp, and vz in V, vi+ (v2+v3) =(v1+V2) +Va.
3. Existence of additiveinverses. for every v in V, thereexistsanelement w of V such
that v+w=0. Thisvector w, caledthe additiveinverseof v, isdenoted by —v.

4. Scalar multiplicationis associative: for al real numbers ¢; and ¢, andfor every v in
V,  cicv) = (cicv.

5. Scalar multiplication is distributive over scalar addition: for all real numbers ¢; and ¢
and forevery vinV, (cp+ v =Cyv + V.

6. Scalar multiplication is distributive over vector addition: for al real numbers ¢, and for
every vi and v2 in V, c(vy+ V) =cvy + Cva.

7. Multiplicative identity: forevery v in V, lv=v.

These properties, together with the existence of the set V' and the operations of addition
and scalar multiplication that must always be performable, and result in an element of V,
arerequired in order that we have avector space. They are called the axioms of a vector
gpace. Remember that the axioms include the stuff about the set V and the operations,
even though that stuff did not appear in anumbered list! In the abstract theory, we smply

assume the axioms are true, and can prove many theorems about objects defined in terms of



the quantitiesin the axioms. Then, in an actual situation, if we can verify that what we're
working with is avector space, we then have available, for application, al the theorems that
we have proved in the abstract setting. Thisis beneficia, because we do not have to verify
over and over again, in different contexts, that what we do, involving only the linear
operations, is correct. Other stuff we do, involving non-linear features of what we're

working with, we can’'t apply the abstract theory to!

Exercise

Show that, in avector space, for every scalar ¢, cO=0.

We have already seen some repetition, in the examples, of what you have to do to show
something is avector space. A labor-saving device has been invented - it’s called a vector
subspace, or linear subspace, and there is atheorem about them that can be used to save
work.

Definition: Let V beavector space. A subset, W, of V iscalled alinear subspace (or
vector subspace) of V, if W, together with the same operationsused in V, but applied

only in W, isalso avector space.
Subspace Theorem: A subset, W, of avector space V isalinear subspaceof V if and
only if for every pair wq, wo of elementsof W, and every pair ci, co of scalars, ciwg +

cowo OW.

Exercise: Provethetheorem, by checking that all the axioms for a vector space are true for

W, using the operations already OK for V.

Thistheorem is useful because, for example we can do the work of checking that the
collection of real-valued functions defined on any non-empty set, with addition and scalar

multiplication done pointwise, is avector space. Then, to show that the functions that are



differentiable on an interval form avector space, al we haveto dois show that (af + bg) =
af" + bg istrueat every point - already donein calculus| - and apply the Subspace

Theorem.

Exercise: Show that the examples (1 - 7) are indeed vector spaces.

Linear combination - a very useful term

Suppose ¢y, ..., Ch aescaars, and vy, ..., vy arevectorsin avector space V. Thenthe

Vector v =Cvq + ... + CVvp isa(the) linear combination of vy, ..., vy with coefficients

C1, ..., Cn. A linear combination always involves afinite number of scalars and vectors! It
might involve only one vector and one scalar. And the expression for v, namely civy + ...
+ ChVn, iSwritten without parentheses (you see, in alegalistic sense, we can only add 2
vectors at atime, because that iswhat the operation “1ZZ") because associativity lets us add
them together in any order, 2 at atime. For example, vi + Vo +Vv3+ Vs means (Vi + Vo)
+ (V3 +Vy), or ((V1+ Vo) +V3)+Vvy or (how many ways?) Wealsosay that v is
expressed asalinear combination of vy, ..., vy, Or represented asalinear combination of
V1, ..., Vn. A linear combination isnon-trivia if at least one of the scalars ¢y, ..., ¢cp isnon-
zero. A linear combinationis called trivid if all of thescaars ¢y, ..., ¢ initare0. Thus, a

trivial linear combination always hasaresult, v, thatis 0.

Linear dependence, linear independence, basis, and dimension

These 4 concepts are fundamental! Linear dependence and linear independence are
mutually exclusive. They describe properties of sets of vectors, not properties of individual
vectorsl Thereisatricky thing to remember about sets. aset can't have 2 copies of the

samething init!



Definition: Let V beavector space. A subset, S, of V iscaleda linearly dependent

setif O isin S, orif thereisanon-zero vector s in S that can be expressed asalinear
combination of vectorsin S, that areall different than s.

Alternate Definition: Let V beavector space. A subset, S, of V iscaleda linearly
dependent setif O (though not necessarily in S) can be expressed as anon-trivial linear

combination of vectorsin S.

Examples of linearly dependent sets:

1 S={v,2v,w}. If vz0, then v=0w +%(2v) . If v=0, then 2v redly isnot there,
because sets contain only one copy of each element. Then S iscertainly linearly
dependent by the first definition; it islinearly dependent by the second one because then O
=10.

2. Suppose V isthe set of polynomialsof degree < 2, and S={ 1, x, X2, (x + 1)2}.
then S isalinearly dependent set because (x + 1)2=1:x2+ 2:x + 1-1. We can express 0
asanon-trivia linear combination of the elementsof S by re-writing the last equation in

theform

, and do Gauss elimination, getting
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the row-echelon matrix, 001 50. Youcansay, about the origina matrix, thet its
0000"
rows form alinearly dependent set, because row 4 isalinear combination of rows 1, 2,

and 3.

Exercise: Express row 4 of thismatrix asalinear combination of rows 1, 2, and 3.
Exercise: Express sinhx and cosh x aslinear combinations of eX and e™X.

Exercise: Express X and e aslinear combinations of sinhx and cosh x.



The definition of linearly independent isalmost too easy: A set S inavector spaceis

linearly independent if it isnot linearly dependent. Thisis correct, but not useful.

Alternate Definition: Let V beavector space. A subset, S, of V iscaleda linearly
independent setif O (necessarily notin S) can only be expressed asthetrivial linear
combination of vectorsin S.

Alternate Alternate Definition: A set S inavector spaceislinearly independent if the
only sets ¢, , ..., cpn of scalarsthat can make even one equation of theform O=cyvy + ... +
CnVn true, whenever each of the vectors vy, isin S, arethe setswith al of the ¢;’s equal to

0.

Examples:

1. { sinx, cosx} isalinearly independent set of functions. Proof: Suppose asinx +b
cosx = 0. Inthiscontext, 0 isthefunction that isidentically zero. Therefore, if we define
afunctionf(x) = asinx + b cosx, we'resayingthat f(x) isidentically 0. But then, we
canset x=0, andweget 0=f(0)=a0+b-1=Db, so b=0. Therefore, f(xX) =asinx
at every x. But f(x) =0 at every x too. Sochoosesome x where sinx z0. then 0=
f(x) =asinx, andthismeansthat a hasto be 0. Therefore the only constants a and b
that make the equation asinx + b cosx = 0 trueare a=0=Db. Therefore, by the
Alternate Alternate Definition, {sinx, cosx} isalinearly independent set of functions.

2. Thefunctions {1, x, x2, ..., x", ... } form alinearly independent set of functions. Proof:
Suppose alinear combination of 1, x, x2, ..., X", ... isidentically zero. Sincelinear
combinations only involve afinite number of these powersof X, thelinear combinationisa
polynomial of some degree, say N. That is, we are giventhat P(X) = po + piX + pox2 +
pox2+ ...+ paxN=0. Set x equal to 0. Since 0= P(0) = po, We get that the constant
termis 0. Since P(x) =0, P(x) =0. Again,set x=0. Then 0=P(0) = p;. Repeat the



argument, and you'll get, at each stage, that k! px = 0. Hence, al the coefficientsin the
linear combination are 0, sothewhole set islinearly independent.

3. Let V betheset of nx1 matrices - column vectorswith n entries, (sometimes called
components). Let S bethe set consisting of the vectors ey, ... , en, where g hasall zero
entries except for one 1 inthe ith row. Then S isalinearly independent set. Proof:
Suppose cie; + ... + chen = 0. Inthiscontext, 0 isthe column vector that has all entries
0. Now, thefirstentry ineach of e, ..., ey is 0. Thusthefirst entry in cie1 + ... + Chen
is ¢;. Thisisequa to thefirst entry in the sum, which isthefirst entry in O, whichis 0.

That is, c; =0. Theargument just done works for any of the entries, so all the ¢;’s are O.

Exercises:
El 3 4%
1. Show that the columns of the matrix Dﬁ 421 gD form alinearly independent set.

2. Show that the rows of the matrix in Exercise 1 form alinearly independent set.

3. Show that theset { eX, eX} isalinearly independent set of functions.

4. Show that any non-empty subset of alinearly independent set is alinearly independent
Set.

Theorems about linearly independent sets
The useful thing about linearly independent setsis that the coefficients used to represent a
vector asalinear combination of the elements of alinearly independent set, if it can be done
at al, can bedoneinonly oneway! Thus,if v=civi+ ... +Cqvp, and v=dyvi + ... +
dnvn, thenfor every i, ¢ =d;. Proof:

O=v—-v=(Cv1+..+Cnvp) —(dvy + ... + dnvp) =(C1—dy)vy + ... + (Ch—dn)Vn.
Sincethe v;i's arein alinearly independent set, by assumption, the coefficients, (¢ —d;) in

the last equation must al be 0. That means ¢ = d; for al the i’s. Note - thereis



something wrong with this argument - nothing serious, mind you, but still not quite right!

Can you spot the flaw?

Hereis atheorem we will use, but skip the proof of. Y ou need to memorizeit, and be able
to useit. You can get aproof or explanation from meif you wish, later. In order to state the
theorem we need the concept of a set that ismaximal, inaset X, among those setsthat have
some property, say property P. For thisto be useful, we will only talk about properties of
setsthat are hereditary, meaning that if aset S haspropery P, and T isasubset of S,
then T aso hasproperty P. Anexample of such aproperty of setsisthe property that the
set does not contain 0. That’ s not an interesting example. The onewe will useisthe
property of being linearly independent. It isactually true that the empty set islinearly
independent! So Exercise 4, above, that | hope you did, shows that being linearly
independent is an hereditary property. So, saying a set is maximal with respect to property
P meansthat the set has property P, and that no larger set has property P. There might be

many maximal sets.

Theorem: In every vector space V thereexistsat least one

maximal linearly independent set B.
There are, in fact, infinitely many sets of thissort. But they all have one thing in common:
Theorem: If B isamaximal linearly independent set in avector space V, then every
vector, v, in V can be represented, in one and only one way, as alinear combination of the

vectorsin B.

Proof: Let vOV. Then,if vOB, v=1v, s0 v can berepresented asalinear

combination of the elementsof B. Since B islinearly independent, this can be donein



only oneway. On the other hand, if v doesnot belongto B, consider theset B O***
Unmatched right merge quote *** { v }. Since this set islarger than B, it is not
linearly independent - it islinearly dependent. This meansthat thereisafinite set of
elements of B 0*** Unmatched right merge quote *** { v}, anda
corresponding set of scalars, not all zero, such that the linear combination, formed from the
vectors and their corresponding scalars, is 0. Now, that finite set of dementsof B 0***
Unmatched right merge quote *** { v} must contain v, for otherwise it would
be asubset of B, and weknow, since B islinearly independent, that theonly sets ¢y, ...,
cn of scalarsthat can make even one equation of theform 0= cyvy + ... + Cyvpy true,
whenever each of the vectors vy, isin B, arethesetswith all of the ¢’'s equa to 0. And
we know that our subset of B 0*** Unmatched right merge quote *** { v} is
linearly dependent. So, v hasto be one of itsmembers. Let’sdenotethisset { v, vy, ...,
Vk }, with corresponding scalars ¢, ¢y, ..., Cq not all of which are zero, such that the linear
combination

cv+Cvi+...+cpvp=0.
| assert that ¢ cannot be 0. For, otherwise, ¢ =0, so one or more of the ¢’'s haveto be
non-zero, and we' d have an equation

CivV1+...+chvp =0,
involving only vectorsfrom B, with coefficientsnot all 0. Thiscan't be, because B is
linearly independent. Therefore, ¢ 0. So, now we' re done, because we can solvefor v:

v =—1/c)(cvy + ... + CrVp).
The part of the theorem about uniqueness of the representation of a vector asalinear
combination of the elementsin B is aconsequence of the Theorem about linearly

independent sets, proved earlier in this section.

Note: seeif you can get the last equation from the one before it, just using the axioms of a

VECtor space.



WEéll, now that that’s done, the rest isnot so hard. Theset B that we get from the big
theoremiscalled abasis of, or, for, V, or just abasis. But it looksintimidating to deal with
abasis, much lessfind one, or be able to show that a particular set isabasis. Actualy, it's
usualy not abig problem, and that’ s because of the theorem following the next theorem.
To state the next 2 theorems, we need yet another set of handy terms. span (verb), span
(noun), and associated adjectives. A set S of vectorsspansaset T of vectors, if every
element of T is(i.e., can be expressed as) alinear combination of vectorsin S. The span
of aset S of vectorsis, by definition, the set of all linear combinations of vectorsin S.
The span of S isdenoted span S.
Theorem: The span of anon-empty set of vectorsin avector space V isalinear subspace
of V.
Proof: Let W denotethe span of S, namely the set of all linear combinations of el ements
of S. By the subspace theorem, al we have to do is show that every linear combination of
2 elementsof W isalsoin W. So,let wy=cCiS11+ ... +CpSin, Wo=di1Sp1+ ... +
dms,m, Where the double subscripts indicate that the vectors involved in forming w; and
wy might not be the same. Then, for any scalars & and ap,

W1 + @W2 =C1S11 + ... + CpSyn + diSp1 + ... + dmSpm.
Thisisalinear combination of vectorsin V, except that some vectors might be repeated.
That isactualy OK, but we can eliminate repetitions by using the commutativity and
associativity of addition, and the distributivity of scalar addition over scalar multiplication, all
found in the axioms, to express ayw1 + aWw, asalinear combination of the vectorsin the
union of the two sets
{s11,...,.s1n} and {s21, ..., Som}. Thiscompletesthe proof of this handy theorem.
Now the theorem that makes bases (plural of basis) more or less easy to find.
Theorem: A subset B of avector space V isabasisof V if and only if

(1) V=spanB



and

(2) B isalinearly independent set.
Proof: (1) says, every vectorin V isexpressible asalinear combination of the vectorsin
B, and (2) saysthat thiscan be doneinonly oneway. Therefore, the conditionsto be a
basis are satisfied by any B that satisfiesthe conditions (1) and (2). Thiscompletesthe

proof of this handy theorem.

Example: Theset {1,x,x2, ..., X", ...} isabasisof the set of all polynomias. Proof:
Every polynomial can be expressed as alinear combination of these powers of X. In one of
the earlier examples, it was shown that this set of functionsisalinearly independent set.

Thus, the last theorem says the set of powers of x isabasisof the set of all polynomials.

Exercises:

1. Let R" denotethe set of nx1 matrices- column vectorswith n entries, (sometimes called
components). Let S bethe set consisting of the vectors ey, ..., en, where g hasall zero
entries, except for a 1 inthe it row. Show that S isabasisfor RN, (It'scalled the gandard
basisof R".)

2. Let B denotethe set of vectorsin RN of theform by =g + 44, if i<n, andlet by =

en. Show that B isabasisfor RN,

Next, we define, and deal with, the idea of dimension.

Definition: If V isavector space, and B hasabasisthat isfinite, then V iscaled a

finite-dimensional vector space. If every basisof V isaninfinite set, then V iscalled an

infinite-dimensional vector space.




Theorem and Definition: If avector space V has oneinfinite basis, then each of its
basesisinfinite. If avector spaceisfinite dimensional, then each of its bases has the same
number of elements, and that number is called the dimension of V.

Proof: Supposethat B; and By arebasesof V. Supposethat Bp isaninfinite set, and
that By isafiniteset. Wewill show that thisleadsto acontradiction. Theidea of the
proof isto use systems of linear equations! Supposethat B, has N elements; say Bo =
{21, ..., S2n}. Choose N+1 elementsfrom Bj. Thiscan be done, because B1 isan

infinite set. Call the chosen elements s; 1, ..., Sin+1. Since By isabasis, for each k, 1<

k< N+1, thereexist scalars ckj suchthat s;x = ZN CkjSzj - Now, given any set of
=1

N+1 xi's, let’sform thelinear combination w = ZN+1 XkS1k , and substitute in, for
k=1

each of the s i, theexpressionfor s;k, intermsof Bp. This givesthe complicated

. N+1 N+1 N . .
expression w = Z XKkSLk = Z xkz CkjSz,j - By using the usual properties
k=1 ji=1

of addition and scalar multiplication, we can change the order of summation, and get
N+1
XKS1k = Bz XKCkj ] S2j
Zk 1 Z =1 ] =

Of course, we knew all along, because By isabasis, that there are unique numbers y;
N+1
suchthat w = YiS2j . Therefore, since XKCki D Si=W= YiSe
Ejllj z]lgz el EleJ

, weknow, foreach j, 1<) <N, the coefficients of

Sj oneach side of the equation must be the same, so

yj = ZN+1 XkCkj . Thisisasystem of linear equations! Infact, thereare N equations
k=1

in N+1 unknowns. Therefore, if there are solutions at all, there must be infinitely many.
But there are solutions, because we started with any set of N+1 xi’'s, and built a vector,
w, asalinear combination of N+1 vectorschosen from B4. Then we sent out for the
coefficientsof w with respect to the basis Bo. Thesewerethe yj's, N of them. We
found 2 waysto represent the vector w intermsof the By, oneway asasum involving

Xk's, and the other by just asking for the coefficients of w with respect to B,. Because



B> islinearly independent, the 2 wayscan't really be different. That's how we got the

equations yj = Z N+ XkCkj , 1<j<N. Sotherecertainly are solutions! Since there have

to be others, we aso have numbers zx, 1<j<N+1, not al the same as the corresponding

Xk's, suchthat yj= ZN+1 ZkCkj , for 1<j<N. Now we have to work backwards.
k=1

. N
Certainly w = zN YiS2j = Z ZN+1 ZkCkj S2j- Now let’s change the order of
j:]_ J:1 k=1
. N
summation. Weget w = z ZN+1 ZkCkj S2,j = Z N+l ZKS1k -
j=1 k=1 k=1

The last equality comes from substituting “out” the representation of the

s1k's intermsof Bp. Now we are done, because we have the result that w = Z N+ ZkS1 k
k=1

, even though we know that w = ZN+1 XkS1k ,» and that some of the xi’s differ from the
k=1

corresponding zx's, so this contradictsthe linear independence of B1: corresponding
coefficients must be the same when the vectorsliein alinearly independent set!

What we have shown so far isthat, if one basisisfinite, so must be every other one. Thisis
the same thing as saying that, if one basisof V isnot finite, then all basesof V are
infinite. It remainsto show that, when one basisof V isfinite, and contains n elements,
then every basisof V containsexactly n elements. Well, we can recycle the previous
argument - it already deals with this casetoo. Here'show: Suppose not. Thenthere are
bases of different sizes. Call thelarger one B4, thesmaler, Bo. Let N denote the
number of elementsin Bo. Now use the previous argument, amost word for word. The
only differenceis, we can choose N+1 elementsfrom B1, not becauseit isinfinite, but
because it has more elementsthan Bo. Now, since every basisof V has the same number
of elements, we can legitimately say that that number depends on the vector space itsalf, and

not on any particular basis of it. Thisnumber iscalled the dimension of V.

Exercise. Explain why asubspace of afinite dimensiona vector spaceisitsef afinite

dimensional vector space.



Linear transfor mations

Linear transformations are where the applications are, of linear algebra. We'll begin with
the definition, and then list some examples.
Definition: A function T that isdefined on avector space V, and that takesitsvaluesin

avector spaceis called alinear transformation, or alinear map(ping), or smply linear, if itis

true that, for every pair v1, vo of ementsof V, and every pair ci, co of scaars,
T(Cavy + Covo) = C1T(vy) + CoT(v2).

“T linear if it preserveslinear combinations.”

Thenotation T: V - W isfrequently used in describing linear transformations - it

emphasizesthe domain (space), V, of T, andthe range-space of T, namely W.

Exercise: Show that T islinear if and only if, for every pair v1, vy of eementsof V,
T(vq +Vv2) =T(vy) + T(v2), and, forevery v in V and every scaar ¢, T(cv) =cT(v). That

is, “Tislinear if it preserves sums and scalar multiplication.”

Examples:
1. Let A bean mxn matrix. Thendefine T(x), for column vectors of size n, by T(x) =
AX. T(x) isacolumn vector of sze m. The basic properties of the matrix operationstell
usthat T(x1 + x2) = A(X1 + X2) = AX1 + AXo = T(X1) + T(x2). Also, T(cx) =A(cx) =
(Ac)x = (cA)x = c(AX) = cT(X).
2. Let V bethe set of functionsthat are differentiable at every point of the unit interval.
For f in V, let T(f) bethefunctionof x defined by f'(x). Thus, (T(f))(x) =f(x).
Since

(f+9)(x) =f(x) + g(x),
and

(cfy (x) = c(f (x)),



we see, by recognizing the occurences of the definition of T, that T islinear.

Exercise: Show that the function that starts with a continuous function f on [0,1], and
assignsto it the number Jéf(x) dx, isalinear transformation. Thisisan example of a

linear transformation that has scalars as values. Such are called linear functionals. They are

avery important kind of linear transformation.

Usually, we write alinear transformation not as T(x), but as Tx, to emphasize the analogy
with multiplication by a matrix.

Caution: Theword “linear” isused in different waysin mathematics. Y ou are probably
used to calling apolynomial such as mx + b alinear function, and that makes sense,
becauseitsgraphisaline. But,if b isnot O, itisnot alinear function in the sense of
linear algebra. Proof: Inorder for T(x) = mx + b to belinear in the sense of linear
algebra, it hasto be true that for every scalar ¢, T(cx) =cT(x). Let c=0. Then T(cx) =
T(O)=b. But cT(x)=0T(x)=0#b, so T isnotlinear. Seeif you can prove T isnot
linear using addition instead of scalar multiplication.

Exercise: Show that, if T islinear, then T(0) = 0.

Here are some terms that you' Il need to know later, about alinear map T:V - W:

The null space, or kernel, of alinear transformation isdenoted ker T, and is defined by

kerk T={vinV: T(v)=0}.
Theorem: Thenull space of alinear map T isasubspaceof V, thevector spacewhere T
is defined.
The range, or image of alinear transformation isdenoted im T, and isdefined by
imT={winW: forsome v in V, w=T(v) }.
Theorem: Therangeof alinear map T isasubspaceof W, the vector spacewhere T

takesits values.



The solutions X of a homogeneous matrix equation AX =0 form itsnull space. The
column operation matrix C that is mentioned at the end of section5 contains, inits n-r
columns under the al-zero columns of the “final cleaned up” matrix, abasis for the null
space.

The span of the columnsof A istherangeof A. A basisfor therangeof A can befound
by multiplying A by the matrix formed by the columns of C that are under the rxr
identity matrix that fillsthe first r columns of the “final cleaned up” matrix. The product

has r columns, each of size m, and they form abasisfor the range of A.

How the dot product isrelated to a sum of products

The geometric definition of the dot product of vectors F and r in spaceis Fer = ||F|| ||r||
cos e, where 6 istheanglebetween F and r. Wemeasure 6 sothat it isbetween O and
T, inclusive.

The matrix, or coordinate, definition of the dot product: If x and y arevectorsin R",

n
then xsy = 3 Xy;. The geometric definition in R" depends on the fact that the span of a
i=1
set with 2 elements has dimension at most 2. Then “the angle between x and y”
makes sense. So we define geometric xy = ||X|| |ly|]| cos 8, where 6 isthe angle between
x and y. Wemeasure 6 sothat itisbetween O and 11, inclusive.
Thefact isthat these definitions yield the same number. Why? It al depends on someting

that is geometric - the Law of Cosines: ¢2= a2 + b2 —2ab cose, where 8 istheangle
between the sides of the triangle that have lengths a and b, respectively, and ¢ isthe
length of the opposite side. Please draw apicture! The way we bring vectors into the
pictureisto interpret these lengths as the magnitudes of vectors, and use Pythagoras to say
that the square of the magnitude is the sum of the squares of the entries of the vector. So let
a=|x|,b=|ly|l- Whatis c, intermsof x and y? Wéll, by the parallelogram rule of
vector addition, c=|[x —y|| or |y —x]|, depending on how you drew your picture. It will

work either way! Substitute these into the Law of Cosines: [[x —y/|I? = |IX||? + |ly||2 -
2|IX]| llv]l cos 8, and now put all the squares on the RHS, and the other term on the LHS:

n n

211l Iyl cos @ = [IXI[2 + [IylZ = lx =ylIF = 5 {x? +y? ~(x=y)? =3 2xy;. We
i=1 i=1

can cancel the 2's, and the equation says the two definitions agree.

The next few subsections all lead to systems of linear equations, and make use of matrix
operations, especialy theinverse. It isimportant for you to be able to recognize alinear
Situation when you seeit. These subsectionsillustrate that too.

Coordinate systems

Every vector space hasabasis. If V isafinite dimensional vector space,and V ={ v, ...,

V4mV } isabasisof V, thenevery vector v in V can be written asalinear combination
of the vj’s, with scalars G called coefficients. For simplicity, let’slet n=dimV =
dimensonof V. Then v=cv, +... +c,v,,. Weaso know that the coefficients are
unique, becausethe basis V islinearly independent. Why? Because, if v=c,v, +... +

CVp andaso v=cjv, + ...+ v, then v—v=cyv, +...+cVv,—(C vy + ... +CV,)



=(c;—¢)vy + ... (c,—¢,)v,=0. Sinceabasisisalinearly independent st, all the
coefficients (¢, —¢c;) =0, thatis, ¢;=¢ for i=1,...,n. Thus, thereisonly one set of
coefficientsfor v: the coefficients are unique. The discussion so far has been, and will
continue to be, abstract - nothing is being said about HOW those coefficients are found!

That depends on the exact nature of each particular vector space. Right now the discussion
is about thingsthat are true for vector spacesin general. Now for coordinates. Let C(v) =

€y -G =(c ... ¢t Iclamthat C isalinear transformation from V to R". To

show this, | can use the two-step method: show that, for al vectors v, w in V, C(v+w) =
C(v) + C(w), and for dl scaars r, and al vectors v, C(rv) =rC(v). Let'ssupposethat w

=dyv, +... +dyv,, sothatthecoefficientsof w are d,, ..., d,. Therefore, C(w) = (d,,

.., d). Hence C(v) + C(w) =(cy, ..., C)) +(dy, ..., d))=(c, +d;, ...,c,+d,). Does
thisequa C(v+w)? Well, v=cv, +...+cVv, and w=d;v, +...+d Vv, SO V+w=
(¢, +dyvy +... +(c, +d,)v,, sothecoefficientsof v +w, being unique because the
vj’s congtitute abasis, are (c; +d,), ..., (¢, +d,), S0 C(v +w) =((c; + dy), ..., (c,+
d.) = C(v) + C(w). Theargument for C(rv) =rC(v) issimilar. Youdo it, please! We call
the column vectors C(v) the coordinates of v, or the coordinate vector of v, with respect
tothebasis V. So the coordinates we use to specify avector depend on the basis we use.
The vectorsin the basis are sometimes called a coordinate frame. 1f we want to keep track
of the coordinate frame we are using, we can write C,,(v)

The coordinate transformation can be reversed. If we start with avector (c,, ..., ¢;) in R",
and useitsentriesto formthevector v=c,v, +... +cv, in V, then C(v) = (c,, ..., Cy).
Therulejust given that assigned c,v; +... +¢v, in V to (c;, ..., C,) in R" definesa
function

K((cy, ..., ¢c;)) thatmaps R" to V.

Exercises Show that K isalinear transformation from R" to V.

| clamthat K istheinverseof C. To show why thisistrue | need to check the defining
equations for inverses:. KC =1 (theidentity on V) and CK =1 (theidentity on R™).

Fromtheway K was defined, it has already been shownthat CK =1 (on R"). Right?
Now | need to check that KC =1 (on V). Sostart with v in V. C(v) isthe vector of
coordinatesof v. Thatis, (c,, ..., C,) isthat vector of scalarssuchthat v=cyv, +... +

C V- Andso KC(v) =c,v, +... +C.V,,. Butthisis v. So KC=1 (on V). Wewill use
C todenotetheinverse, not K, orwe'll use i if we need to emphasize that we're
working with the basis V.

Example: Thevectors { e, ..., €,} in R" form abasis, caled the standard basis, and
C(v) =v.

Example: Now let’swork with the vectors (3,4) and (4, 3) in R?. They form abasis

(why?). Let’ssee how to find out what C(a/(%) is. Weneedtofind a and b sothat EJE

= aﬁg + b%g and a and b will dependon x and y AND the vectorsin the basis,

AND the order of the vectorsinthe basis. Let’slook at what's happening at the entry level:
x=3a+4b, and y=4a+ 3b. Thisisasystemof 2 equationsin 2 unknowns, that can



4

be expressed in matrix form as & 3%5 = %E To solvefor arbitrary x and y givenon
4

the right, we find the inverse of @3E whichis

—%H_:Z_g , and find that %E:—lgjf%ﬁ Thus, since a and b arethe

13x -4
coordinates desired, C(%E) = —ZUax + g’ﬁ Notice that the coordinates of a/(% with

respect to
V ={ @H%H} areNOT x and vy.

Exercise: What would the coordinates of %H be with respect to W ={ %H , aH }?

Example: Now let V be the space of polynomials of degree < 3. A standard basisis {1,

X, X%, x°}. The coordinates of ax® + bx? + cx + d aretherefore (d, c, b, a). Surprised?
The reason for the reversal of order isthat we listed the vectorsin the basisin increasing

order of powers. The polynomials 1, 1+x, (1+x)?, (1+x)3 also form abasis (why??).
What is C(ax® + bx? + cx + d) for this new basis? To find out, we have to figure out how
to express ax® + bx? + cx + d asalinear combination of { 1, 1+x, (1+x)?, (1+x)°}. So,
weneedto solvefor A, B, C,D sothat ax®+ bx? + cx + d = Al + B(1+x) + C(1+x)? +

D(1+x)3. We could work from the right-hand side by choosing various values of x, and
see what that yields. Choose x =—1. The equation becomes —-a+b—-c+d=A. Sonow
weknow what A, thefirst coordinate, is. We might next choose x =0, and thisgivesthe
equation d=A+B+C+D, or a—b+c=B+ C+ D. Next, wecould choose x =-2,
andget 8a+4b-2c+d-A=-B+C-D, or -7a+3b—-c=-B +C-D. Findly,
choose x=1, andget a+b+c+d=A+2B+4C+8D, or 2a+2c=2B + 4C + 8D.
This gives us a system of equationsin the unknowns B, C, and D, and “knowns’ a, b,
and c (noticethat d disappeared):
B+C+D=a-b+c,
-B+C-D=-7a+3b-c,
2B +4C + 8D =2a+ 2c.
01 11080 01-1 10ed
This has the matrix form %‘21 1_81%% = %21 8 —27%% Notice the reverse order of c,
b, a8 Remember, that’s because of the choice of order made in the basis! The 3x3 matrix
on the left has a special form! Itsfirst column consists of different numbers. Its
subsequent columns are powers, second, third, and soon (such matrices can be of any
size) of the numbersin thefirst column. ThisisaVandermonde matrix, and itisinvertible.
| do not know asimple way to invert aVandermonde matrix - maybe thereisan articlein a
journa in the Math Library about it, though. Theinverse of thisoneis
1%6—2—1% EIBE 1%6—2—1%_1—1 1D]]:% -2 SDD:%
=03 3 ol 1 r,% -=U3 30 13—7% :%1—3%_““
6131 oL Therefore GpO=B03 5 1) g o0~ [f g qag0 Thsen
be combined, using block matrix techniques, with theformulafor A, A=d-c+b-a, to
AO -1 1-10d0

. BU [p1 -2 3l . "
get the coordinates: %E: 0 1-3 E Well, thisisaway that works, and it'svery
0 01

matricia (aha! the adjective at last!). But thereisan easer way! Inthe origina polynomial,



write x = ((x+1) — 1), and plug this expressioninfor x: ax® + bx? + cx + d = a((x+1) —
1)% + b((x+1) —1)® + c((x+1) = 1) + d =
a(x+1)3 — 3a(x+1) + 3a(x+1) — a
+ b(x+1)? — 2b(x+1) + b
+ c(x+1) —
+d=

(d—c+b-2a)l+(c—2b+3a)(x+1) + (b—3a)(x+1)? + a(x+1)°. Thisisexactly what
the matix approach gave asthe answer.
Exercise: Assume Earthis spherical for thisexercise. Interms of aright-handed
coordinate system with origin in Minneapolis at the spot wherethe 45 line of North
lattitude meetsthe 93" 15° line of West longitude, with UP asthe z-direction, EAST as
the x-direction, (a) find the coordinates of the center of the Earth (assumetheradiusis
3500 miles), (b) find the coordinates of the Greenwich Observatory. You'll need to consult
an Atlasfor (b)!
Conclusion: Finding the coordinates of avector with respect to a basis depends on the
nature of that basis, and the nature of the vector spacein which al thistakesplace. The

easiest basis to work with is some kind of natural one, such asthe standard basisin R",
and the powers of X in spaces of polynomials. But sometimes, it is necessary to use some
other basisin place of the easy one, so we have to know about change of basis. Note that in
the examples, the vectors to find the coordinates of were given in terms of a standard basis!
Change of basis

Supposethat V isafinite-dimensiona vector space, of dimension n> 1. Assumewe have
twobases, V={v,,...,v,} (somaybe V isastandard basisof V) and W={ w,, ...,
W, }. Weknow (abstractly) that there are coordinates, C,,(v) and C,,/(v) for each vector
v in V, with respect to each of these bases. If wearegiven C,,(v), the coordinates of v
with respect to V, isthereaway tofind C,/(v), the coordinatesof v with respectto W,
intermsof C,,(v)? Yes. We“construct” (i.e., find, in principle, or in an abstract way) an
nxn change-of-basis matrix, X, (for eXchange) suchthat C,(v) = XC,,(v) (recall that

Cy(v) and CW(V) arein R", sothey’re nx1 column vectors). Here'show. We're

giventhat v = z Gvj» and weknow that there exist numbers d; suchthat v = Z dw;,
= i=1

but we don’t know them. Now, somehow, | can’t say how unless | know what the vector

Space V actuallyls, we dig around and find, for each j, 1<) <n, unique numbers b

such that v; = z b w.
i=1
around, looking up the coordinatesfor n vectors, when all we wanted was the coordinates
for one vector! Well, not exactly - the vector we want the w-coordinates for isan arbitrary
vector, v, and there areinfinitely many of them. If we just do thiswork of finding the w-
coordinates of n vectors, we can find the w-coordinates of any vector, just by doing a
matrix multiplication.times the v-coordinates of that same vector! Of course, finding the v-
coordinates might be hard. So we only have to do the hard thi ng once... Well, now we

ijWi, because { w;, ..., w,} isabasistoo. Sohereweare, scurrying

n
plug the expressions V=3 bi-wi into the equation v = z Vs and we get adouble sum
i=1 =1
n n n Dn
V=73 g3 byw;= Z Z Gjloyw; = Z Dz cb” . Wealso know (in principle) that v =

=1 =1 i=1j=1



z dw;, soif we subtract these two expressionsfor v, we get

i=1
nDn n[l]]n D
zDszuDl ZdW z[[]]szU[] 'Di:O'
i=17j=1 =1

D
Since { wy, ... ,w,} isalinearly independent set, we know that the numbers Dz C b'lD

d; mustalbe O, i=1,...,n. Therefore if welet X;; =by;, then z XiiG
=1
fori=1,...,n. So, Cy(v)=(d;, ... .d)=X(cy, ... C)= XCV(V) asdeﬂred The
matrix X iscalled the change-of-basis matrix, from V to W. We canwrite X,y for X
if we need to keep track of the bases we're exchanging. The order of the subscripts V
and W isimportant!
Exercise: Figure out, just by thinking about it, how now to find the change-of-basis matrix
from W to V, assuming you already know X.

z Gy =d;,
=1

aQo 40 ao DZE EH%

Example: Find the change-of-basis matrix from { %D %D %D} to{ g D-1 D21D1

DOE DLE

D'l 0} Wehave 3 setsof coefficientsto find. First, find b,,, b,,, b;5 sothat %D
020 E—I—lD DOE

b11%05+ b21D 1D+ b31E‘ZD Please recognize this equation as one with a matrix

o0 02 -1 ogPuf
product: %D 121 21% . Now recognize that when we do the same thing for the
31

other two basis e ements, we can recognize amatrix equation (thisis possible because we
are working with column vectors!):

M410 02 -1 0P by, bl3%
5 ZE %‘1 2 —1by1 By D31 Thishastheform V = WX, so X =WV, | used
61 0 -1 27T, by, by

V to stand for the matrix consisting of the column vectorsin V, likewisefor W. | can do

S0 ONLY because I’'m working in R3 Sowhat we needto DOto find X is, find the
inverseof W, the matrix formed from the vectorsin the second basis. Theinverse of W
[(B210

1 , : . .
turnsout to be 7 % ‘21 %E Finally, we multiply ontheright by V toget X. Theanswer is.

[5144D

X =3 % 20 6D Please check it! Let’s see how thisworks. Suppose we know the
16 4
(10

[40]
coordinates of some vector v with respect tothebasis V. Thatis, v = 01%5 + CZ%E +

[A0]
03%5 =Vc=WXc. Weaso know, abstractly, that



020 E—I—lD 0onO
V= dl%—o =Wd, but wedon't know the d's. However, WXc =
Wd, because each of theﬁelsequal to v. Since W isinvertible, we can multiply on both
sidesby W2, andweget that d=Xc. But c= Cy(v), and d=C/(v), sowevefound
the X that transforms V-coordinatesinto W-coordinates. Cy,,(v) = XC,/(V).

Example(continued): Find C,y(v). Thismeans, given avector v in R3, find d;, d,, d,
020 10 gogd

suchthat v = dl%olg + dz%_zig + d3%21% Wd (we recognize alinear combination of
columns as a matrix times the column made of the coefficients in the linear combination!).
Tosolve v =Wd we multiply both sidesby theinverseof W: d=Wv. We aready
know W, so C(v) =W
Exercise: Find C,,(v). Find C,,(v) when v =(7, 11, 19).

a0 @mo [Ag @20
Example(continued): Let v = %E Z%E + S%E = %_24% Find the coordinates of v

with respect to the basis W. The coefficientsof v withrespectto V are 1,-2,5, so
010 010 | b14410

[:BD

D_ O ol _1 Lo O

Cy(v) = 20 Then Cyy(v) =XCy(v) = X2 =38 20 ngm-— %D. Please
EI—ZE 3 020 EH% DOE

check: is D_i 0=-3 %‘015 5215 > E‘%DO Do the coordinates obtained thisway agree

with Wv?

Exercise: Find the coordinates of the standard basis vectors with respect to each of the

basesin the last example. This exercise can be donewith 3 matrix multiplications as the

only labor, if you think through what is going on!

Exercise: Find the change-of-basis matrix from { 1, 1+x, (1+x)?} to { 1, 1-x, (1-x)?}.

Exercise: Find the change-of-basis matrix from { i,j,k} to {j+k, k+i, i+ }.

Linear transformations and matrices

We have seenthat T(x) = Ax isalinear transformation, when A isan mxn matrix, and X
is nx1. The converseisalso true.

Theorem: If T:R" - R™ isalinear transformation, thenfor al v in R", T(v) =My,
where M isthe mxn matrix whose columnsare T(e)), T(e)), ... , T(§,)

This theorem says that a linear transformation from R" to R™ “isamatrix,” in the sense
that it is carried out by multiplying by amatrix. Why isthe theorem true? Well, each vector
in R" isaunique linear combination of basisvectors { e, &,, ..., e,}: V=v,e +V,e, +
.. +V,& And T islinear. Thus, T(v) =T(v,€ +V,&,+... +V. &) =T(v,6) + T(v,&,
oL tVe) = = T(ve) + T(v8) + ...+ T(vg) =V T(e) +V,T(&) + ...+ Vv, T(e),
using the definition of “linear transformation” over and over and over... Thefina
equationis T(v) =v,T(e) +V,T(&) + ...+ v,T(g,). Eachof the T(g) isan mx1
column vector, so the equation saysthat T(v) isalinear combination of the columns T(g,),



1
1

T(&), ..., T(g,). Thatisexactly what matrix multiplicationis: (qj)(vl, Vo, von» V) :vla

=0 B4

2 n

+v25; H +vn5:‘ H So we put the column vectors T(g)), T(e), ..., T(g) ina
2 n

row, left-to-right, and remove all but the first and last parentheses to construct the matrix M,
whichwe'll call M(T).

Example: Find the matrix of the linear transformation of R" to R" that reversesthe
order of the entries of avector.

%0... 01
0...10
AnSNa': e

%1... 000
0...00

The spaces R" are not the only vector spaces we work with. When T isalinear
transformation from V to W, and both V and W havefinite dimension, it is useful to

pick abasis for each space, and then the spacesresemble R". We can even get a matrix
representation for T, so we can say that every linear transformation between finite-
dimensional spaces*“is’ amatrix. The purpose of this part isto show how to find that
matrix, and that will it can be done! The existence of amatrix representation istruein
infinite-dimensional spaces too, but bases are seldom used in such spaces. Please notice, in
the argument coming up, that the finiteness of the basesin V and W isnot realy used!
Let'slet V={v,,...,v,} denoteabasisof V and W={w,,...,w,,} denoteabasis
of W. Sowe'reusing n to stand for the dimension of V, and m to stand for the
dimension of W. Thefirst thingwe'll doisto “find” the coordinates, with respect to W,
of T(v;), foreach j. Wedon't haveto say how, because we know it can be done, in

m

principle. So we get, for each |, T(vj) =y tijwi. We know that, for each v in V, there
i=1

exist unique scalars (that we' ve called the coefficients of v with respect to V) G such that

n

VECV + ...+ GV =3 QY. Let'ssubstitute thisinto T(v) inplaceof v. Weget T(v)
=1

= T%z D (by repeated use of the definition of linear transformation) = z v z tw; =

j=1 | 1
n m m Dn D Dn [
Y Y Gtw; = z Dz ct”DwI WEe're just about done. We recgnize that Dz St D isthe

j=1i=1
ith entry of (trs)CV(V) andisasothe ith entry of C,,/(T(v)). Therefore, to make

:
F



everything into acolumn vector, wewrite C,,(T(v)) = C,,(V)(t,g). The subscriptsonthe

C’'s arethereto distinguish between thetwo bases, V for V, and W for W. The matrix
of T with respect to the pair of bases V, W is (t,). Let'sdenotethis M(T) = My, \/(T)

if we need to keep track of the bases. Hereisadiagram that illustrates what is going on.

vaoo 'Tm. W
O O
[Cy [Cw
l l

M(T)

R" [ . RM

In the diagram, the arrows signify which is the domain space and the range space. Y ou can
travel thru the diagram, following the arrows, OR you can go against an arrow |F you know
that the mapping for that alrow HAS AN INVERSE. In this diagram, we know that the
coordinate mappings Cy and Cy haveinverses, so we can do anumber of trips thru the
diagram. The point of it al isthat if we start someplace and go to another place, we'll
always get the same result, even if we follow different routes. Thisis expressed by saying
“the diagram commutes.” So, let’s start with avector v in V. If we go across the top, we
get T(v), in W. Let'sgetfrom V to W another way. Start with v in V, goto C,,(v)
in R", multiply by M(T), togetto R™, thenapply Gy togetto W. Thediagram
commutes, so we get to write down an equation GIVEN to be true: C\j\}(M (MCy(v)) =
T(v). Thisisfull of parentheses. Let’s use the convention of writing the composition of
linear mappings as multiplication. The equation then becomes C\j\} M(T)C,v="Tv.
Further, since 2 linear mappings that do the same thing to every vector are, by definition,
equal, we can write G M(T)C,, = T. Sowhat? Well, we could use this equation to find
T(v) intermsof coordinates. We can aso usit to express M(T) intermsof T and the
coordinate mappings. M(T) = CWTC\‘,1 . Making trips thru diagrams that commuteis
called " diagram-chasing.”

Exercise: What trips thru the diagram give the last equation?

Different pairs of bases give different M(T)’s, but they arerelated, via change-of-basis
matrices. Thus, if V', W' are other basesin V, W respectively, we know that C,, =

Xy v Cy and Gy =Xy wCy- The X's are the chang-of-basis matrices. We know
also that MV,W(T) = CWTC\",l . Thisequation isreally the same asthe onejust referred to
in the Exercise. Therefore, MV.’W,(T) = CW,TC\"ﬁ. Now, we need to substitute for the
C's: My yw(T) = Xy wCwTCy(Xy ) ™ The 3 middle factors, when muiltiplied

together, give MV,W(T). And (XV,V')_l:XV’,V (right?). Therefore, we get the promised
relation between the different matrices that represent T:

Myrw(T) = X wMy w(TXyr -
Example: Let V denote polynomiasof degree< 3, andlet W denote polynomials of
degree< 2. Let T denotedifferentiation. Thus, T(ax3+ bx2+ cx +d) = 3ax? + 2bx +
c. Find thematrix ot T with respect to the standard bases, V ={ x3,x2,x,1 }, of V, and
W={x2x,1}, of W. Noticethat thistime we' re putting the basis elementsin



descending power order. Because we're using standard bases, C,, and C,,, areeasy to
find: Cy(ax3+bx?+cx+d)=(ab,c d), and Cy(ax?+bx+c)=(ab,c). Wehave
aformulafor M(T): MV,W(T) = CWTC(,l . What'sgoing on? Start with the column
vector (a b, c,d). Apply Cit. Theresultis C((a b, ¢, d)) =ax3+bx2 +cx +d.

Apply T. Theresultis 3ax2+ 2bx +c. Apply Cy- Theresultis (3a, 2b, ¢). What
matrix has this output when theinput is (a, b, ¢, d)? Hereisaway to doit: We want an

0 * xBH [Ban)

answer of the form % S = %;b% so wejust have to find the right numbers to put

in. Thefirst row can be
(3,0,0,0). That will makethefirst entry of the output be 3a. The second can be (0, 2, O,
[(300O0oO

0), thethird (0, 0, 1, 0). So amatrix that worksis 920 OE. Thisisthe only matrix that
010

will work! Please think about why!

a0 @0 00 020 BAQ Hop
Example: Let V=W =R3. Let V ={ %D %D %D} wW={ g ELl D21D %Lzlm

}. Find the matrix of the identity operator with respectto V and W: Mv,w(|) Well, it's
X[
Cw!Cy = CyCy - What doesthis say? Start with avector %E in R3. Then

(0] (10
Cvl( x,y,2) = X%E + Y%D + Z%E Then C, transformsthisto xCW(%E) +

yCW(%E) + zCW(%E). Now we need to find the W-coefficients of these three vectors,

collect terms, and find the matrix. But thiswork has been done aready, in a previous

example! That's because of the equation C,,, = XC,,. When we multiply on the right by
D6 10 6D

Cy, weget C,,C} =X. Inthat example, wefound X =7 Eﬁ %é 9D So thisisthe

matrix of the identity operator with respect to these 2 different bases! Strange. But don’t

worry: if the bases are the same, the identity operator will be the familiar I.

Exercise: Show that the matrix of theidentity operator on V is | if the 2 basesarethe

same.

Orientation

Thisis il part of the material on matrices and linear transformations, but it’s important, so
it getsits own heading. Which way isleft, which right? Which way is up, which down?
Up isnot the same direction in Minneapolis asit isin the spot in the Indian Ocean, about
halfway between the Kerguelen Idands and Albany, Australia, where “up” would be our
“down.” Our coordinate system is not the same as the standard one in Chicago, either.

But they al have one thing in common: we could take a copy of our coordinate frame to
Chicago, or wherever, being careful to hold it in the same direction, relative to the Earth, and
then rotate it to match the onein Chicago, or wherever. But in Minneapolis or anyplace el se,
we till could not rotate our coordinate system to match itsimage in amirror! Rotation and
reflection can both be accomplished using linear transformations, but reflection of objectsin



ordinary space can not be accomplished. So how do wetell whether alinear transformation
is“Euclidean” or not, meaning, does it represent something that can be done to a
(stretchable/shrinkable) object in ordinary space, or not? The key isto look at the
determinant of the linear transformation. So far, we only know about determinants of
matrices. But if we have alinear transformation T between vector spaces V and W, and
bases V in V, W in W, we have seen that thereisamatrix M(T) that represents T
with respect to thebases V and W. So let the spaces be the same, and let the bases be the
same. We can now define “ orientation-preserving.”

Definition: Let V beafinite-dimensiona vector spacewithreal scalars. Let T bea
linear transformation that maps V ot V. Let V beabasisof V. Then T isorientation-
preserving if the determinant of M(T), thematrix of T with respectto V,V, ispostive.

There is something worrisome about this definition. Maybe, if we pick another basisof V,
then the matrix of T with respect to that basis might be negative! That can’'t happen. So
the definitionis OK. Linear transformations that are orientation-preserving are the ones
that can do something to a (stretchable/shrinkable) object in ordinary space. The oneswith
negative determinant do their thing in the mirror world. What about the ones whose
determinants are 0? They squeeze the space V into a subspace of smaller dimension:

they would squeeze R intoa point, aline or aplane.

Note on why the definition is OK. This depends on something we haven't studied yet: if
A and B are square matrices of the same size, then det(AB) = det(A) det(B), where

det(A) denotesthe determinant of A. Sincethe basesarethesame, My, \/(T) = C, TG .
Let W be some other basis. Then thereis asquare, invertible matrix X suchthat C,y, =

XCy. And My, \(T) = Cy TGy . Thus, Myy \(T) = XC, T(XCy)™ = XC,, TG} X =
XMy, (T)X ™. The equation wewill useis: My, (T) = XMy, /(T)X™. This eguation
involves only square matrices of the same size. Let’s apply the determinant formula severa
times. det(Myy, \(T)) = det(X)det(M,, ,(T))det(X ") = det(X)det(X ")det(M,, ,,(T)) =
det(XX‘l)det(MV,V(T)) = det(l)det(M, \/(T)) = det(M, \/(T)). We'vealso used the fact
that det(l) = 1. Please check it! Not ony do the determinants with respect to the different
bases have the same sign, they arethe same! Therefore, we can sensibly define the
determinant of alinear transformation, even if it is not a matrix!

Definition: If T:V - V isalinear transformation on afinite-dimensional vector space,
then the determinant of T, denoted det(T), is det(M\, \/(T)), where V isany basisof V.

Thisvalueisindependent of the particular basis used.

d
Example: Find the determinant of g + 1, viewed asalinear transformation on the space
of polynomials of degree <n, n>0. Weuseastandard basis: { x", x'V1, x'F2 .. x2 x,
1}

0...00
d %1 00

With respect to thisbasis, the matrix of g +1 is %0 10% ithas 1's onthe
0..11

main diagonal, and n, -1, n—2, and soon, downto 1 on the diagonal below the main
diagondl. Itisan (n+1)x(n+1l) matrix. Thedeterminantis 1, sowe can say thisisthe

determinant of ax *l



Perpendicular projection

Thisis till part of the material on matrices and linear transformations, but it’s important, so
it getsitsown heading. If aparticleis constrained to movein aparticular line, and aforce
acts on the particle, only the part of that force paralle to the line can affect the particle.

Here' s how to find the part that’s parallel to theline. First, how to make aformulathat
describesthe line? Well, if we know thelineis parallel to avector d, itsdirection vector,
and apoint s isontheline, then any point u at all ontheline can be expressedas u=s+
td, where t isarea number. Moreover, as t variesinthereal line, al the points given by
thisformulalie on theline. Now supposethat F isavector used to portray aforce. Think
geometricaly, or pictorially. Weimagine aright triangle that hasone vertex a s, hy-
potenuse parallel to F and with the same magnitude as F, ||F||, another side parallel to d,
with length ¢ and direction chosen to make aright triangle. The direction is chosen so that
the angle between F and +cd/||d|| isat most /2. We choosethe + signif theangle
between F and d isat most 172, we choose — if theangleislarger than 172 (it’'s never
larger than 1). Draw apicture, please! Thelength ¢ of theside parallel to d hasto be
|IF|l |cos 6|, where 6 isthe angle between d and F. Wereccognizethat ||F||cose is
part of the formulafor d-F. Therefore we can write aformulafor avector p that will just
fit that side of the triangle: p = Z||F|| |cos 6| (d/||d||) =||F|| cos e (d/||d|]), because cos 6
is +(or 0) when 0<cose<T1v2, and — when W2 <cose <1 Since d/||d|| haslength
1, werecognizethat ||F|| cose = F-(d/|d|). Hence, p = (F-(d/||d]|])) (d/||d]|), and thisis
thepart of F thatispardlel to d. Itisascalar multipleof d, anditiscalled the
orthogonal projection of F onto the subspace spanned by d or, for short, the projection
along d. Noticethat it has nothing to do with s. Itonlyinvolvesthedirection of theline.

F-d) d

Thisprojectionisalinear transformation! It's usually written Py(F) = (

dE The
other side of the right triangle is what we are thinking about when we talk about “dropping
F.d) d
aperpendicular.” It can be expressed as F — Py4(F), or F— (||d||)2 . Itisadsoa

projection - the projection of F onto the plane perpendicular to d. Pictorialy each can be
thought of asashadow of F on d, or onthe plane perpendicular to d, respectively.

Projections have this property: they are their own squares. Please check it out for these 2
examples! Thelinear transformation that sends every vector to 0, and the identity are also

projections. Among numbers, the only solutionsof x°>=x are 0 and 1. Among linear
transformations there are many, many!

Example: Find the projection of F =xi +yj + zk along d = 20i —4j + 5k, and find the
matrix of it with respect to the standard basis(used as V and as W).

F.d) d
Wearesaying, p =T(F), so T(F) = (F-(d/|[d[})) (d/|[d]}) = —(”d”)z = (20x — 4y + 52)
d 20i — 4j + 5k _ . :
W = (20x —4y + 52) =747 - Thiscan be expressed in matrix form directly,
because we are using the standard basis. Weget C(T(xi +yj + zk)) =

1 (200 D(% 1 (2001
m%‘g%20—4 5)%5, so the matrix for the transformation is m%‘g%20—4 5). Ithas

theform abt. The transformation that produces the vector perpendicular to F is | —
EP_OD 1 E 41 80 —100%
54204 5) = 100 20 25 = |t hastheform | —abt.
4415 o ) F2T 0700 20 a0
Example. Let T bethetransformation of E3 that rotates an arbitrary vector w 174
radians counterclockwise about afixed vector, g, meaning asviewed from thetip of g to
itstail. Findthematrix of T with respect to the standard basis, used for V. and W. The



way we do thisrotation is to imagine the plane determined by w and q, then rotate that
whole plane about q asan axis. First, wewrite q=ri +g +tk, w=xi +yj + zk. This
givesusarepresentation of g and w intermsof i,j, and k. For thisbasis, C(q) =(r, s,
t), and C(w) =(X, Y, 2). Wedon't know what the coefficients are, we just know they exist.
Thinking pictorialy, we notice that during this rotation, the vector F, that’s getting turned,
changes, but its projection on q does not change. Only its projection on the plane
perpendicular to q changes, and what happensis that the projection on the plane
perpendicular to g undergoes arotation thru 174 radians, counterclockwise, about g, with

UP being the direction of g. So we need to find out how to do arotation in aplanein R3.
What are the vectors a + bj + ck that are perpendicular to q? They are the onesthat have
dot product O with g. Thus, the plane perpendicular to g isthe solution-set of g-(ai + by
+ck)=0. Putinwhat q isin R3: (ri+g +tk)«(ai +bj +ck)=0=ar + bs+ct =0.
Thevectors (b, —a,0) and (0, —, b) formabasisif al of a b, and ¢ arenon-zero. Let's
assume that for the moment. Please check that those vectors do form abasis! What we do
isthis. find avector that is perpendicular toeach of (a b, c) and (b, —, 0), and so that the
three vectors follow the right-hand rule. Thisiswhat the cross product does, so we'll use
O j kO
that: (a, b, c)x(b, -, 0) = %_g SE: ica—j(—bc) — k(a2 + b?) “=" (ac, be, <@ + b?)) in

R3. Although E3 and R3 aretechnically different, they are usually freely interchanged, as
here! Now we have anice basis - dl that remainsisto divide each vector by itslength, and
then we'll have anicer basis. it consists of mutually perpendicular unit vectors arranged in

Ha b c E
- ba O . : -
thesameorder that 1,j, and k are( >0; checkit, please!). Itita
Hac bc —(a2+|o2)H
basisthat is set up to do what we want: rotate in the plane of the second 2 vectors,
counterclockwise from the first vector’s point of view. We can do thisrotation with a

_ , 0S V4 —sin 174 1 -1 ,
rotation matrix: L§n 14 cos T|-/4H = ﬁ % 1 H We work on a coordinate vector (u, v,

w), acting only onthe second 2 coordinates (we can do this using block matrix ideas): the

V=W VW
rotated vector is (u, W W ). Now we take these coordinates, multiply timesthe 3

vectors we had, divided by their lengths, arrange so u, v, and w are separated, to get the
answer. And the answer is,

g FRA (b/B)+ac/C) (-hb/B)+(ac/O)F
T%(/E _ %/A (—alB)+(ac/C) (alB)+(bc/C) at

A —(@+bdIC  ~(@+bd)IC
where A =\22+b%+c2 , B =\[222+2b2, and C=\[2(22+b2+c2)(a2+b?) . At least, this

isthe answer in the new basisl But we want the answer in terms of the origina basis! See
if youcandoit!




If Ax=2xx, and x#0, then A iscaled aneigenvalue of A, and x an egenvector

(belongingto A). We'd liketo have abasisof R" consisting of eigenvectorsof A,
because then the effect of A onavector x, expressed interms of the basis of eigenvectors,

would just be to multiply the ith coordinate of x, with respect to the basis of eigenvectors,
1
by the ith eigenvalue. Example: A = % ZH . Let p= %H Then Ap= %H = 4&H =

1
4p, so p isan eigenvector of A that belongsto the eigenvalue 4. Let q:H_ZH. Then
1
Aq= H_ZH =q=1q, s0 q isaneigenvector of A that belongsto the eigenvalue 1. Since

p and g arenot proportional, {p, g} isalinearly independent setin R?, soitisabasis.

Let’'smakeamatrixoutof p and q: S= %_12% Then AS= %_12% = %_12% (1)E =
SD, where

0
D= % 15. Thecolumnsof S comprise alinearly independent set, so S isinvertible;

1.1 % 1% : .
S = —oU. Multiply the equation AS
The general quadratic equationsin 2 variables, x,y, whose solution sets are known as
conic sections, can be classified using the tools of linear algebra. The main steps are:
(1) Write the quadratic equation in matrix form; use a symmetric matrix.
(2) Find the eigenvalues and eigenvectors of the symmetric matrix. 1f al you want to know
iswhat kind of conic section you have, just find the eigenvalues. If you need to know
whether or not it’s degenerate, keep going.

0
(3) Make adiagonal matrix, D, that hasthe eigenvalues asits diagonal entries: D = %1 )\E

'(4) Make asguare matrix, S, out of your eigenvectors by first putting each one into the
column corresponding to the eigenvaue it belongs to, then divide each column by its length.
Thisworksif the eigenvalues are different. If they’re not, there is another step. 1t will be

listed at the end, as step (4b), in caseit’'s needed. Asacheck, the product SSt should be 1.
(5) Define new coordinates, x',y' intermsof X,y by %H =g a/(H Note that this

means, for the special S's whose transposes are their inverses, that a/(H =S a/(H

(6) Substitute the new coordinatesinto the vector form of the equation. There isashortcut,
that will cometo light in the example.

(7) Complete any squares that can be completed. This can only be doneiif the
corresponding elgenvalue is not zero. Thiswill give you new coordinates that involve a

trandation. Call them x” and y”. Your quadratic equation will look like Ay(x")? +
A(y")? = K if neither eigenvalueis 0, like A1(x")? +k(y") = K if A, =0, and like kx"

+(y")?+=K if A =0, where k and K are constants whose values depend on the
preceding steps. Now you can use the standard techniques for classifying your quadratic.
Thecase A1 = 0=, can't arise unless your quadratic has NO second-degreeterms. In
that case, | wouldn’t call it aquadratic, but it has to be included for compl eteness, unless
you want to specify that

a least oneof A, B, and C isnon-zero.



(8) Thelast step, if needed, isto sketch the solution-set in the xy-variables. Thiscan be
done by substituting back, for x' and y' intermsof x and y, using thefirst formulain
(5).
(4b) If Ay =Xy, your eigenvectors might not be perpendicular to each other. You can

VoV
choose one of them asthefirst one, call it vq. Thenreplace v, by v2——“€ l” vy, and cdl
this new vector v, too. Now vi.vo = 0. Thisis part of the Gram-Schmidt
Orthogonalization Process, and it works no matter what size or even what kind of vectors
you have. But with 2-vectors, al you have to do is switch the coordinates and multiply one
of themby —1 togeta perpendicular vector!

Example: 10x? + 24xy +3y? + x — 12y + 15 = 0.
X y)H0 12 1-12
(2) Write in matrix form: ( )% %H ( )B;H +15=0.

(2) Find eigenvalues and eigenvectors - that is, find A such that Ellz 3_;E has a non-

trivial kernel: choose x =—12 and y = 10-; this choice makes the first entry of

0 12
12 3\ %E =0, sotheproblemistopick A sothat the second entry, 12x + (3-2)y,

iszero. Now, 12x + (3-A)y = =144 + (3-A)(10-A) = =144 + 30 — 13\ + A2 =A% — 13\
—114 = (A -19)(A + 6) =0 meansthe eigenvaluesare 19 and —6. Soweget 2
eigenvectors. Onethat belongsto 19 has x =-12, y = 10-\ = 10-19 =-9. The other
eigenvector MUST be perpendicular to this, and thetrick in (4b) suggeststhat an
eigenvector for —6 is x =9,y = 12. Please multiply each of these by our matrix to see
that each one actualy is an eigenvector! Now, we candivideby -3, solet'suse (4, 3) as
19's eigenvector, and (3,—4) as —6's eigenvector.

(3) Make adiagonal matrix, D, that hasthe eigenvalues asits diagonal entries. D = HE? 109H

. Notethat we're choosing —6 asthefirst eigenvalue, 19 asthe second one.

(4) Make asguare matrix, S, out of your eigenvectors by first putting each one into the
column corresponding to the eigenvalue it belongs to, then divide each column by itslength:
first version of

34
S= E_4 3H Thelength of each columnis 5, sojust divide the whole matrix by 5, to get
thefinal versonof S=g E_4 3H Please check now that S‘1 =
(5) Define new coordinates, x',y' intermsof x,y by L
(6) Substitute the new coordinates into the vector form of the equation: use %H =
113 4 H
543"y
012 1-12
(x y>511 %;H 1255, 15—
% %tﬁo 12 Hfﬂ 4%H+ (1 —12)% H_:Z g%% +15
X' y 012 1-12)1 13 4[Ix’



1 (X'yYy&150 0 % 1 (49 =32 a;
:E( )E_O 475 ,E+§( ) ,E+15
X’y'H-6O 'H 49 32
<0G o+ B x - By v 15

= 6(x)2+19(y)2+ 2 X — 2 y +15=0.
The shortcut mentioned earlier isthis: you don’t have to do the triple matrix product! You
can just write down the sum of the eigenval ues times the squares of the corresponding new
coordinates. The only thing to be careful about isto make sure you match them properly!
Now we can tell that thislooks like a hyperbola.
(7) Complete any squares that can be completed. Both squares can be completed. | get, at
first

49 32 L2 2 [ 12
—6(x’—@)2+19(y'—@)2+15+6%g—19 5o =0,

then

49 32 8419
—6(x' — 5o )2+ 19(y — 1% )2+ 756 =0,

and, finaly, with x" =x' — %, and y" =y — %’

8419
—6(x")? + 19(y")? + Zgg = 0.

From thiswe can tell that, in x'y’-space, when we put this equation in standard form, we
will get a hyperbolathat opensto the left and right, as (x")? —(y")?>=1 does.
(8) Write the equation in xy-space, using the formulasfor x' and y’ intermsof x and

y. Thisstepisleft toyoutodo. It amountsto arearrangement of the origina equation, into
aform that reveals the nature of the solution-set.

1. The dot product of two vectors, a b, in R" isdenoted ab, andisdefined by ab =

n

Y ab;. Thisisan example of an operation that has 2 vectors asinputs, and yields a
i=1
number as output. It isalso known asthe inner product, and as the scalar product, of the
vectors a and b.

(@) Verify that,in R", the dot product has these properties:

(1) Foral ain R", @a=0, and, if aa=0, then a= 0 (the vector);

(2) Foral a b in R", ab=b-a(in caseswhenwe use complex scalars, eg. in EE, this
getschangedto: ab=ba );

(3) Fordl ab,c in R", (atb):c=ac+ b
(4) Fordl a b in R", andfor al scalars a, (ad)+b=a(ab).

We definethe length of a to be y/aza . Wedenoteit |a], or sometimes |[a||. Especially
inthe latter case, we cal it by the (pretentious?) namenormof a. So, (1) saysthat the
length of avector is non-negative, and that avector with zero length is the zero vector; (2)
says the dot product is symmetric (conjugate symmetric, in the complex-scaar case); (3)
and (4) together say that the dot product is linear in the first variable (when the second
variableisheld fixed); (3) saysitisadditive inthefirst variable, (4) saysitis
homogeneous (of degree one) in thefirst variable.

(b) Verify, using only the properties (1) - (4) in (a), that,in R", the dot product has
these properties:
(1) Itislinear in the second variable (when the first variable is held fixed);




(2) Length is positively homogeneous (of degree one): For al a in R", and for all
scalars a, [loal| = |of [[all;

(3) The Parallelogram Identity istrue: For al a b in R, |ja+ b|| + |[a— bl® = 2|[al[?

+ 2||o|f?;
(4) The zero vector haslength O;

(5) The Schwartz Inequality istrue: Foral a b in R", |ab| < || ||bll;

(6) Thetriangleinequdity istrue: Forall a b, c in R", Jla—c| < |la—=b| + |[lb—¢]|.
Actually, you may need to use some of the basic vector-space properties, too, and that’s
OK. Theonly one of these that | expect you'll find very hard to do is the Schwartz

Inequality, (5). Hereare 2 possible approaches: You could minimize g(t) = ||a—tb||2;
what do we know about the discriminant in aquadratic that is never negative? Y ou could
show that the Schwartz Inequality istruewhenoneof a and b is O, then true when both

a
a and b havelength 1, then usethefact that, if avector a isnot the zero vector, then IE
isavector that haslength 1, and then use positive homogeneity.

(©) In R", we DEFINE the angle 8 between two vectors in terms of its cosine, by the
equation ab = ||a| ||b|]| cos 8. We aways regard this angle as being between 0 and T,
inclusve. We say that two vectors a and b are perpendicular, or (more pretentioudy?)
orthogonal, if ab =0. Thus, the angle between orthogonal vectorsis 172.

In R", ahyperplaneis defined to be the solution-set, H, of an equation of the form a(x —
p) =0, where |[a| > 0. That is, ahyperplaneisthe set of all vectors that make the equation
true H={ x:a(x—-p)=0}. Noticethat p 0 H.

(c-1) Show that, if x and y areinthehyperplane a(x —p) =0, that x —y isorthogonal
to a Thevector a issad to be perpendicular to the hyperplane; it is called anorma
(vector) to H.

(c-2) Find an equation for the (hyper)plane Ho in R3 that passes thru the three points (1,
0,0),(0,1,0), and (0,0, 1); thismeanstofind a and p suchthat Ho={ x:a(X-p) =

0}.

(c-3) Find an equation for the (hyper)plane H3 in R3 that passes thru the three points (2,
-1,0), (-1, 2,-1), and

(0,-1, 2);

(c-4) Let a=(1, 2,3), b=(3,-1, 2). Set up asystem of equations, and solveit, to find al

vectorsin R® that are perpendicular to both a and b.

(c-5) A parametric equation for alinein R" is P+tD, where P, D arevectorsin R",

and D #£0. Find aparametric equation for thelinein R3 thatis perpendicular to the plane
H3 in (c-3), and passesthru the origin.

(c-6) Supposethat L, and Lo aretwo different linesin R3. Isit always possible to find
a (hyper)plane P that contains both lines? If so, say how to find one; if not, find the
condition the lines must satisfy in order for the answer to be YES. Apply your work to this
pair of lines. theonesin (c-4) and (c-5).

2. Thisisabout ordinary differential equations with constant coefficients, and systems of
ordinary differential equations with constant coefficients. Examples: y"+y =0, y" +y =
1, y+y=t, y+y=¢€, y+y=sint, y"+y=tsint. Wearegoingtouse t asthe
independent variable instead of X, to connotetime, but you can use x if youwish. We
“haveto” use complex numbers as scalarsin this application! We could get around the
use of complex numbers, but it would make things harder to DO. Hereistheidea: try a



solution of theform y = A t"e?!, where A isacomplex number, n isanon-negative
integer, and z isacomplex number - it could be 0, so this meanswe can try polynomials

assolutions. At first, try y =€ first. Thus,in y" +y =0, pluggingin y = e leadsto
(z2 + l)eZt =0. Thismeans =0 for all t. Thiscan only happen if z2+1=0. Thus, z=
+i. Thisgives 2 solutions, &t and e7t. We'd likereal solutions. Sincealinear

combination of solutionsis a solution, we get costzg(e't+e"t), and sint=

1, i . . .

> (@1—eY, s cost and sint aresolutions. Now look a y” +y = 1. Tofind the
general solution, we will look for a particular solution and add the general homogeneous
solution, acost+bsint, toit. Try y= et we get that (z2 + 1)eZt =1. Thisis
supposed to betruefor al t. Thiscan only happenif z=0. Thus, aparticular solution is
y(t) =1 for all t. Thegeneral solutionis y=1+acost+bsint. For y"+y=t, try y

=Ate?l Weget Ate?(z2+ 1) + 2zA 2, for thistoequal t foral t, weneed z=0,

A =1. Thus, aparticular solutionis y(t) =t for all t, sothegeneral solutionis t + acost
+bsint. Soit seemsthat, if the RHS hasaterm t"e?, it sagoodideatotry y = A the?t,
For y"+y=¢, try y=A . Wewill get A(l2 + 1)et; so choose A =1/2 togeta
particular solution. The general solutionis y :% el +acost+bsint. Butif the RHShas
aterminit that is a solution of the homogeneous equation, we need to multiply by one or
more extra powersof t. Thus, for y" +y=sint, try Atsint. Youwill find that it

. 1 : .
doesvtwork. Try Atcost. Youget —2A sint, so A =—5 cost givesaparticular

. | . L
solution. The general solutionis —5 cost+acost+bsint. It'seasier, inthelong run,
to try for aparticular solution in the form Q(t) e?t, where Q isapolynomial in t of the
right degree, coefficients undetermined, even when z isacomplex number. For y" +y =t
sint, try y= (At2 +Bt+ C)e't. Think of the LHS of the differential equation as alinear

transformation of the form P(D) = (D2 + 1), actingon y, where D isshort for % . So
we seek asolution of the equation P(D)y = tell, and you plugin y = (At? + Bt + C)e't
You get P(D)(At2 +Bt+ C)e't, and it'saboreto do all the differentiations! So you notice
that P(D)e?t = P(z)e?ll And you try differentiating this equation WITH RESPECT TO z,
treating t asaconstant, just asyou treated z as aconstant when you did all those
differentiations with respect to t. So P(D) isaconstant asfar as z isconcerned, so the
equation reads P(D)teZt = F’(z)eZt + P(z_)teZt. In our example, z=1i, and P(z) = (z2 +1),
s0 P(i) =0, andwe get P(D)te't = P(i)dl = 2ig!t. Noticethat wecan't pluginthe i until
AFTER we differentiate with respect to z. Noticethat P(D)Ate't = 2iAt can easily be
split into real and imaginary partsif we choose A to bereal. When that is done, we get
P(D)At cost =—2A sint, and P(D)Atsint = 2A cost. Thisisrelevant for an earlier
example. Now, we can differentiate more than once with respect to z, and we get _
P(D)_t2eZt = _P'(z)eZt + 2P (2)te?t + P(2)t2eZ. For the present example this reads P(D)t2¢'t
= Ze't + 4itet + 0 122, Thereis an extra“lower-order” term on the right, but we can add
it and get rid of it: P(D)(t2€'t + itell) = 4ite't. Now we can divide both sidesby 4i, and
takereal and imaginary parts of the solution, to find a particular solution for the last
example.

(a) Find the general solution of y” +y =t cos (2mt/3);



(b) Find the solution of y" +2y"—2y' + 3y =0 suchthat y(0) =3,y'(0) =1, y"(0) =-2;
(c) Under what conditions on the coefficients on the LHSin my” —cy’ —mgy = cos Tt
with y(0) =1, y'(0) =-1, will the solution y(t) remain boundedas t - «? Here, m, c,
and g are positive constants.

(d) Find the vector-valued function y(t) = (y,(t), yo(t), y5(t)) that satisfiesthe system of

differential equations
Zy:'I_ - y2 = O!

-yt 2y5 —yz=1,
- y2 + Zy é = t’
and such that y(0) =(0, 1, 2).
Suggestion: Write Dy; for y; and do Gauss elimination, treating D like an unknown
number, but use “fraction-avoiding” methods, since we can’'t divideby D. The reduced
matrix will then have entries that can be interpreted as differential operators, and you
backsolve by solving a bunch of single differential equations.

3. An often encountered kind of linear transformation is one that maps a vector space V
into itself. In particular, if T(X) = Ax isdefined by multiplying the vector x by the matrix

A, then A must be asquare matrix. In R", what does amatrix “do” to avector? If the
matrix isamultipleof I, thenit simply stretches x, or shrinksit, perhapsreversing its
direction at the sametime. Toinclude all these possibilitiesinonetermwesay A =cl isa
dilation. If the matrix A isdiagonal, meaning that al its off-diagonal entriesare 0, then
Ax multiplies each coordinate of x by apossibly different number. If the columnsof A
al havelength 1, and if they are perpendicular to each other, the matrix A iscalled an
orthogonal matrix; A then rotates, perhapsreflects, x.

(@ Show that, if amatrix A isorthogonal, then |JAX|| = |ix||, and dso, Ax-Ay =x-y, for

al x,y in R". That s, an orthogonal matrix preserves angles (between pairs of vectors);
(b) Show that, if amatrix A isorthogonal, then At istheinverseof A, and viceversa;

(c) Sometimes amatrix acts like adilation on some, but not all vectors. If Ax =Ax, and X
#0, then A iscaled aneigenvalue of A, and x an eigenvector (belongingto)). We'd

liketo have abasisof R" consisting of eigenvectorsof A, because then the effect of A
on avector X, expressed intermsof the basis of eigenvectors, would just be to multiply the

ith coordinate of x, with respect to the basis of eigenvectors, by the ith eigenvalue.
1
Example: A:%ZH. Let p:%H. Then Ap=%H:4&H:4p, SO p isan

1 1
eigenvector of A that belongstotheeigenvalue 4. Let = H_ZH Then Ag= H_ZH =q=
19, so q isaneigenvector of A that belongstotheeigenvalue 1. Since p and q arenot

proportional, {p, g} isalinearly independent setin R? soitisabasis. Let' smakea
1 1 1 0
matrix out of p and g: S= %—ZH Then AS= %—ZH = %_2% 1H:SD, where D

0
= %ﬁ The columnsof S comprise alinearly independent set, so S isinvertible; si=
1
%%—ZH- Multiply the equation AS=SD on theright by S theresultis A =SDS™
2-1
Sowhat? Well, D% iseasy to caculate! So form SD‘18‘1=%H_2 3H and multiply

times A: ASDis!=
spDsisp1st=spplst=ssl=1, sowecanfind theinverse easily. Now take the



0 0
squareroot of D: it's %ﬁ Now form S% 1E :%% E and squareit (you do it
the usua way, please!):

S% %S‘ 18% OES‘ 1= S% (1%8‘ 1= A. Wehavefound asquareroot of A. Wecan

(o] n
caculate €™ = z( n') , hot by summing a series of matrices, but in the same way we
n=0
At OD
found a square root: Form el and put the result between S and st Oy tDS_
L Her Mot

352 4o & t+2tg It turnsout that y(t) =€ %‘H is the solution of gty = Ay

having y(0) = %H So IF we can find the eigenvalues and thier eigenvectors of amatrix A,

we can express A inaform that makes many taskseasier. Unfortunately, it can’t aways
be done. But it CAN be done (in principle) if thereare n distinct eigenvalues, where nxn
isthesizeof A.

2
(c-1) Let A 2% 4H. Find the eigenvalues and eigenvectors of A, find AL four
2
solutions, X, of X?=A, and the solution of % = Ay having y(0) = H_1H

1 (62 -16 —40
(c2) Let A=1g %g 2193 43% Find the eigenvalues and eigenvectorsof A,
dy 130
and the solution of G = Ay having y(0) = %—Olm

02 -1 o0
(c-3) Let A= %‘01 21 —zlg Find the eigenvalues and eigenvectorsof A, find AL, eight

solutions, X, of XZ:A, and

dy Ha
the solution of G = Ay having y(0) = %D-

discussion of range - image, null-space - kernel

examplesthat are matrices, then examplesthat are not, esp ODES,
identifying spaces depends on how they are defined

determinants I: how-to DONE

discussion of vectorsin the plane and in space,

change of basis, frames of reference - matrices, space, ODEs, functions
bilinear forms, quadratic forms, quadratic equations and conic sections
symmetric matrices, elgenvalues, el genvectors,

inner products; applied to matrices, to space and to functions:

relation between linear transformations and matrices, on finite-dimensiona spaces
linear trans determined by what it doesto abasis

constructing linear transformations that “do” various things

permutation matrices

determinants 11: what they are

uselessness of basisin infinite dimensional case

direct sum of vector spaces, graph of alin transis a subspace of direct sum
ease of changing bases with rotations, examples in 3-space



polar coordinatesin 2-space and 3-space; n-space?
self-adjoint ODE problems. Bdry-value problems
row rank=column rank

rank+nullity=dimension of domain

orthogonal complements, orthogonal projections

Fourier series, summing 1/n2, orthogonal projections,

every matrix isasum of rank-one matrices

Finding eigenvectors for operators of the form | + small rank

Finding inverses of operators of theform | + small rank

looking at Gauss elimination in terms of operators

Finding amaximal linearly independent subset of a set of column vectors - Sam’s approach,

standard approach

So hereiswhat I'll do: Makeabasisfor E3 that lookslike i,j, and k, namely, the

vectorsin the basis have unit length and are mutually perpendicular, and the first 2 vectors

inthisbasiswill form abasis for the plane perpendicular to g, while thethird will bea
Ob0d

ELSE' I'd like to do

multipleof . I'll call them i',j, and k'. So, I'll let i' =

0ogd
the same for H‘SE but it’s not perpendicular to i'. So I’ll subtract from it its projection

Feir) i’
(||i'||)2 , for the
god

projectionon i'. Since i’ haslength 1, thissmplifiesto (F.i) i’. Use H‘SE for F, and

[]_abc []
0og [Ja+b?[]
subtract the result from %CE [1_b% [Jiswhat| get.

2+ph2
00

a2+b?

on i, and that will be perpendicular to i'. Theformulais P;(F) =




