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We defined Qn(x) := cn(1 − x2)n with cn chosen so that
∫ 1

−1
Qn(x) dx = 1, and showed that cn < n + 1. Given

a continuous function f ∈ C[0, 1] we replaced it by g(x) := f(x) − f(0) − x(f(1) − f(0)), extended to the whole
line by setting g(x) = 0 if x /∈ [0, 1]. This makes g continuous on R, because g(0) = 0 = g(1).

We next examine Qn ∗ g(x) :=
∫ 1

0
Qn(x − t)g(t) dt. We want to show that each Qn ∗ g is a polynomial, and that

Qn ∗ g(x) → g(x) uniformly for x ∈ [0, 1].

Each Qn ∗ g is a polynomial

Qn ∗ g(x) =
∫ 1

0

Qn(x − t)g(t) dt = cn

∫ 1

0

(1 − (x − t)2)ng(t) dt = (−1)ncn

∫ 1

0

((x − t)2 − 1)ng(t) dt

= cn

∫ 1

0

n∑
r=0

(
n

r

)
(x − t)2r(−1)rg(t) dt = cn

∫ 1

0

n∑
r=0

(
n

r

)
(−1)r

2r∑
s=0

(
2r

s

)
x2r−s(−t)sg(t) dt

= cn

n∑
r=0

2r∑
s=0

(
n

r

)(
2r

s

)
(−1)r+s

(∫ 1

0

tsg(t) dt

)
x2r−s.

The expression on the last line above is the sum of constants times powers of x, so we can write Pn(x) := Qn ∗g(x),
a polynomial in x of degree at most 2n.

Next, to show Qn ∗ g(x) → g(x) uniformly for x ∈ [0, 1].

An important reason for our choice of cn was this: g(x) = g(x)
∫ 1

−1
Qn(t) dt. Let ε > 0 be given. We want to show

that there exists N such that n ≥ N ⇒ |Pn(x) − g(x)| < ε for all x ∈ [0, 1].

We notice now that Pn(x) =
∫ 1

0
Qn(x− t)g(t) dt =

∫ b

a
Qn(x− t)g(t) dt for every pair of numbers a ≤ 0 and b ≥ 1.

If we choose a = x − 1 ≤ 0, and choose b = 1 + x ≥ 1, we can write Pn(x) − g(x) =
∫ x+1

x−1
Qn(x − t)g(t) dt −

g(x)
∫ 1

−1
Qn(t) dt. In the first integral, we make a literal substitution, replacing t by x − t:

∫ t=x+1

t=x−1

Qn(x − t)g(t) dt =
∫ x−t=x+1

x−t=x−1

Qn(x − (x − t))g(x − t) d(x − t) =
∫ t=−1

t=1

Qn(t)g(x − t) (−1)dt.

Changing the order of the endpoints on the integral gets rid of the −1 on dt, so we finally have

Pn(x) − g(x) =
∫ 1

−1

Qn(t)g(x − t) dt − g(x)
∫ 1

−1

Qn(t) dt =
∫ 1

−1

Qn(t)(g(x − t) − g(x)) dt.

Therefore, if 0 < δ < 1,

|Pn(x) − g(x)| ≤
∫ 1

−1

Qn(t)|g(x − t) − g(x)| dt =
∫ δ

−δ

Qn(t)|g(x − t) − g(x)| dt +
∫

δ<|t|≤1

Qn(t)|g(x − t) − g(x)| dt.

Since g is uniformly continuous there exists δ > 0 such that |x − y| < δ ⇒ |g(y) − g(x)| < ε/2.
Since Qn(t) ≤ cn(1 − δ2)n ≤ (n + 1)(1 − δ2)n if δ ≤ |t| ≤ 1, we see that

|Pn(x) − g(x)| ≤
∫ δ

−δ

Qn(t)(ε/2) dt +
∫

δ<|t|≤1

(n + 1)(1 − δ2)n2‖g‖∞ dt

≤
∫ 1

−1

Qn(t)(ε/2) dt + 2(n + 1)(1 − δ2)n2‖g‖∞ < ε

if n ≥ N, where N is so large that 4(N + 1)(1− δ2)N <
ε

2‖g‖∞ + 1
and such that (n + 1)(1− δ2)n decreases for

n ≥ N. Then, for n ≥ N, |Pn(x) − g(x)| < ε for all x ∈ [0, 1].


