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Introduction You are aware that the matrix (CCL Z) is invertible if and only if ad — bc # 0. We write

a b a b
c d‘—det(c d).—ad—bc.

You also know (by having done the arithmetic?) that

aa ab a b c d a b 1 0
det(c d)—adet(c d>’ det(a b)__det<c d) and that detI-det(O 1>—1.

It is also true (and you should do the arithmetic) that

ai + as b1+b2 o ay b1 a9 bQ
det( . d )—det<c d)—i—det(c d)

and (by switching rows twice) that

a b a b a b a b a b
det(ac ad)_adet(c d> and det<01+c2 d1+d2>_det<cl d1>+det<02 d2>.

In words, the determinant of a 2 X 2 matrix is a function of its rows that is a linear function of each each row (the
other row being held constant), that changes sign when the rows are switched, and that takes the value 1 when
the matrix is 5. Linearity in each row is called “multilinearity” (“bilinearity” in 2 dimensions). The sign—change
property is called “alternating.” Thus the determinant of a 2 x 2 matrix is an “alternating multilinear function” of
the 2 rows of a matrix and the determinant of Iy is 1.

Let us turn this around. Suppose the we are given a function F(hy, hy) defined for pairs of row vectors hy € (]Rz)T
and hy € (R*)T and we are given that F(hy, hy) is alternating and bilinear, and F(eT, ) = 1. We can think of
this as a function F(V) defined on (the rows of) 2 x 2 matrices V € R*? Ifwelet V =1, F(V)=F() =
F(el, el =1.

Digression: This creates a notation problem! So far we have thought of an m x n matrix V as a row of m
columns, each column being in R™: V = (v ---v,). We can also think of V' as a column of rows: V = (hy, ..., hy).
For the sake of “classical” determinants it is customary to start out thinking of the determinant as a function of
the rows of a matrix. We will stick to the notation V' = (v;;), so in terms of the entries wv;; the rows become

hi = (Vi1 Vi), 1<i<n. We could also write e;fFV for h; and we will eventually do that. For now the “v
for “vertical” and “h” for “horizontal” notation will be easier to take visually.

These properties: alternation, multilinearity, F'(I) =1 “determine” everything about determinants of nxn matrices
(determinants are defined only for square matrices). Determinants are important, mostly for theoretical reasons, but
they have properties that are useful for calculations. Determinants also arise in testing whether a symmetric matrix
is positive definite, negative definite or neither. We now return to the 2x2 context. We were studying an alternating
bilinear function F such that F(I)=1.

Let us evaluate four special cases: F(el, el) =1 is given, F(el, el) = —F(ef, el) = —1. When we switch ef
and ef, F(eT, el) = —F(ef, ) so F(eT, ef) = 0. For similar reasons, F(el, el) = 0.

With h; = (v11 ve1) and hg = (ve; wea) we have hy = vije] +vizel and hy = vizel + vosed so

F(hy, ho) = F(viiel + vigel, vorel + vgoel)
=v Fel', vo1eT + vgsel) + v19F (el vare + vogel)
:vnvglF(elT, elT) + 1)111}22F(€{, eQT)
(1) + UlgvglF(eg, e{) + vlgvggF(eg, eg)
=v110210 + v11022 - 1
+ v12v21(—1) + V120220

=V11V22 — V12V21-
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Thus every bilinear alternating function on R?*? that is one when evaluated at I, must be the determinant you
know about. The calculation we just did can be carried out in exactly the same way for a trilinear alternating
function F(V) on R**3 that satisfies F(I3) = 1. Instead of the four terms on the right after the middle equal sign
above, we would get 27 terms involving F(el ejT, eg) each subscript being one of 1, 2 and 3. By now we know
that if ¢ j and k are not all different, F(el, J, et) = 0. To pick all-different i j and k we choose i first
— three possibilities. We pick j next — two possibilities because i has been chosen. Once i and j are chosen,
there is no choice for k: it is the remaining one. This gives just 6 ways of choosing different ¢ j and k. These six
choices are 123, 132, 231, 213, 312 and 321. Each is called a permutation of the “letters” 1 2 and 3, that is,
an arrangement” of them. Permutations are relevant to determinants because they appear as the subscripts in the
terms F(e], el ef) in the three-variable version of (1) and we have to figure out whether F(e, el ef) = £1
(assuming i j and k are all different) So, in F(el e el) we make row switches, chosen to put eg, el el in

their “natural” order, el el el'. Here is one way to do it:
Fles,el.es) = —Fl(ef, e5, e3) = —(=F(el, e3, e)) = —(-1) = L.
That way took two switches. We could have done it this way:
Fles,ei,e3) = —Fles, e3, ef) = —(=Fle3, e5, €])) = —(=(=F(ef, €5, €3))) = —(—(=(=F(e], €3, €3)))) = 1

which took 4 switches. It is a Theorem that no matter how the switching is done, the number of switches required to
return a given permutation on n letters to natural order is always even or always odd. Thus if 7 is a permutation,
and it takes k switches to return 7 to natural order, we define the “sign” of 7 to be (—1)* =: sgn (7). This is an
unambiguous definition because k is always even or always odd. Thus sgn (312) = 1. In fact,

F(ei, ej, ex) = sgn (ijk).

There is a standard way to put a permutation back in natural order. Starting on the left, switch each number with
the ones to its right that it exceeds. Example: In 643512 — 463512 — 436512 — 435612 — 435162 — 435126; it
took 5 switches to move 6 past all the numbers it exceeds. If we look at each of these steps, we see that in each
one it would take 2 switches to move 5 past 1 and 2. Without actually writing the steps down, we can count
how many steps the standard method takes: for each number in the permutation, count how many numbers to its
right are smaller than it is, add them up (keep a running total), and raise —1 to that power. It’s also possible to
just count “minus, plus, minus, ...” but that seldom works for me. In our example 643512 this procedure gives
5+3+2+2+0+0=12 and (—1)!2 =1, so sgn(643512) = 1. To actually put the numbers back in order in
these numbers of steps, move the numbers into place, starting with the biggest one, then next biggest, and so on.
This will be done for this example in more detail later.

It will be useful to write down a useful notational device for the case of 3 x 3 and bigger matrices, that of “summing
over an index set.” We begin by letting S3 := {123, 132, 231, 213, 312, 321}. Since S; is a finite set, the
order in which we add real numbers does not matter. We denote the “typical” element of S3 by m. That is,
m = mmems stands for any of 123, 132, 231, 213, 312 and 321, which one being unspecified. Then, given
numbers a,, one for each 7 in S3, we write Z ar to mean ajsz + aize + ao31 + ag13 + asiz + aser, or

TES3
a931 + aze1 + a123 + azi2 + as13 + ay32, or any other of the 720 = 6! ways of adding the six numbers a.

When we apply this to the trilinear alternating function F(hi, he, h3) such that F(el, el el) =1, we first write
h; = vilef + vigeg + Ui3e?;, 1 <4 < 3, then substitute these into F'(hy, ha, hs) and use trilinearity and the fact
that all but six of the resulting terms will disappear to get

F(V) = F(vij) = F(h1, ha, h3) = Z Ulm, VamyVsm F ek, ek, el ).
TESs3

We have seen that F(el €y 52, e,TrS) = sgn(7), so we can rewrite the previous sum as

F(h, ho, h3) = Z Vlmy V2, U3y SGN(TT) = Z SEN () V17, V2, V3rrs -
TES3 TES3
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When written out in full detail, this would be

F(hy, ha, hs) = Y sgn(m)vix, Var, Vs,
TES3
= Sgl’l(123)?]11’022’l}33 + sgn(132)v111}231132 =+ sgn(231)012v23v31
+ sgn(213)v12v91v33 + sgn(312)v13v91v32 + sgn(321)v13v92v31

= V11022033 — V11V23V32 + V12V23V31 — V12V21V33 + V13V21V32 — V13V22V31,

which you probably already know. Once again, we see that a trilinear alternating function F'(hq, ha, hs) such that
F(el, el el') =1 is uniquely determined. We have found a formula for F but we have not shown that our formula
gives us a trilinear alternating function that assigns the value 1 to Is. Showing that F'(I3) = 1 is easy from
the formula F(hl, hg, hg) = V11V22V33 — V11V23V32 + V12V23V31 — V12V21V33 + V13V21V32 — V13V22V31 because all the
off-diagonal terms are zero so we get F'(hy, ho, h3) = v11v22v33 = 1. It takes a little more eyestrain to verify, from
the formula, that the effect of switching two rows is to change the sign of the original. For one thing, we need to
remember that the first subscripts are row numbers! For example,

(2) F(hh ha, h3) = V11V22V33 — V11V23V32 + V12023031 — V12021033 + V13021032 — V13V22031

and
F(hs, ha, h1) = 013022031 — V13V21U32 + V12V21V33 — V12V23V31 + V11V23V32 — V11U22033.

In the second formula, the terms match as follows with terms in the first formula (check that there is a sign change
in each case): 1—6, 2—5 3—4 4—3 5—2 6— 1. Thus F(hs, ha, h1) = —F(h1, ha, h3). You should
check the other two cases! Switching will be used to prove trilinearity!

Checking trilinearity can be done by checking linearity in the first variable only! We can check linearity in any other
variable by switching to the first one, applying linearity in the first variable, then switching back. The two switches
cancel the negatives. Putting a constant with any variable, say the second, gives

F(hy, cha, h3) =v11cv22033 — V11CV23V32 + V12CU23V31 — V12CV21VU33 + V13CV21U32 — V13CV22U31
= c(V13V22031 — V13U21V32 + V12U21033 — V12V23V31 + V11023032 — V11V22033)
=cF(h1, ha, hs).
Then F(chy, ha, h3) = —F(ha, chy, h3) = —cF(ha, h1, hg) = —¢(—F(h1, ha, h3)) = cF(h1, ha, h3). The other case
is done similarly.

To finish checking linearity we must show that for all row vectors hq, 711, ho, hs,
F(hy + hy, ha, hs) = F(hy, ha, h3) + F(h1, ha, h3).

This will be left to you! The idea is to replace every wvy; in (2) (the first factor in each triple product there) by
v1; + U154, do the necessary arithmetic, and regroup.

The general case Welet S,, denote the set of all n! permutations m = w7 - - - m,. In using the multilinearity of F'
the main idea is that all the subscripts in F(ejTl, e;‘g, . ean) have to be different (otherwise F(ejTl, e;g, . ean) =
0). But then (important:) each of the numbers 1, 2, ..., n appears once and only once in the list j1, j2, ..., jn.
The terms that survive are then those whose subscripts form a permutation 7 € S,,. Here is the Important Theorem.

Alternating Multilinear Function Theorem: The function F : R™ "™ — R given by the formula

(2.5) F(V)=F(vj) =F(hy, ha, ..., hn) = F(e]V, €]V, ..., el V) = > sgn(m)v1z,V2m, * - U,
TES,

is an alternating multilinear function and F(I,) = 1. Moreover, every alternating multilinear function F : R™*" —
R such that F(I,) =1 is given by the same formula.
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This is an important theorem whose proof, not given here, is somewhat similar to what we have done. Proving that
the present formula gives an alternating function is the hard part in the general case, because we don’t want to go thru
the n! terms in the sums! So we invent a way to “multiply” permutations, and we call the permutation that switches
k and ¢ Ty (for transposition, a more formal version of “switch”). We show that sgn(m7ye) = sgn(m)sgn(7ie).
Then we use the facts that sgn(7gx¢) = —1 and that 77ge runs thru all of S,, as 7« runs thru S,, in the formulas
we get in the Theorem before and after we switch rows (see “Additional Material,” at the end of this tour).

Definition of the determinant of a matrix If A = (a;;) is an n x n matrix, we define

(3) det(A) := Z sgn(m) a1, Gomy -+ anr, (= F(eT A, X A, ..., e A)).
TESH

We have defined det(A) in terms of the rows of A. One thing we need to do to get flexibility in applying determinants
is to view the determinant as a function of the columns as well. Other properties are also needed. We turn to
developing them next. The approach is to list one Fact after another, and apply them to develop the properties and
Theorems that we need. Some of the Facts will be rather “technical.” Each will be preceded by a “bullet:” e.

Properties of the determinants of matrices

e If a matrix A has a zero row then det(A) = 0. Let us suppose that row k is zero. Then in the formula (3)
each term contains a factor a;; =0 for some ¢ and therefore every term in the defining sum is zero.

e If a matrix A has only zero entries below the main diagonal (or only zero entries above the main diagonal)
then det(A) is the product of the entries on the main diagonal. The formula (3) for the determinant has one term
(11092 * * * Gnp, corresponding to the permutation 7 with 7; =4 for all i. Each of the other terms has the factor
G1my G2ry * - - Qpg, 10 Which ¢ # m; for some ¢. For such 7 at least one factor a;,, must lie above and another one
below the main diagonal (unless m =4 for all 4), so in all these terms the product of the entries along the main
diagonal is zero if A is lower triangular or upper triangular.

Why is it true that at least one factor a;r, must lie above and another one below the main diagonal (unless 7, = k
for all k)? Let’s suppose ¢ is such that m; # ¢. Then for some j # i we would also have to have m; # j. Otherwise,
m; =j forall j+#i. Since i must appear somewhere as a second subscript (otherwise the second subscripts would
not all be different), there has to exist ¢ such that m, =4, and ¢ # i because m; # i. But because ¢ # i, m = L.
Therefore ¢ = m, =14 # £. This is a contradiction, so our asumption that m; = j for all j # 4 is wrong and there is
some j # i such that m; # 5. Then m >+¢ or ¢ > m;, and similarly 7; > j or j > m;. If m; > ¢ then a;,, lies
above the diagonal. Thus we want m; >4 and j > m; or vice versa. We cannot have m, > k for all k or m;, <k
for all k£, unless m, = k for all k. This is true because 7 +-- 7w, =1+ -+ n.

e If two rows of a matrix A are proportional then det(A) = 0. Let us suppose that el A = cel' A, i.e. that row 1
is a multiple of row 2. This is a speecial case but we can easily convert any other case to this one. Then
det(A) =F(ef A, e3 A, ..., el A) = F(ced A, e3 A, ..., el A)
=cF(e A, el A, ..., el A) = —cF(e2 A, el A, ..., el A) (switch rows 1 and 2)
=0 because the only real number equal to its own negative is 0.
In particular, if two rows of A are equal then det(A) = 0. Can you say how to deal with the general case, using
this one and row switches?

(3.5) o If we start with a matrix A and create a matrix B by multiplying a row of A by a constant K, then
det(B) = K det(A). Proof is trivial. Can you do it? If K = 0 then det(B) = 0. If K # 0 then the matrix
Di(K) :=1I, — e;el + Kejel = I,, + (K — 1)e;el’ has ones on the diagonal except in row i (and column i), where
it has K, and it has zeroes elsewhere. Then B = D;(K)A. We have proved that

det(D;(K)A) = K det(A) = det(D;(K)) det(A).

Can you show that det(D;(K)) = K? We did this Fact because D;(K) is an ERO matrix (Elementary Row Oper-
ation matrix). For later use, we notice that when K # 0, 1/K = det(D;(1/K)) = det(D;(K)™!) = det(D;(K)) L.
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e If we start with a matrix A and create a matrix B by switching rows k and ¢ of A, where k # {, then
det(B) = —det(A). Proof is trivial. Can you do it? We construct the matrix Py := I,, —erer —egel +exel +epel
(to understand this quickly sketch Pp4 in the 5 x5 case). Then (and you should be able to show why) B = PysA,
and we have proved (with your help) that

det(PreA) = — det(A) = det(Pye) det(A).

This is another ERO matrix determinant formula. For later use, we notice that Pk_él = Py sothat —1 = det(Pyy) =
det(Py,") = det(P) !

e [If we start with a matrix A and create a matrix B by adding to row k of A a multiple of row { of A, where
k # (¢, then det(B) = det(A). To verify this we first suppose that k =1 and ¢ =2. Then

det(B) =F(eTA+ Kel A, el A, ..., el A)
=F(eFA efA, ... el Ay + F(KelA, el A, ..., el A) (by linearity)
=F(eTA el A ..., el A) +0 because the second term has two proportional rows.
= det(A).

You should complete the proof by switching rows k and 1 of B and also switch rows ¢ and 2 of B, apply the
case we just did, then reverse the switches you did (if you wish). We can create B using an ERO matrix. We define
Ske(K) :=1I+ Kegel. Then B = Sk(K)A, so we have proved that

det(Ske(K)A) = det(A) = det(Ske(K)) det(A).
In particular, det(Ske(K)) = 1. Can you show it directly? What does Ske(K) look like? For later use, we notice
that Sge(K)™! = Ske(—K) so that det(Sp(K)™!) = det(Ske(—K)) =1 = det(Ske(K)) .
e If we start with a matrix A and ERO matrices E1, ..., Eny and create the matrix B := Ey---E{A, then

det(B (H det(E ) det(A).

In all of our determinant formulas involving EROs E we had det(EA) = det(E)det(A). Thus by associativity of
matrix multiplication we pull out one “det(E)” at a time and get
det(B) = det(Ey -+ E1A) = det(En) det(En_q --- E1A)
= det( ) (EN 1)det(EN 2 ElA)

(4) - det(EN) det(Ey_1) det(En_s) - - - det(Es) det(E1 A)
N
= (H det(ENJrli)) det(A).
=1

e Toward the product formula It is time for a clever trick: in (4), we choose A =1. Now (4) reads

(5) det(B) = det(Ey - -+ EyI) = det(Ey - - - Ey) (Hdet Engi_ l)) det(I Hdet Engi1-i).
=1 =1

This is important enough to be called a Theorem.

(5.5) Theorem The determinant of a product of finitely many ERO matrices Ei, ..., En is equal to the product
of their determinants:
det(E H det(E
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Now that we have the formula (4), we will apply it to the formula A = (Ey--- E1)" !B, knowing as we now do
that EROs are invertible, that products of invertible matrices are invertible and that the inverse of a product is the
procuct of the inverses in the reverse order. First we rewrite our formula:

N
A=(Ex---E))"'B= <HE1> B
=1

We know now that the inverse of an ERO matrix is an ERO matrix too, so by (4) and (5)

det(A <H det(E ) det(B) = det (HE ) det(B
-1
(6) = det (H EN+1_1‘> det(B)

i=1
and

det <H det EN+1 1)) det(A) = det (H EN—i—l—i) det(A)

i=1 i=1

Gauss—Jordan elimination is done by multiplying on the left by EROs. We get (A |I)— ( R| M ). Here, all of
the matrices are n xn, M = Hf\]:l Ensi—i and B = R. The formulas in (6) become (we recall A = M~'R):

(7) det(A) = det(M'R) = det(M ) det(R) and det(R) = det(MA) = det(M) det(A).
Since R is n x n and upper triangular, det(R) is the product of the entries on its main diagonal. This product

will be zero unless there is a leading one, on the main diagonal, in each row. This gives us a Fact:

o If A isan nxn matrixand (A|I)— (R| M) by Gauss—Jordan elimination then det(A) =0 if and only
if det(R) =0, and det(A) # 0 if and only if A is invertible and then det(R) =1, so that

N
det(A) = det(M~") = det <HE ) = (H det(Ei1)> if A is invertible, and det(A) =0 otherwise.

This is proved by examination of (7), because det(M), being the product of the non-zero determinants of EROs,
is non-zero. We also made use of our knowledge of Gauss—Jordan elimination! The next Fact is an “old” one:

(7.5) @ If A isan n x n matrix then A is invertible if and only if ker(A) = {0}.

Proof: 1If A is invertible and x € ker(A), so that Az =0, then z = [z = (A~ 'A)z =
That is, ker(4) = {0}. If ker(A) = {0} then Gauss—Jordan elimination gives ( A | I
ker(R) = ker(A) = {0} so R =1 and therefore R =1 = MR which means that M = A~1

A7 Az) = A710 = 0.
)= (R| M) and
, or, A is invertible.

Another (partly) “old” Fact:
(7.7) « If A isan n x n matrix then det(A) =0 if and only if ker(A) # {0}.

Proof: 1If det(A) = 0, then R # I, which means that there is some column of R without a leading one. We
know that this column contributes a basis element for ker(A) (see the note “Two rref’s are equal iffi their kernels
are equal,” especially the formulas (%) therein), so ker(A4) # {0}. On the other hand, if ker(A4) # {0}, then
ker(R) = ker(A) # {0}, so R # I, so some main-diagonal entry of R is zero, so det(R) = 0, so by (7)
det(A) = 0.

Here is another application of (7) and the formulas (6). Though technical, it well deserves the title “Theorem.”
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(8) « Theorem: If A isan nxn matrixand (A|1)— (R| M ) by Gauss-Jordan elimination then A is
invertible if and only if A can be expressed as the product of finitely many ERO matrices. In that case, R = I,
M = A= and det(A) is given by

N
(9) det(A) = det(M)~" = [ [ det(E; ).

Theorem (8) is just a combined version of (7) and the formulas (6). The next Fact is another version of
Theorem (8) and either of its two preceding Facts. It deserves to be called a Theorem.

(10) ¢ Theorem: If A isan n X n matrix then A is invertible if and only if det(A) # 0.

Proof: If A is invertible, then det(A) = det(M)~! = Hf\il det(E; ") # 0. If det(A) # 0 then ker(A) = {0} so
ker(R) = ker(A) = {0} and thus R=1 so MA =R =1, hence A is invertible.

(11) ¢ Theorem: If A and B are m x n matrices, then AB is invertible if and only if A and B are both
invertible.

Proof: If A and B are both invertible, so is AB (and (AB)~! = B~'A~1!). This is an “old” Fact! If AB is
invertible, then I = AB(AB)~! = A[B(AB)™!] so B(AB)~! = A~'. You should “do” the similar argument that
shows B is invertible.

(12) ¢ Theorem: If A and B are m X n matrices, then
det(AB) = det(A) det(B).
Proof: If A and B are both invertible, each of them can be expressed as the product of finitely many ERO matri-

cess A=TIV,EY, B=TIM,E ' By (9) det(A) =TI, det(E;Y). Again by (9) det(B) = [[2, det(E; ).
Therefore

N M
det(A) det(B) = [ det(E;") [ det(E; ™)

= det <ﬁ Ei1> det <ﬁ Ef) by (5.5)

i=1
N M _
= det (H B HE;1> by (5.5)
i=1 i=1
= det (AB).

If either one of A and B is not invertible, then det(A)det(B) = 0 since at least one of the determinants is zero,
by (7.5) and (7.7). But then AB is not invertible either, by (11), so by (7.7), det(AB) = 0. For these reasons,
det(A) det(B) = det(AB) because both sides of this equation are zero. This completes the proof of Theorem (12).

e A “method” for calculating determinants Let us illustrate the method with an example:

A:

W = =
DN Ot N

3
4
1

Then by linearity in the first row, det(A) = 1-det(el, ha, h3) + 2 - det(ef, ha, h3) + 3 - det(el, ha, h3), where
hi=(1 2 3), hy=(4 5 4), hy=(3 2 1). Let’s look at this in detail:

det(A) =1 -det +3-det

[
N Ot O
W = O
N Ot =
— s O
W = O
N Ot O
— o

0
4 | +2-det
1
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In each one of these determinants we can add multiples of the first row to the other rows without changing the value
of the determinant, by (3.5). Then we can “zero out” the column below each 1, so

100 010 00 1
det(A)=1-det |0 5 4 | +2-det|[4 0 4| +3-det[4 5 0
02 1 301 320

A nice thing about Theorem (12) is that now we can perform column operations on matrices by multiplying on the
right by an ERO matrix — which then becomes an Elementary Column Operation matrix, or ECO. Our example now
has three determinants, each with lots of zeroes. We can switch columns 1 and 2 in the middle determinant, which

1 0 0 01 0 0 1 0
creates thematrix [ 0 4 4| =4 0 4| Po, where Po=|1 0 0|, and det(P;2) = —1 because Pio,
0 3 1 301 0 0 1
now acting as an ECO, is still an ERO that switches rows (when it multiplies on the left).
0 10 1 00
Thus by Theorem (12) det |4 0 4 | =—det| 0 4 4 |. In the third matrix we will multiply on the right
3 0 1 0 3 1
by Ps3Pi2, whose determinant is +1, and we get
100 1 00 100
det(A)=1-det [0 5 4] —2-det {0 4 4| +3-det|{0 4 5
0 2 1 0 3 1 0 3 2

We can do this to determinants of an size!
Now let’s look at the defining formula for the determinant of a matrix B:
det(B) = > sgn(m)biz, bar, b, -
TESy

Suppose that, in B b;; =1 and b;; =0 = by; if ¢ > 1 and j > 1. This is what we have in our exemplary
matrices. Then in every term that has m # 1, sgn(m)bix, bar, -+ bpr, = 0. The only terms that survive are those
that have m = 1. The set of m € S,, that have m; =1 is really the set of permutations of 2, 3, ..., n. Therefore,

(13) ¢ Lemma: If B isan n xn matrix such that by; =1 and by =0=10y; if i >1 and j > 1, then
bag -+ bay
det(B) =det | : .. = det(B11),
bn2 e bnn

the determinant of the (n—1) x (n — 1) matrix By, which is obtained by removing the first row and first column
of B.

In our example this gives

5 4 4 4 4 5
det(A) =1 - det (2 1) —2-det <3 1> + 3 - det <3 2) =1-(-3)—2-(-8)+3-(-7)=-8.
Now here is the “method” of expanding a determinant along a row. Any row works fine because we can use row and
column switches (we have to keep track of how many) and row operations to put a matrix into the form of Lemma
(13). To use the method, we define, (in an n x n matrix A), A;; to be the (n—1)x (n—1) matrix obtained by
removing row 4 and column j from A, where 1<i<n and 1<j<n.

e If A isan n xn matrix then for 1 <i<n,
(14) det(A) = "(=1)"a;; det(Ay).

Jj=1
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In our example we had ¢ = 1. It is sometimes easier to expand along some row other than the first, for example if
a row has many zeroes in it, for then we can skip evaluating the corresponding determinants, det(A;;), which are
called subdeterminants.

We still have to discuss the determinant of A”. It will turn out to be equal to the determinant of A. Then we will
be able to expand determinants along columns too. The formula is the same as the one in (14) except that the sum
runs from i =1 to n:

n

(15) det(A) = Z(—l)”jalj det(Aij).

i=1

Another method of evaluating determinants — maybe the best one

e We actually “already know” this method. Given an an n X n matrix A we can carry out Gauss—Jordan
elimination until we arrive at an upper triangular matrix. If any diagonal entry is zero, we can stop because the
determunant is then known to be zero. Otherwise, the determinant is the product of the diagonal entries of the upper
triangular matrix, divided by the product of the non-zero numbers we multiplied rows by, times —1 if we switched
rows an odd number of times. This can be read off of (7) if we describe the “partial” Gauss—Jordan procees by
(A|I)—(U]|K), where U is upper triangular. This modified version of (7) becomes

(16) det(U) = det(K A) = det(K) det(A), so that det(A)=det(U)/det(K).

To calculate det(K) we keep a running product of the determinants of the EROs we use. Row switches can be
counted to see if the number of them is odd. Adding a multiple of one row to another does not change anything. If
we multiply a row by a non-zero number, we multiply our running product by that.

But we can do more! If we want to we can do column operations too, and keep track the same way, because of
Theorem (12).

Let’s use this row—or—column Gauss—Jordan elimination method on our example

A:

W = =
N Ot N

3
4
1
We can add row 1 to row 3 and then subtract row 3 from row 2 and use (14) with ¢ =2 because of the zeroes:

det(A) = det = det

4 4

[SURNTNG
N O N
o W
N

2 3 12 3 L3
5 4] =det[0 1 0 (1)2+2det< >8,
4 4 4 4 4

Notice that we did not need to “zero out” the rest of column 2. I did that in the example when we first did it to
make the pattern stand out better. We can mix in column operations too: subtract column 1 from column 3, add
row 3 to row 1, use (15) (column expansion) with 7 =3:

1 2 3 12 2 4 4 0 44
det(A)=det |4 5 4| =det{4 5 0 |=det|4 5 0 :(—1)3+3(—2)det<4 5>:—8.
3 21 3 2 =2 3 2 -2

The determinant of the transpose
(16.5) ¢ Theorem: For every n x n matrix A, det(AT) = det(A).

Proof: To show that det(A”) = det(A) we need to know a little more about permutations. Permutations 7 € S,
are actually functions defined on {1, 2, ..., n} that take values in {1, 2, ..., n}:

m:{1,2,...,n} —{1,2, ..., n}.
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For reasons I do not know we write 7; or mi instead of (). Permutations are one—to—one and onto. “One—to—one”
means that 7; = 7; implies i = j. “Onto” means that for every j € {1, 2, ..., n} there exists i € {1, 2, ..., n}
such that m; = j. If 7 and 7 arein S, we can define their“product” 7m by applying 7 first and then 7: (77); :=
Tr;- This is just like go f(z) = g(f(z)). The permutation 12---n is usually called “the identity permutation,” is
denoted e and ewr = me =m for every m; e acts like multiplying by 1.

Let’s recall the formula (3) for the determinant, and apply it to A7:

det(AT) = Z SEN(T)Gry10m02 " * " A
TESy

because to form the transpose we switch subscripts. We want to somehow rearrange the product ar 1052 Gr, n
so that it looks like ai4,1020, - - Gne, for some o € S,,. We construct a ¢ that “inverts” or “undoes” m. Every
i, 1<i<mn, is m; for some j, ie., ¢ =m; for some j. And the j is unique (because 7 is one-to-one), so we
can write j = o; for the unique j such that m; = i. This procedure defines o as a function from {1, 2, ..., n}
to {1,2,...,n}. Then m,, =i for all i. Thatis, mo = e, which implies that o is one-to—one (if o; = o then
i = Ty, = Mg, = k). On the other hand, o, is the uniqlue %k such that 7, = 7;, so k = j (because 7 is
one-to-one). That is, 0., = j for all j, so om = e, which implies that o is onto (because, given j, we pick
i:=m; and then o; =0, = 7). This procedure defines a permutation in S,,. And o “undoes” 7 and vice versa.
Then in ar,1, 1=0g S0 Qr,1 = Aryop, - When we find where to put ar,1 in the rearranged product so that its
first subscript is in order, the second subscript will be o of it. For example, if n =6 and 7 = 643512, then m =6
so0 1= 0., = 0¢. Then in the rearranged product, ar,1 = as1 = G6s, and so on. Here is the rest of o: 7 =4 so
04=2; m3=3 80 03=3; m4=5H 880 05=4; m5=1 80 01 =>5; mg=2 so g9 =6. That is, 0 = 563241. This
means that in this example

SEN(T)Ury 10m,2 -+ Org6 = SEN(T)U61042033054015026 = SGN(T)A15026033042054061 = SEN(T) 010, G20, * * * Uorg -

This equation is true in general, by the same argument, which is only hard because we have to concentrate
on how the subscripts of 7 and ¢ work. It would be nice if sgn(m) = sgn(o). This is indeed true. How do we show
it? Let’s look at the example again, this time writing it like a graph:

6 435 1 2
(17) 7T_<123456>'

When we go thru the standard switches with smaller numbers to the right to put the top row in order, we’ll carry
the bottom row along:

6 4
1

in 5 switches with smaller numbers,

[N}
w w
N
S I
S
~—
1
IR
CENN
w w
B ot
Tt
SN
— o
~—

4 3 51 2 6 4 31 2 5 6\ . . .

(2 34 5 6 1) — <2 35 6 4 1> in 2 switches with smaller numbers,
4 31 2 5 6 31 2 45 6\ . . .

(2 35 6 4 1) — < 35 6 2 4 1> in 3 switches with smaller numbers,
31 2 4 5 6 1 2 3 4 5 6\ . . .

(3 5 6 2 4 1) — < 56 3 2 4 1> in 2 switches with smaller numbers,

for a total of 12 switches, starting with 6, then 5, and so on. Now let’s take the last array, and flip it over:
123456_}563241_
56 3 2 4 1 123 456) 7

When we once again count switches to put the top row of o back in order, we'll get 4+44+2+1+14+0 = 12.

Thus sgn(c) = sgn(w), so
SEN(T) Gy 10702 * * * Urge = SEN(0) 10, 20y * * * A6org-
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There is an easier way to show the equality sgn(o) = sgn(w)! First we build a matrix Pr = (m;;) from (17) by
letting the ij-th entry of P be 1 if j=m; and 0 otherwise (i.e. m; = e} Prej = 6x,j):

0000 1O0
0 000 01
oo 1000 & 1
P =10 100 0 0 _Z;e’”ei'
000100 .
10 0 0 00
This is essentially the graph of 7 as a function from {1,2,...,n} to {1, 2,..., n}, except that we use ones

instead of dots, and zeroes instead of blanks. Moreover, it’s upside down because we read matrices from left to right
and top to bottom. Let’s notice that Pre; = e, — this is why we constructed P, this way.

This construction can be done for permutations of any size!

Let us also notice that every P, has orthonormal columns so every P, is an orthogonal matrix, and therefore
PT = P-!. Therefore P! = P, because we know P,Pre; = Pye,, = €op, = € for all 1.

Next we calculate det(Py). We'll replace the dummy sum-variable in the formula by 7:

det(Py) = Z sgn (7)1, Tary * * * Tnr, = Z SN(T)0r 7y Ongry * * * O, -
TESH TESH

In order for the product 6r,r,0ryr, - 9x, 7, tO be non-zero it must be true that =, = 7; for every 4, 1 <i <n.
There is thus only one non-zero term among all the n! terms, so the sum reduces to

det(Pr) = sgn(m)0nyx, Omomrs =+ Omrpmr, = sg0(m)1-1---1 = sgn(m).
We can now show that sgn(m) = sgn(o). We know that P,P, =1, so
1 =det(I) = det(P, Py) = det(P,) det(Py) = sgn(m)sgn(o).

Since sgn(m) = £1 and sgn(m)sgn(o) =1, sgn(m) = sgn(o).

We know that to every m € S, there corresponds ¢ € S,, that undoes =, and that 7 undoes o. We could
also write 7~! for o. Therefore, as m runs thru S,, o runs thru S, as well. Hence for every =, if o is the
permutation that “undoes” m,

Sgn(ﬂ-)a"ﬂ'lla‘ﬂ'zz o Qp,n = Sgn(a)alol 255 * " Ang, s

and thus
det(AT) = Z SEU(T)Gry1Qmy2 "+ Qg = Z SgN(0)a15, 020y * * * Ane,, = det(A).
TES, €Sy

Now formula (15) is proved! That was the formula

n

(18) det(A) = Z(—l)i+jaij det(Aij)

=1

for expanding a determinant as a function of the columns of a matrix as well as a function of the rows. In other
terms,
det(AT) = F(eT AT, ... T AT) = F(uT, ... o]).

T T

Then we can expand along the “rows” wvi, ..., v, which have the coordinates of the original columns.

Formula (18) looks a bit like the formula for a matrix product. If we define

adj(A) := ((—1)1*]’ det(Aij)>T - ((—1)i+ﬂ‘ det(Aji))
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then the ij-th coordinate of adj(A)A is Z(—l)i‘HC det(Agi)ar; = Z(—l)kHakj det(Apg;).
k=1 k=1
If ¢ = j, the jj-th coordinate of adj(A)A is Z( 1)IF det(Ay;)ar; = Z 1)F i ay; det(Ay;) = det(A), by
k=1 k=1
formula (18) with dummy variable k in place of 4.

But if ¢ # j, the ij-th coordinate of adj(A4)A is Z(—l)kJriakj det(Ag;). This is what we would get if we put
k=1

column j of A in place of column . You might have to look again at the text about formulas (14) and (15)

to see that this is indeed true. But then the matrix has two copies of column j, one in column j and the other

replacing column ¢. This natrix thus has determinant zero. Thus the off-diagonal entries of adj(A)A are all zero,

and the ones on the diagonal are all det(A) so

(18.3) adj(A)A = det(A)I.

The same thing happens when we examine Aadj(A), but we use formula (14), and we get
(18.6) Aadj(A) = det(A)I.

This gives us a Theorem.

(19) ¢ Theorem: If A isan n xn matrix and det(A) # 0 then

_ 1 .
A7l = det(4) adj(A).

Calculating A~! this way is fine if n =2 or n = 3. It is marginally OK if n =4, but for n > 4 it’s usually very
inefficient.

(20) ¢ Theorem (Cramer’s Rule): If A isan nxn matrix and det(A) # 0 then the solution of the equation

Ax =10 is
_1, _ adj(A)b

~ det(A)
The i-th coordinate of A~'b is thus the determinant of A(b, i) := A+ (b— Ae;)el (the matrix obtained from A
by replacing column i of A by b), divided by det(A):

det(A(b, 1))
det(A)

Proof: The first equation follows from Theorem (19). The i-th coordinate of A=1b is then

e; o (A7) =

det Z k+l det Akz bk = det Z k+ibk det(Aki),
k:l k:l

which (by the discussion preceding Theorem (19), in the case i = j) is exactly what is stated in Theorem (20)
when we replace column ¢ of A by b.

1
e Example Let’s calculate adj(A) for the matrix A= | 4 . We have to recall that A;; is the matrix
3

E o oot

obtained from A by deleting its row i and column j, and we must multiply det(4;;) by (—1)**/. Then

WG () (D)

adj(A)" = —dt(g —det( ) = -4 8 —4

w(21) (D) w(z)) T

3
det 1

(s
(3
(s
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so that
-3 -4 -7
adj(A) = 8 8 8
-7 -4 -3

You should check the equations (18.3), (18.6) and the equation in Theorem (19) for this example.

e An Example of a different sort Some time ago we found that a matrix of the form A = I,, — ab? (where a
and b are in R"™ and neither is zero) is invertible if and only if aeb # 1, i.e., 1 —aeb # 0. We should suspect
that 1 —aeb and det(I —abl) are related. They are the same. You should try to calculate the determinant when
a=(1,-2,3,—4) and b=(1, 3, 3, 1).

The method that works in all cases is to exploit multilinearity in gory detail, but take advantage of the notation for
summing over an index set!

The i-th row of I,, —ab? is eI (I, — ab?) = el —a;b? (do you agree?). Thus
det(I, — ab”) = F(el —a1b”, X —axd”, ..., el —a,b").

Multilinearity allows to use the idea of the Distributive Law that we would use to expand a product of the form
(r1 — a1)(xg — ag) -+ (x, — ap): choose one term from each factor x; — a; (choose z; or —a;), multiply them
together, and add all the products. There are 2" different ways to choose one term from each factor, so we have to
add 2™ products of n numbers. We need an index set with 2" elements. A set that will do the job is the set of
all possible strings of n zeroes and ones. A notation that works well is

B, :={e€R":e= (€1, €2, ...€,), where each ¢ € {0, 1}}.
If n= 3, for examplev Bs = {(07070)7 (05071)a (07170)7 (0a1a1)7 (17070)1 (17()’1)7 (1?170)a (1’171>} and the B
stands for “binary.”

We can then write

(r1 —a1)(x2 —az) - (zn, — ay) Z H (1 —€)xy — €a5).

I am sure this looks very complicated, but it does the job! Since ¢; =0 or ¢ =1, (1 —¢)zx; —¢a;=z; if ¢, =0
and (1 —€)x; — €;a; = —a; if ¢, = 1. We will do the same for the determinant we are working with, and we will
see that all but n+ 1 of the terms in that sum of 2" terms are zero!

We return to the determinant formula above:

det(I, — ab”) =F (el —a1b”, el —anb™, ..., el —a,b")
= Y F((1—e)el —eaad”, ..., (1-en)ef — enand”).
EEB'H

Each term in the big sum is actually the determinant of the matrix with rows (1 —¢;)el — ;a;67, 1 <i<n. Let’s

look at an arbitrary term in the big sum, and suppose that at least two of the ¢; = 1. Then
F((]' - 61)6{ - 61(11bT, ceey (1 - En)ez: - Enaan)
will contain at least two rows of the form —a;b”. But then the matrix will have two proportional rows, and will

thus be zero.

Hence the only terms that survive are those that have no ones at all in €, or exactly one of them. The term with
no ones is F(ef, ..., el) = F(I) = 1. For each i, 1<4i<n, the term with ¢ =1 and all other ¢; =0 is (let’s

n



Math 2573H, Fall 2001 An express tour of determinants: version 3a page 14 of 17
take 1 <i < n)
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 o - 1 0 0 0 0
F(e{, ey aibT, ey 65) = det aibl aibg aibi_l aibi CLin_l aibn_l Clen
0 o - 0 0 1 0 0
0 o - 0 0 0 1 0
0 o - 0 0 0 0 1

We can use row operations to “zero” out everything in row ¢ except the entry in column i. The resulting matrix is
diagonal, and its determunant is a;b;. When we add the n + 1 terms left, we get det(l, — abT) =1—aeb. Can
you say how to find det(I,, + abT)?

Additional material
e The formula (2.5) (the determinant formula) gives an alternating function

We have to be careful in this argument to use nothing that we proved after we defined the determinant, because
we used the alternating property. The purpose of this argument is to prove the alternating property! Having said
that, we can, however, use anthing that did not use any property of determinants. We can use the definition of
“multiplying” permutations, given in the proof of Theorem (16.5), for example.

Our formula (2.5) to work with is

F(V)=F(vij) = F(hi, ha, ..., hy) = F(elV, 3V, ..., elV) = Z SgN(T) V17, V2rg * * * Unrr,, -

TESy

If we switch two rows of V, say rows k and ¢, with 1 <k <{ <n, we get a modified matrix U = (u;;) and we
need to show that F(U) = —F(V). We have

F(U) = Z Sgn(ﬂ—)ulﬂjuaﬂ'g e u’nﬂ'na
TES

and a typical term in the big sum is
Sgn(ﬂ-)ulﬂ_l P ukﬂ_k “e ufﬂ'g “e e u?’HTn — Sgn(ﬂ—)vlﬂ'l P /Ufﬂ'k P Uk?ﬂ'g N U’nﬂ'n

because u;; = v;; unless i =k or ¢ =/, and then we have u; = vy; and ug; = vg;. In the term on the right the
first subscripts are out of order. The second subscripts form 7. Let’s put those first subscripts back in order:

Sgn(ﬂ)uml Uy, Uy U, = Sgn(ﬂ')vlm S Uk, Uty Unr, -
Now the second subscripts are not in the same order as 7. We had
m -+ Wk -+ @ -+ m, and now we have w4 ... w - W e W,
where all the 7;’s not shown are in their original places in 7. This new ordering is a new permutation, and we need

to know how it is “mathematically” related to w. We bring in the permutation 7, that switches k and ¢ and
leaves all other ’s alone:

i, if i#£k and i#/;
(Tkg)i = E, if 1= k‘;
k, if =0
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In other words, (7ke)x =4, (Tke)e =k and (7x¢); = ¢ otherwise. What is P,, when n =6, k=2 and ¢ =57
To mathematically relate m and the new permutation we recall how permutations were “multiplied” by functional
composition (this was discussed in the proof of Theorem (16.5)) and we calculate w7yy:

m, if i#k and i#Y;
[(MTheli = Ty, = 7, i 4= k;
T, if 1=/

Thus the new permutation is w7ge, and we can write

Sgn(ﬂ-)ulﬂl o Uk, Wyt Unr,, = Sgn(ﬂ-)vl[ﬂ‘ru]l te ,Uk?[’ﬂ"l'kg]k e ve[ﬂ"ﬁcg]( o ’U’n[ﬂTkg]n'

In order to make the term on the right fit the pattern of the determinant formula we need to know how sgn(w) and
sgn(m7ye) are related. We are forced to use our original definition of sgn(w) and sgn(mrie)! We recall that we find
sgn(m) by carrying out the scheme

71—1 ﬂ-k 7'(‘[ 7Tn o . e (_ s(7r)
cat oo Aot oo det o Hen =s(m), and then writing sgn(w) := (—1)*'"/,

where c¢; is the number of the numbers m; to the right of m; that are less than ;.

If we can show that sgn(mw7ie) = —sgn(m) we will be done with the proof (except for “cleanup”). We will do so in
two steps. First we will show it if ¢ =k + 1, then (fairly easily) show that the other cases are true too. We will still
assume 1 < k < k+1 < n, but the conditions 1 < k£ and k+ 1 < n are not at all necessary; they just make the
diagrams look better. We start with the scheme for finding sgn(7):

T “e Tk ﬂ—kJrl e T . S(Tr)
= (-1 .
cn+ o e + g1+ 0 +ca 28(71'); sgn(w) ( )

For sgn(m7re) we'll use ¢ for the new counts, and we have its scheme:

T Tk+1 Tk Tn (T The)
n(7mwT =(-1 .
0/1 + e+ C;c + C;C 1 + e+ c/n = S(TFTM); 58 ( M) ( )

There are two easy things to notice: ¢, = ¢; if ¢ < k orif ¢ > k+ 1, by the way these counts are defined (do
you agree?). We have to consider two subcases: 7, > mp+1 and 7 < mpy1. In the first case, mg41 is one of the
numbers to the right of m; that are less than ;. Thus ¢ “includes” 7p41. In the scheme for sgn(m7ie), mgt1
is no longer to the right of 7. Thus the count we make for 7 in its new location, which is now ¢} 41, is one less
than it was before: c;€+1 = ¢ — 1. The count we make for 741 in its new location, which is now cfc, will be the
same as it was before; all the nubers that were to its right and less than it are still there, and 7, now to the right
of 41, is not less than mpi1. Thus ¢}, = cky1. We can write down what the scheme has become:

T Tht1 Tk SRR _ s(m—1 _

sgn = (-1 = —sgn(m).
Gt o b b c—1t o ey =s(amg) =s(m) —1; SO = (1) gn(r)
This completes the subcase 7 > mr41. In the other subcase, 7 < 741, which you should do, the count will
increase by one instead of decreasing by one. Thus in either subcase, sgn(n7ye) = —sgn(n).

Next we consider the other cases, k < £ with k+ 1 < £. In these cases we can switch 7 with the ones between
it and 7y and then switch with 7,. This will take ¢ — k switches, and each will change the sign of sgn(w) once.
Then we switch mp, now just to the left of 7, back in the other direction until it occupies the place where 7, was
to begin with. This will take just £ —k — 1 switches, because we do not have to switch with 7. The total number
of switches is therefore 2(¢ — k) — 1, an odd number, so sgn(m7ye) = (—1)2¢=*)~1sgn(r) = —sgn(n).
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Now we can write

F(U) =

(]

sgn(T)Uir, U2, =~ Unre,, 5
€S,

3

|
(]

Sgn(ﬂ')vlﬂ_l C Ut Vkm t Unr,
TESH

|
(]

Sgn(ﬂ-)vl[ﬂﬂcl]l U Vklmrrele T Vllrrrele T Unfmre]n
es

3
s

= _Sgn(ﬁﬁcl)vl[ﬂ""ke]l © Uklnrreln T Vllmriele * " Unfrrieln
me

== ) sgu(m)vin, - Vpm, = —F (V).
TESy

9]
3

because 77y runs thru all the permutations in S,, as 7 runs thru all the permutations in S,, (we can see that
this is true because 7xe7pe = e [you should verify that 74¢7x¢ = e]). This completes the proof!

e How the formula (2.5) arises from an alternating multilinear function on the rows of an n x n
matrix that is 1 when evaluated at I,,.

These are gory details that once again use the notation for summing over an index set. We have h; = Z;;l vije?
for 1 <i<n, so

n n n
— E T E T 2 T
F(hl, hg, ey hn) = F vijlejl, ’Uij26j2, ey vl—jnejn

ji=1 j2=1 Jn=1

Now we use linearity in the first variable, getting

n n n
— E T E T 2 T
F(hl, hg, ey hn) = ’l)ile ejl, ’Uij26j2, ey vijnejn

ji=1 J2=1 Jn=1
When we do the same in each variable, we keep pulling a summation and the v;;, out, k=1, 2, ..., n. When we
are done we will have
n n n
_ I N - T T T
F(hi, ha, ..., hy) = g Vij, E Vijy E v, F' (ejl, €y v v ejn) .
Jji=1 Jo2=1 Jn=

;{7 el ,eT) = 0 if jp = j, for some k # ¢ because now we are assum-

In each term we know that F (e G2t e €in
ing that F(V) is alternating. Hence only those lists of ji’s that are all different leave open the possibility

that F (ejTl, €JT27 e ean) # 0. But then every i € {1,2,..., n} is in the list, so j1j2---j, is a permutation

n n n
of {1,2,...,n}. We can then replace the summation Z Z Z (which is a sum over n™ indices) by the
Jji=1j2=1 Jn=1

summation Z (a sum over “only” n! indices), define sgn(m) := F (eI , el , ..., el ), and so obtain the formula
TFESn
in (2.5).
e Some problems
e “Identify” the matrix with rows 63;17 ezz, cee ?ﬂ.

e Show that, if 7 and 7 arein S, then P,P; = P.s.
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This (nearly) shows that there is a one—to—one correspondence between the “permutation matrices” P, and the
permutations m € S,,.

e Find the “counts” for (643512), (645312) and (643152).

Show that if A is invertible then A can be expesssed as the product of finitely many ERO matrices.

2 3 3 1
—2 -5 —6 -2

e Find det 3 9 10 3 |- Hint: Subtract I, from the matrix.
-4 -12 -12 -3
3 47

e Find det | 8 8 8
7 4 3

Suppose A is n x n and invertible. Find det(adj(A)).

Show that 77, runs thru all the permutations in S,, as 7 runs thru all the permutations in S,,.



