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Abstract

We consider a nearest-neighbor, one-dimensional random walk {X,,},>0 in a random i.i.d.
environment, in the regime where the walk is transient with speed vp > 0 and there exists
an s € (1,2) such that the annealed law of n~'/*(X,, — nvp) converges to a stable law of
parameter s. Under the quenched law (i.e., conditioned on the environment), we show that
no limit laws are possible. In particular we show that there exist sequences {t;} and {¢}}
depending on the environment only, such that a quenched central limit theorem holds along the
subsequence tj, but the quenched limiting distribution along the subsequence ¢}, is a centered
reverse exponential distribution. This complements the results of a recent paper of Peterson
and Zeitouni (arXiv:math/0704.1778v1 [math.PR] ) which handled the case when the parameter
s € (0,1).
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1 Introduction, Notation, and Statement of Main Results

Let Q = [0,1]%, and let F be the Borel o—algebra on 2. A random environment is an (2-valued
random variable w = {w; };ez with distribution P. In this paper we will assume that P is a product
measure on ). The quenched law P? for a random walk X, in the environment w is defined by

i A
Pi(Xo=a)=1, and P%(Xp=jlXo=1i) =" Lo
1—w; if j=d—1.

7N is the space for the paths of the random walk {X,},en, and let G denote the o—algebra
generated by the cylinder sets. Note that for each w € Q, P, is a probability measure on (ZV, G),
and for each G € G, P%(G) : (2, F) — [0,1] is a measurable function of w. Expectations under
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the law PZ are denoted EY. The annealed law for the random walk in random environment X, is
defined by

P*(F x G) = / PU(G)P(dw), FeF,Geg
F

For ease of notation we will use P, and PP in place of PO and PY respectively. We will also use P®
to refer to the marginal on the space of paths, i.e. P*(G) = P*(Q2 x G) = Ep [P%(G)] for G € G.
Expectations under the law P will be written E.

A simple criterion for recurrence of a one-dimensional RWRE and a formula for the speed of
transience was given by Solomon in [11]. For any integers i < j define

1—w;

J
pPi = y and Hi,j = Hpk . (1)
k=t

Wi

Then, X, is transient to the right (resp. to the left) if Ep(logpg) < 0, (resp. Eplogpy > 0) and
recurrent if Ep(logpp) = 0 (henceforth we will write p instead of pp in expectations involving only
po)- In the case where Eplogp < 0 (transience to the right), Solomon established the following law

of large numbers

. Xy .on 1
vp 1= TLILII;O? = T}LHoloTin =BT, P — a.s. (2)

where T, := min{k > 0: X; = n}. For any integers i < j define
J
Wiyj = an’j’ and Wj = ZHkJ . (3)
k=i k<j
When Eplogp < 0, it was shown in [12] that
ElTj =1+2W; <00, P—a.s., (4)

and thus vp = 1/(1+2EpW)). Since P is a product measure, EpWy = > 72 | (Epp)*. In particular,
vp > 0if Epp < 1.

Kesten, Kozlov, and Spitzer [6] determined the annealed limiting distribution of a RWRE with
Eplogp < 0, i.e. transient to the right. They derived the limiting distributions for the walk by
first establishing a stable limit law of index s for T},, where s is defined by the equation Epp® = 1.
In particular, they showed that when s € (1,2) there exists a b > 0 such that

T, — ET,
lim P " <z | = Lyy(z) (5)
n—o00 nl/s ’
and
X, —nvup
lim P| =2——— < —1—L..(— 6
nl—{go (U]lj—l-l/snl/s o $> S7b( x)’ ( )

where Ly, is the distribution function for a stable random variable with characteristic function

Lp(t) = exp {—bytys (1 — z|7;| tan(ws/Q)) } .



While the annealed limiting distributions for transient one-dimensional RWRE have been known for
quite a while, the corresponding quenched limiting distributions have remained largely unstudied
until recently. In the case when s > 2, Goldsheid [4] and Peterson [10] independently proved that a
quenched CLT holds with a random (depending on the environment) centering. Previously, in [§]
and [12] it had only been shown that the limiting statements for the quenched CLT with random
centering held in probability (rather than almost surely). In the case when s < 1 it was shown in
[9] that no quenched limiting distribution exists for the RWRE. In particular, it was shown that
P — a.s. there exist two different random sequences t and ¢ such that the behavior of the RWRE
is either localized (concentrated in a interval of size log?#}) or spread out (scaling of order t3).

In this paper, we analyze the quenched limiting distributions of a one-dimensional transient
RWRE in the case s € (1,2). We show that, as in the case when s < 1, there is no quenched
limiting distribution of the random walk. However, as shown in Section 2, the existence of a
positive speed for the random walk allows us to transfer limiting distributions from 7, to X,.
Throughout the paper, we will make the following assumptions:

Assumption 1. P is a product measure on €2 such that
Eplogp <0 and Epp® =1 for some s > 0. (7)

Assumption 2. The distribution of log p is non-lattice under P and Ep(p°logp) < co.

Remarks:

1. Assumption 1 contains the essential assumptions for our results. The technical conditions
contained in Assumption 2 were also invoked in [6] and [9].

2. Since Epp” is a convex function of v, the two statements in (7) give that Epp? < 1 for all
0 <y < sand Epp? > 1 for all v > s. In particular this implies that vp > 0 <= s > 1. The
main results of this paper are for s € (1,2), but many statements hold for a wider range of s. If no
mention is made of bounds on s then it is assumed that the statement holds for all s > 0.

3. The cases s € 1,2 are not covered by [9] or by this paper. It is not clear whether or not a
quenched CLT holds in the case s = 2, but we suspect that the results for s = 1 will be similar to
those of the cases s € (0,1) and s € (1,2) - i.e. no quenched limiting distribution for the random
walk. However, since s = 1 is the bordering case between the zero-speed and positive-speed regimes
the analysis is likely to be more technical (as was also the case in [6]).

Let ®(x) and ¥(x) be the distribution functions for a gaussian and exponential random variable
respectively. That is,

o1 0 <0
O(x) = / — e /24t and U(z) = “ .
—oo V21 l1—e® >0
Our main results are the following;:

Theorem 1.1. Let Assumptions 1 and 2 hold, and let s € (1,2). Then P — a.s. there exists a

random subsequence ny, = n, (w) of ng = 2% and non-deterministic random variables vy,, ., such
that

T, —E.T,
lim P, < L 1‘) =d(z), VzeR,
vV Yk ,w

and

X, —
: (tmnkm < x) = ®(x), Vr € R,
m—o0 VP Uk



where ty = tm(w) == | BTy, |-

Theorem 1.2. Let Assumptions 1 and 2 hold, and let s € (1,2). Then P — a.s. there exists a
random subsequence ny, = ng, (W) of ng = 22" und non-deterministic random variables Uy SUCH

that oy BT
lim P, ( L —U N 1:> =U(z+1), VzekR,
m—00 /Ukm,w

and

X, —
lim P, (tm”’“" <x> =1-U(-z+1), VreR,
where ty, = ty(w) = LEanka.

Remarks:

1. Note that Theorems 1.1 and 1.2 preclude the possiblity of quenched analogues of the annealed
statements (5) and (6).

2. The sequence n; = 22" in Theorems 1.1 and 1.2 is chosen only for convenience. In fact, for any
sequence ny growing sufficiently fast, P — a.s. there will be a random subsequence ng, (w) such
that the conclusions of Theorems 1.1 and 1.2 hold.

3. The definition of vy,, ., is given below in (10), and similar to Theorem 1.3, it can be shown that
lim,,— o0 P (n,ZQ/Svk’w < x) = L%J,(:c) for some b > 0. Also, from (2) we have that ¢, ~ ETing, .
Thus, the scaling in Theorems 1.1 and 1.2 is of the same order as the annealed scaling but cannot
be replaced by a deterministic scaling.

As in [9], define the “ladder locations” v; of the environment by

{inf{n > v i, o <1} i>1, -

=0, and y;= -
sup{j < Vjq1 - Hk,j—l <1, Vk< ]}, 1 < —1.
Throughout the remainder of the paper we will let v = 1. We will sometimes refer to sections
of the environment between v;_1 and v; — 1 as “blocks” of the environment. Note that the block
between v_; and vy — 1 is different from all the other blocks between consecutive ladder locations
(in particular it can be that II,,_, ,,—1 > 1), and that all the other blocks have the same distribution
as the block from 0 to v —1. As in [9] we define the measure @) on environments by Q(-) := P(-|R),
where

—1
Ri={weQ:M; ;<1, sz1}:{weaz Zlogpi<0, Vk21}.
i=—k
Note that P(R) > 0 since Eplogp < 0. @Q is defined so that the blocks of the environment between
ladder locations are i.i.d. under @, all with distribution the same as that of the block from 0 to
v — 1 under P. In particular P and @ agree on o(w; : i > 0).

For any random variable Z, define the quenched variance Var,Z := E,(Z — E,Z )2. In [9,
Theorem 1.1] it was proved that when s € (0,1), n~'/*E,T,, converges in distribution (under
Q) to a stable distribution of index s. Correspondingly, when s < 2 we will prove the following
theorem:

Theorem 1.3. Let Assumptions 1 and 2 hold, and let s < 2. Then there exists a b > 0 such that

. Vaeryn . 1 - Vi —
lim @ <n2/s < x) = Jim @ (712/5 Z (ES ITVz')2 S x) = Lsp(2). (9)
i=1

n—oo n—oo



Remarks:
1. The constant b in the above theorem may not be the same as in (5) and (6).

2. Theorem 1.3 can be used to show that lim,,_,., P (% <z)=Lsy (x) for some b’ > 0, but

we will not prove this since we do not use it for the other results in this paper.

A major difficulty in analyzing T}, is that the crossing time from v;_; to v; depends on the entire
environment to the left of ;. Thus Var,(T,,~T,,_,) and Var,(T,,—T,,_,) are not independent even
if |i — j| is large. However, since the RWRE will generally not backtrack too far, the dependence on
the environment far to the left is quite weak (indeed [3, Lemma 3.3] gives that P(T_; < oo) < e~
for some C' > 0). Thus, with minimal probabilistic cost we can add reflections to the RWRE to make

crossing times of blocks that are far apart independent. For n = 1,2,..., define b, := |log?(n)].

Then, as in [9] let )_(t(n) be the random walk that is the same as X; with the added condition that
after reaching v, the environment is modified by setting w,, , =1 (i.e. never allow the walk to

backtrack more than log?(n) blocks). Denote by Tz("’ the corresponding hitting times. For ease of
notation we define

Hinw 2= EZHITIS:L% and o? = Var, <TIS,TL) - T(n) ) .

2,M,W Vi—1

The structure of the paper is as follows: In Section 2 we prove the following general proposition
that allows us to easily transfer quenched limit laws from subsequences of T}, to X,,.

Proposition 1.4. Let Assumptions 1 and 2 hold, and let s € (1,2). Also, let ny be a sequence of
integers growing fast enough so that limy_, ., n?ﬁ = 00 for some 6 > 0, and define
k—1

ng
di :=np —ng—1, and Vg = Z azdk’w =Var, <Tl£ff:) — T,Sff:zl) . (10)
i=ng_1+1

Assume that F is a continuous distribution function for which P — a.s. there exists a subsequence
ng, = Nk, (w) such that for o, == ng, 1,

lim Plem
m—00

ngflnkm) _ Elem ngi’“m)
\/ vkm,w

for any sequence xy, ~ ny, . Then, P —a.s. for all y € R we also have

§y>_F(y)v VyGR,

T. — BT,
lim P, <xm YoIm < y) = F(y), (11)
m—00 /Uk?myw
for any xpy, ~ ng,,, and
X, —
lim P, <tm Mo < y> =1-F(-y), (12)
m—00 ’UP /’Uk"“w

where t,, := LEanka.

Then in Sections 3 and 4 we use Theorem 1.3 to find subsequences ny,_ (w) that allow us to apply
Proposition 1.4. To find a subsequence that gives Gaussian behavior of T}, ~we find a subsequence
where none of the crossing times of the first ny,, blocks is too much larger than all the others



and then use the Linberg-Feller condition for triangular arrays. In contrast, to find a subsequence
that gives exponential behavior of T;,, ~we first prove that the crossing times of “large” blocks is
approximately exponential in distribution. Then we find a subsequence where the crossing time
of one of the first ny, blocks dominates the total crossing time of the first nj, blocks. Finally,
Section 5 contains the proof of Theorem 1.3 which is similar to that of [9, Theorem 1.1].

Before continuing with the proofs of the main theorems we recall some notation and results
from [9] that will be used throughout the paper. First, recall that from [9, Lemma 2.1] there exist
constants C1,Cy > 0 such that

P(v>x) < Cre 9%, Vo >0. (13)

Then, since v,, = 2?21 v; — vi—1 and the v; — ;1 are i.i.d., the law of large numbers gives that

lim 2 = Epv =17 < o0, P —a.s. (14)

n—oo N

In [9] the following formulas for the quenched expectation and variance of T, were given:

v—1 v—1 v—1
E Ty =v+2) W;, and Var,T, =4) (W + W) +8) > T ;(Wi+ W),  (15)
7=0 7=0 7=0 i<y

Note that since the added reflections only decrease crossing times we obviously have T}, > T,Sn) and
).
is

)

E,T, > E,T, 5”) for any n. Also, since (15) holds for any environment w, the formula for Var,T, ,S”

the same as in (15) but with Pu_y, replaced by 0. In particular, this shows that Var,T, > Vaer,Sn
for any n. As in [9] define for any integer ¢

M; .= maX{H,,Fl,j 1 j € [Vi—].v Vz)} . (16)
Then [5, Theorem 1] gives that there exists a constant C3 < oo such that
Q(Ml > 1‘) = P(Ml > IL‘) ~ 031'_8. (17)

Note that M; < maxo<j<, Wj. Therefore, from the formulas for E,T, and Var,T, in (15) it is

easy to see that E, T, > M; and Var,T, > ]\412 (the same also being true with TV(”)). Finally,
recall the following results from [9]:

Theorem 1.5 (Lemma 3.3 & Theorem 5.1 in [9]). There exists a constant K, € (0,00) such
that
Q (Var,T, > z) ~ Q (BE,T,)* > z) ~ Kooz ™%, as r — 00.

Moreover, for any e >0 and z > 0

2

o Vot e, 2,5 n9) 0 (1)

n

> an?/®, My > n<15)/3> ~ Kooarfs/zl,

as n — oQ.



2 Converting Time Limits to Space Limits

In this section we develop a general method for transferring a quenched limit law for a subsequence
of T}, to a quenched limit law for a subsequence of X,,. We begin with some lemmas analyzing the
a.s. asymptotic behavior of the quenched variance and mean of the hitting times.

Lemma 2.1. Assume s < 2. Then for any 6 > 0,

Q (VaerlEZ) ¢ <n2/575,n2/s+5>> < P(lR)P (VaerlSZ) ¢ <n2/575,n2/s+5>> =0 (n*(ss/‘l) )

P(ANR P(A

Proof. The first 1ne(}uahty in the lemma is trivial since for any A € F we have from the definition
of @ that Q(A) < P( ) Next, note that when s < 2 [9, Lemma 5.11] gives

P (Vaer,SZ) > n2/8+5> <P (Vaerl,n > nz/”‘s) = o(n7%/%). (18)
Also, since Var,(T, ,S:L) - Ty(ji)l) > M? we have
(Varw T < p2/s= 5) <P <M12 < n2/s_6)n = (1 - P (M1 > n1/5_5/2>)n =o (e_”ésM) ,

where the last equality is from (17). O

Corollary 2.2. Assume s < 2. Then for any § >0
= 6 -0
P (v ¢ (a0 d7)) = 0 (a,7).

Consequently, if s < 2 we have /U, = o(dy), P — a.s.

Proof. Recall from (10) that by definition vy, = Var, (T,Eg:) —Ty(jf’;}l). Also, note that the
conditions on nj ensure that ng grows faster than exponentially and that di ~ ng. Thus, for all &
large enough vy, only depends on the environment to the right of zero. Therefore for all £ large
enough

P (Uk,w ¢ (dz/ =0 d) SJ”S)) =Q (Varw (T,Sj:> - Ty(j&) ¢ <dz/8_57 di/S-ﬁ-&))
-Q (Varwﬂj:) ¢ (di/s"s, di/sw)) _, (d’;(ss/él) 7

where the last equality is from Lemma 2.1. Now, for the second claim in the corollary, first note
that 2 > % + % since s > 1. Therefore, for any € > 0 and for all k large enough we have

p (Ukw S adk) <p <vkw S d2/s+(s 1)/s ) —0 (d;(s—nm) .

This last term is summable since dj grows faster than exponentially. Thus the Borel-Cantelli
Lemma gives that vy, = o(d2), P — a.s. O

Corollary 2.3. Assume s < 2. Then

Var,T,
. n
lim ——*=L =0, P —a.s.
k—o0 Vk,w



Proof. By the Borel-Cantelli Lemma it is enough to prove that for any € > 0

oo
Z P (Vaer,,nk_l > av;w,) < 0
k=1

However, for any § > 0 we have
2/s—d 2/s—6
P(Var,, | >evy) < P (VarsT,, | >edt") + P (v < d°7°). (19)

By Corollary 2.2 the last term in (19) is summable for any § > 0. To show that the second to
last term in (19) is also summable first note that the conditions on the sequence ny give that there
exists a § > 0 such that Edz/ =0 > ni@ 1+ % for all k large enough. Thus, for some § > 0 and all k

large enough we have

P (VarTy,, | >ed**) < P (Var Ty, | >nl*") = o(n, "),
where the last equality is from (18). O
Lemma 2.4. Assume s € (1,2). Then ET) < oo, and P — a.s.
BT, - E,T,
lim — Okl T T e yp e R (20)

k—o0 v/ Vk,w

EuTy 1o i1 —EuTn
k vV Yk, k. . oy o .
\/Ukiw is monotone in x it is enough to prove that for arbitrary
,w

x € Q the limiting statement in (20) holds. Obviously this is true when z = 0 since both sides are
zero. For the remainder of the proof we’ll assume x > 0. The proof for < 0 is essentially the same
(recall that by Corollary 2.2 vy, = o(d;) = o(ny) when s < 2). Note that for z > 0 then we can
re-write Eankam] - E,T,, = EZanka\/m} By the Borel-Cantelli Lemma it is enough to
show that for any € > 0,

Proof. Now, since

o0

P (’Engnkamw ~ [z, W,wmﬂ( > ¢, Wk,w) < 0. (21)
k=1

However, for any § > 0 we have

P (‘Esznk+fI\/@1 - W\/@WETJ > EM)
<P (am € [[xd,ﬁ/s_éq, [:L‘d,lg/swﬂ BN Ty — mET| > %) Lp (%w ¢ [di/s—za’ di/H%D

<p ( max  |EyTy — mETy| > ed)/ 5“5> + o(d;*?), (22)

m<[ady/*+?

where the last inequality is due to Corollary 2.2 and the fact that {El¢T),, +m }mez has the same
distribution as {E, Ty, }mez since P is a product measure. Thus, we only need to show that the
first term in (22) is summable in k for some § > 0. For this, we need the following lemma whose
proof we defer.

Lemma 2.5. Assume s € (1,2]. Then for any 0 < §' < 2 we have that

P <max \E,T,, — mET}| > n1—5’> —0 <n—<5—1>/2>
m<n



Assuming Lemma 2.5, fix 0 < §' < % and then choose 0 < § < 8(2‘57_/5,). We choose ¢
and 0’ this way to ensure that (1/s + d)(1 —¢') < 1/s — §. Therefore, for all k large enough,
1-4'
€d,1€/ 70 [md,lc/ s+6—‘ . Thus for all k£ large enough we have
1-4'
P max |BT,-mET|2ed,/* ") <P | max |ET, - mET| > [24/*"]
m<[zd,/ > m<[zd,/* ]
=o0 (d,:(l/er(s)(s_l)/Q) , as k — 00.
Since s > 1 this last term is summable in k. O

Proof of Lemma 2.5: Before proceeding with the proof we need to introduce some notation for

() to be the RWRE modified so that it cannot
backtrack a distance of b,, (the definition of Xt(n) is similar except the walk was not allowed

to backtrack b, blocks instead). That is, after the walk first reaches location i, we modify the
( (n)

a slightly different type of reflection. Define X,

environment by setting w;_, = 1. Let T, ™) be the corresponding hitting times of the walk X

Then

5 15" 3 —5
P <mz<1x |E, T — mETY| > n'~° ) <p (Ean BT > " - ) 4+ p (ETl —ET™ > )
m<n

3
=o'
>
3
ETy—ET{™ >n-%/3

nlfé’
> ) (23)

Now, from (4) we get that E, T} — waln) =(1+2Wy) — (1 +2W_p,410) = 2114, +10W_s,, and
thus since P is a product measure

m<n

+ P <max ‘EWTT(,A?) — mIETl(n)

< 3n "(ET, — ET(M) + 1

+ P (max ‘Ewﬂg?) - mIETI(n)

m<n

) . 2
ET, — ET™ = nEp (Ele — BT )> = (Bpp)ntL, (24)

- 1—Epp
Since Epp < 1 and b,, ~ log? n the above decreases faster than any power of n. Thus by (23) we need

only to show that P (maxmgn wa}(nn) — mETl(n) > Q) = o(n_(s_l)/Q). For ease of notation we

define ngn) = E@‘lf}(n) —Efl(n). Thus, since BT — mETl(n) =y K,En) = 2?21 ]L%LJ Kg-Zi_'_i



we have

175/ bn 175/
P | max |E, T(") m]ET(n)‘ > < P | max Z >
m<n 1 - 3 - m<n 4 7 e ]b”Jrl - 3
1=
bn { 7’1,1_6,
< >
$or g 3 |2
1=

1—6’

(25)

bn,
=>.P et Z%bw >
i=1 Z<L b

) depends only on the environment between ¢ —b,, and

(n

Due to the reflections of the random walk, &,
¢ — 1. Thus, for each ¢ {”%7)1 4i720 is a sequence of i.i.d. random variables with zero mean, and so
{22:0 /@5.22 4 Ji>0 is a martingale. Now, let v € (1,s). Then, by the Doob-Kolmogorov inequality,

for any integer N we have

v
nt=o

<3"bIn~ thnl Ep Z/ﬁl
7=0

I}E}@( Zﬂjbnﬂ = Jbn+i

Now, since {/i bt 22 o is a sequence of independent, zero-mean random variables, the Marcinkiewicz-
Zygmund 1nequahty [1, Theorem 2 on p. 356] gives that there exists a constant B, < co depending
only on «v > 1 such that

2 v/2

N N
m )2 (|7
Pr m A BB Y ()| < BB | [N
j=0

=0

= By(N + 1) Ep|x{"]",

where the second inequality is because v < s < 2 implies 7/2 < 1. Now, recall from [6] that
P(E,T1 > x) ~ Kz~* for some K > 0. Therefore, since v < s we have that Ep|E,T1|" < oo.

- =) |7
Thus, it’s easy to see that Ep|/<§") |V = FEp ‘Ele(n) — IETl(n)‘ is uniformly bounded in n. So, there
exists a constant ny depending on «y € (1, s) such that

16’

— 6/
Pl Z > | < B (),

and thus by (25)

P | max
m<n
s—1

Since by assumption we have ¢’ < *=, we may choose v < s arbitrarily close to s so that
b;YLn—’y-i-l-&-’yé’ —0 (n—(s—l)/2)‘ n

E T — mET™| >

77,1_6/ / n /
5 < B;b;frln_y’w(s <b + 1> =0 (b%nl_wﬁ‘; ) :
n

10



Proof of Proposition 1.4:
Recall the definition of o, := ng,,—1. To prove (11) it is enough to prove that Ve > 0

( ‘ Ty, — EJTy,,,

lim P, -
~( m )w

m—0o0

> 5) =0, P-—a.s. (26)

and

lim Pjom ( m 7 T(d’“m ) =0, and lim E}m (T T(dkm)> =0, P-—a.s. (27)

Tm Tm

m—0o0

To prove (26), note that by Chebychev’s inequality
N (‘Ty&m E,T,, - z—:) < Var,T,,,
Y v Vkpm w o - 62’Uk w

which by Corollary 2.3 tends to zero P — a.s. as m — oo. Secondly, to prove (27), note that since

Pu’jam ( Im # Txdkm ) PVam < - T(dkM) > 1) < EVam (T - T(dkm)) bl

Tm
it is enough to prove only the second claim (27). However, since x,, < 2ny, for all m large enough,
it is enough to prove
lim B, (Tgnk - T(d’“)> 0, P—as. (28)
— 0

2nk

To prove (28), note that for any € > 0 that

P (5. (o —T0) 5.) < E (T, — T4 . E (Ton, — Tg(ffi)) _2E (71 - T(d’“)>' )

9 9 3

However, from (24) we have that E <T1 - Tl(d’“)> = 1—?Epp (Epp)’ which decreases faster than any

power of ny (since Epp < 1 and dj ~ ny), and thus the last term in (29) is summable. Therefore,
applying the Borel-Cantelli Lemma gives (28) which completes the proof of (11). Note, moreover,
that the convergence in (11) must be uniform in y since F' is continuous.

To prove (12), for any y € Rlet @, (y) := [n,, + Yy vp\/Vkyw |, and define X} := max {X,, : n < t}.
Then we have

X -
P, (tmnkm < y> =P, (X:m < fEm(y)) =L, (Txm(y) > tm)

VPA/Vkp,,w
Tz - Ewa tm - EwTa:
_p, ( m(®) m) m<y>> (30)
vV Yk w RVAY

Now, recalling the definition of t,, := LEanka, by Lemma 2.4 we have

- E T$m(y) . LEanka E Tnkm'i'nyP\/Ukm,u

lim ——™= = lim =-y, VyeR P-—a.s,
o e N
where we used the fact that vpET; = 1 due to (2). Also, by Corollary 2.2 we have P — a.s. that
VUkw = 0(dy) = o(ny) since s < 2, and therefore x,,(y) ~ ng,,. Thus since the convergence in (11)
is uniform in y, (30) gives that

. Xi = i
lim P, | —>——<y|=1-F(-y), YyeR P—a.s. (31)
m—oo VPVl

11



Now, (2) gives that t,, ~ (ET1)ny,,, P — a.s. Therefore, an easy argument involving [9, Lemma 4.6]
and (13) gives that X; — X; . = o(log”t,,) = o(log?ng,,), P — a.s. Also, Corollary 2.2 and the

Borel-Cantelli Lemma give P—a.s. that vy, > di/s_é ~ ni/s_é for any § > 0 and all k large enough.

Therefore, P — a.s. we have that lim,, % = 0. Combining this with (31) completes the
proof of (12). O

Remark: For the last conclusion of Proposition 1.4 to hold it is crucial that s > 1. The dual
nature of X; and T, always allows the transfer of probabilities from time to space. However, if
s <1 then ET; = oo and the averaging behavior of Lemma 2.4 does not occur.

3 Quenched CLT Along a Subsequence

For the remainder of the paper we will fix the sequence n; := 22" and let dy, and vy, be defined
accordingly as in (10). Note that this choice of ny satisfies the conditions in Proposition 1.4 for
any § < 1 since ny = nj_,. Our first goal in this section is to prove the following theorem, which
when applied to Proposition 1.4 proves Theorem 1.1.

Theorem 3.1. Assume s < 2. Then for any n € (0,1), P — a.s. there exists a subsequence
Nk, = Nk, (w,n) of ng = 22" such that for am, B and vy, defined by

O i= Ny —1,  Pm =Ny —1 + Nk, |,  and v = ny,, (32)
and any sequence ., € (vg,,,Vy,,| we have

Téi"ﬁn) _ Ew Tigflnk"L)
v Uk w

lim PYem
m—0o0 w

= ®(x).

The proof of Theorem 3 is similar to the proof of [9, Theorem 5.10]. The key is to find a random

subsequence where none of the variances 0? dy with i € (ng,,—1,nk,,] is larger than a fraction
b m?’

w

of vy, w. To this end, let #(I) denote the cardinality of the set I, and for any n € (0,1) and any
positive integer a < n/2 define the events

Spn,a = U ﬂ {,u?’n’w € [n?*, 2n2/8)} ﬂ {N?,n,w < n2/s}

IC[1,mn] \i€l jell, I
Lo JE[Lmn]\

and

2 2
Un,n = Z Timw < 2n /s

i€(nn,n]

On the event S, 5, 4, 2a of the first nn crossings times from v;_1 to v; have roughly the same size
variance and the rest are all smaller. Define

ay = |loglog k| V 1. (33)

Then, we have the following Lemma:

12



Lemma 3.2. Assume s < 2. Then for any n € (0,1), we have Q (Sy.4;.a;, N Un,a,) = % for all k
large enough.

Proof. First we reduce the problem to getting a lower bound on Q(S,) 4, q,)- Define

7 — 2 2/s
Un,n T Z Ui,n,w <n /
1€(nn+bp,n|

Note that S, and ﬁn,n are independent events since Un,n only depends on the environment to
the right of the vp,,). Thus,

Q(SnnamUnn)>Q( nnamUnn)_Q Z O-i2,n,w>n2/s
16(77”777”+bn]

- _ n2/s
> Q(Sn,n,a)Q(Um) — 5,0 (vaer,@ > = )

n

Now, Theorem 1.3 gives that Q (N,m) >Q (Vaerl,n < nQ/S) =1L

n2/s

gives that b,Q (Varw 7 > n e ) ~ Kb T*n=t. Thus,

»(1) + o(1), and Theorem 1.5

£l
2

Q (8777dk7ak n Un dk) > Q( Tidk,ak)(Lﬁ,b(l) + 0(1)) - O(bzli—’—sdlzl)a as k — oo,

and so to prove the lemma it is enough to show that limy_.o k Q(S,.4,.0,) = 00. A lower bound for
Q(Sy,n,a) was derived in [9, preceeding Lemma 5.7]. A similar argument gives that for any ¢ < %
there exists a constant C: > 0 such that

(C)% (- (2a—1)(1 + 4by) ( < s m) +>
Q (Sn,n,a) Z 1-— Tl,l - ao(n )
(2a)! < nn ) ;
Cm

Garee (). )

where asymptotics of the form o(-) in (34) are uniform in 7 and a as n — co. The proof of (34) is
exactly the same as in [9] with the exception that the lower bound for @ (ﬂge 7] {,u?’n’w < n2/5}>

n [9, (68)] is @ (Z (EST'T, ) 2/s> instead of @ (E,T,, < n'/*). Then, replacing n and a
in (34) by dj and aj, respectively, we have for ¢ < % that

agk ar — 2ay, dj
Q (Syipy) > (nC:)? (1 (e -1 +4bdk)> (Q (Z (E4'T,,)? < di/s) _ako(dlzl—ma))

(2ay)! ndk —
2a
O ()
k)
_ (7708)2% 1

G (1+o(D) (L%,bu) - 0(1)) —0 <k) . (35)

The last equality is a result of Theorem 1.3 and the definitions of a; and dj, in (33) and (10). Also,
2ap,

since ar ~ loglogk we have that limg_, o k(c o1 = for any constant C' > 0. Therefore, (35)

implies that limy_.o0 &k Q (Sy,d;,a,) = 00 O

13



Corollary 3.3. Assume s < 2. Then for any n € (0,1), P-a.s. there exists a random subsequence
ng,, = Nk, (w,n) of n = 22" such that for the sequences auy,, B, and vy, defined as in (32) we have
that for all m

Bm Tm
2 2/s 1 2 2 2/s
omax  pig o, S 2dp 0 < —— g Hidy, w> ond g iy w < 24y . (36)
i€ (0, fm] R i=Bm+1

Proof. Define the sequence of events

S = U N {#a.w € 167" 24} N {Baw<dl} ],

IC(ng_1,nK—1+ndg] el je(nk,l,nk,l—l-ndk]\l
#(I) = 2ay,

and
/. 2 2/s
Uk = Z Gi,dkm,w < 2dkm
i€ (ng—1+ndy,n)

Note that due to the reflections of the random walk, the event S; NUj, depends on the environment
between ladder locations ny_1 — bg, and nj. Thus, since ng_1 — by, > ng_o for all k > 4, we have
that {8}, N U}, 172, is an independent sequence of events. Similarly, for k large enough S, N Uj,
does not depend on the environment to left of the origin. Thus

P(8, NU;) = QS NUE) = Q(Sy.dpar, N Un.dy.)

for all k large enough. Lemma 3.2 then gives that Y p- | P(Sh, NUj,) = oo, and the Borel-Cantelli
Lemma then implies that infinitely many of the events S, N U, occur P —a.s. Therefore, P —a.s.
there exists a subsequence ky, = kp,(w,n) such that Sl’ﬁm N Ul;m occurs for each m. Finally, note
that the event S; N Uy implies (36). O

Proof of Theorem 3.1:
First, recall that [9, Corollary 5.6] gives that there exists an ' > 0 such that

d

This can be applied along with the Borel-Cantelli Lemma to prove that

n

Z (Ulz,m,w - M?,m,w)

=1

> 5n2/8> =o(n™) V§>0, VmeN. (37)

ng—1+[ndz] )
Z (szk’w — u?,dk,w) =0 (dk/s) , P—a.s. (38)

t=ng_1+1

Thus, P —a.s. we may assume that (38) holds and that there exists a subsequence ny,,, = ny,, (w,n)
such that condition (36) in Corollary 3.3 holds. Then, it is enough to prove that

_(dk ) Vo _(dk )
T, — BT, ™
o <y | =(y), (39)
\/vkm,w

lim Plem
m—00

14



and B -

. 14 X
lim P, ud
m—0o0 ’Ukm,w

To prove (40), note that by Chebychev’s inequality

(k) (i)
Var, (Ti) =Ty} sam, o2
P ( > 5) = il i O < 2t Tily

> E) =0, Ve>D0. (40)

Téikm) — Epm T;Ei’“’")

ki E2Vk 0 - E2Vk 0
However, by (38) and our choice of the subsequence ny,, we have that Z;V;"ﬁm 41 03 w0 < 2d2/ N
Bm 2/s 2/s 2/s
and ,Ukma‘d Z Zz:am+1 7 dkm» Z’L O{m+1 /’LZ dkm» + o (dk‘m) 2 akmdkm + o (dkm ) ‘ Thus
TYm 2
. i=Bm+1 %i,dy,
lim =m0 =0, (41)
m—oo Vg

which proves (40). To prove (39), it is enough to show that the Lindberg-Feller condition is satisfied.
That is we need to show

Bm
1
lim o2 =1, 42
m—o0 Ukm,u) i:§+1 7/7dkm ;W ( )
and
lim Z EVit ( dkm)_ A >2 d =0, Ve>0 (43)
m—00 Vg, Hidie \T( km>_l‘i,dkm’w‘>8m ’ '

za—i—l

To show (42) note that the definition of vy, ., and our choice of the subsequence ny,,, give that

ST

i=am+1

Uk, ,w

where the last equality is from (41). To prove (43), first note that an application of [9, Lemma 5.5]
gives that for any ¢/ > 0

-1+ [ndy )
2 _ 2/s
Z O-i7dk’w1Mi§d§cl_€l)/s =0 (dk ) , P—a.s.,

t=ng_1+1

where M; is defined as in (16). Then, since vy, o > ay,, d2/ 4o (dif ) we can reduce the sum in

(43) to blocks where M; > d(1 )/s That is, it is enough to prove that for some ¢’ > 0 and every
e>0

lim
m—0o0 'Z)k.m7

2
o —(dp, )
i1 (T(_km —lia ) o 1 . =0. (44
B i:§+1 w Vi 250y, W T, ) *“ivdkmv“’bg‘ Uk 0 Mi>d§€m€ )/ ( )

To get an upper bound for (44) first note that our choice of the subsequence ny  gives that for
m large enough vy, o, > 5 ZZ 1 [ e w2 ’“2*" Wiy, w for any i € (am, Bm]. Thus, for m large
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enough we can replace the indicators inside the expectations in (44) by the indicators of the events
{Tlfjl’“m) > (1+ 5\/akm/2)ﬂz‘,dkm,w}- Thus, for m large enough and i € (ayy, O], we have

2
7 = (dkyy)
b |:(Tyi ~ Hidiy, ’w> 1|T(dkm)—u' d >€\/Uk7:|
v g, W m,w

o —(dp, ) 2
< B (T(."m "y ) 1
=~ L v; Hidy,,, w Tijkm)>(1+81/akm/Q),Uzi’dkm‘w

o
= Pyt (T(idkm) > Tlid ) 2(x — 1)p? dx .
/Ham B e e
1

We want to get an upper bound on the probabilities inside the integral. If & < 3 we can
_ J . .

use [9, Lemma 5.9] to get that for k large enough, E_ ' (Ty(z.d’“)> < 25l dpw for all np_y <

i < ny such that M; > al,(C —=/s, Multiplying by (414, ») ™ and summing over j gives that

) 7(dy)
EZ"leT”z‘k [Asa0) < 9. Therefore, Chebychev’s inequality gives
) — ) (dg)
P (TS > api gy ) < e ™AL TA i) < ge7e/4,

Thus, for all m large enough we have for all o, < ¢ < By, < nyg,, With M; > d(1 e)/s that

[ee)

0o
pri—1 (T(dkm) > Tl d ) 2(:L" — 1);12 dz < MZ / 4($ _ 1)6—35/4dm
/1+€\/m “ b @ 1,y w0 1,k W 1+€\/m

1/4
2 —a

Therefore we have that as m — oo, (44) is bounded above by

a4 1 om
lim o e T > uldkm,w1M>d<1 s ) (45)

v
ki w i=am+1

However, since

2/s
Bm ) 1 Bm ) 2/ o (dkm)

S 2/s
Uk w0 i—a 41 ZZ 41 dem:“-’ i—am41 2ay,, d/ +o0 (d />

we have that (45) tends to zero as m — oo. This finishes the proof of (43) and thus of Theorem
3.1. O

Proof of Theorem 1.1:
Choose 1 € (0,1) such that n < 1 where 7 = Epv, and then choose ny,, as in Theorem 3.1. Then
for B, and 7, defined as in (32), we have that (14) and the fact that dy ~ nj give

. 4 _ _ . v
lim ﬂ:ny<1<u:hm T
m—0o0 nkm m—00 nkm

Thus @y, ~ ng,, = Tm € [V8,,, V., for all m large enough. Therefore, the conditions of Proposition
1.4 are satisfied with F(z) = ®(z). O
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4 Quenched Exponential Limits

4.1 Analysis of 7, when M, is Large

The goal of this subsection is to analyze the quenched distribution of Ty(n) on “large” blocks (i.e.
when M; > n(1=)/%). We want to show that conditioned on M; being large, T,,(n)/EwT,,(n) is ap-

proximately exponentially distributed. We do this by showing that the quenched Laplace transform

(n)
E,exp {_)\E?Ty(”) } is approximately 1%\ on such blocks.

As was done in [2], we analyze the quenched Laplace transform of T,,(") by decomposing T,S")

into a series of excursions away from 0. An excursion is a “failure” if the random walk returns to
zero before hitting v (i.e. if T, > Ty := min{k > 0 : X} = 0}), and a “success” if the random
walk reaches v before returning to zero (note that classifying an excursion as a failure/sucess is
independent of any modifications to the environment left of zero since if the random walk ventures
to the left at all, it must be in a failure excursion). Define p,, := P,(T, < Ty), and let N be a
geometric random variable with parameter p,, (i.e. P(N = k) = p,(1 — p,)¥ for k € N). Also,
let {F;}2°, be an i.i.d. sequence (also independent of N) with F; having the same distribution as

TZS") conditioned on {T,En) > T(;r }, and let S be a random variable with the same distribution as

T, conditioned on {T v < TO+ } and independent of everything else (note that for sucess excursions
we can ignore added reflections to the left of zero). Thus, we have that

N
T Law g o Z F; (quenched). (46)
=1

In a slight abuse of notation we will still use P,, for the probabilities of F;, S, and N to emphasize
that their distributions are dependent on w. The following results are easy to verify:
1-— Puw

E,N = and E, T = E,S + (E,N)(E,F), (47)
P

Var,T™ = (E,N)(Var,F1) + (E,F)?(Var,N) 4+ Var,S

= (E,N)(E ,F* + (E,F)*(Var,N — E,N) + Var,S
= (E,N)(E F* + (E,F)*(E,N)? + Var,5, (48)
and
AT —\S VAN —\S Puw >
E,e " = BeE, [(Ewe )| = e Ty 20

Also, since e™* > 1 — x for any « € R we have for any A > 0 that

Pw 1 - AE,S S 1—AE,S

7(n)
E,e M > (1-\E,S = ,
c = . (1-pu) (1= AELFY) 1+ MELN)(ELF) ~ 1 4 A T™
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where the first equality and the last inequality are from the formulas for £,N and EwTZER) given
2
in (47). Similarly, since e™* < 1 — 2 + % for all 2 > 0 we have that for any A > 0 that

E e_’\T’Sn) < P
? T (-p) (1= ABLF + S ELR)
1
T 1+ MELN)(ELF) — 2 (E,N)(E,F?)
- 1
1+ MELN)ELF) — 2 (Var, T — (BuN)2(E,F1)? — Var,S)
1
<

1+ MET — ByS) = 2(Var, T — (BT — B,9)2)

where the first equality and last inequality are from (47) and the second equality is from (48).
Therefore, replacing A by A/ (EwTV(")) we get

7(n)
A E,S 1
Ege BT > (1A= , (49)
EszSn) 1+ A
and
7(n)
—A% 1
Eye BoTv” < o w
N _EuS A2 [ Var TV (BuT)" —E.S)?
1 + )\ )\EwTV(n) 2 <(EwTu(n))2 (EleEn))g >
1
< - . (50)
2 E,S A2 Var,T,"
o
Therefore, we have reduced the problem of showing F, e BTV 1%\ when M; is large to
7(n)
showing that EE%‘?”) ~ 0 and % ~ 1 when M, is large. In order to analyze F,.S, we define a

modified environment which is essentially the environment the random walker “sees” once it is told
that it reaches v before returning to zero. A simple computation similar to the one in [12, Remark
2 on pages 222-223| gives that the random walk conditioned to reach v before returning to zero is
a homogeneous markov chain with transition probabilities given by w; := P} (X1 =i+ 1|T), < T;").

i+l
Then the definition of @; gives that Wy = @w; = 1, and for i € [2,v) we have w; = %
Using the hitting time formulas in [12, (2.1.4)] we have
wi Ry ; :
w; = L0y e 2,v), where Ry;:= ZHOJ’ (51)
Ry —
j=
Let p; := 15‘?’ and define 1:I,~7j, and Wi,j analogously to II; ; and W; ; using p; in place of p;. Then
the above formulas for @w; give that pg = p1 = 0 and p; = p; RI%’SZQ Vi € [2,v). Thus,
_ Ry i—2Roi—
M ;=1 ;2200 yy << j < (52)
Ro,j-1Ro,j
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Note that since Ro; < Rp; for any 0 < i < j we have from (52) that
ﬁi,j <II;; forany0<i<j<v (53)

Now, since E,S = E;T, we get from (15) that E,S = v + 22;’;21 Waj=v+ 22;7;21 LQ IL; ;.
Therefore, letting M := max{Il; ; : 0 < i < j < v} we get the bound

E,S <v+20°M,. (54)

Thus, we need to get bounds on the tail of Mj. To this end, recall the definition of M; in (16) and
define 7 := max{k € [1,v] : g y,—1 = M;}. Then, define

M~ =min{ll;; : 0<i<j<7}Al, and MT:=max{Il;;:7<i<j<v}VlL. (55)
Lemma 4.1. For any e, > 0 we have
P(M™ <n™% My >n(79)/5) = g(n~1+e=05+e") v/ > 0, (56)
and

P(M*t >0 My > nl179)/9) = o(n~1+e=0+") v/ > 0, (57)

Proof. Since 1y —1 = M by definition we have
P(M™ <0 My > ™) < P(0<i<j<r—1:T;<n™?, Ty >nl=9/)

<Pr>b)+ Y P (Mg <n Ty >nl-9/)
0<i<j<k<by

S P(V > bn) + Z P <H077;_1Hj+1’k > n(lis)/ﬁ»&) . (58)

0<i<j<k<bp

Since (13) gives that P(v > b,) < C1e~ 2% we need only handle the second term in (58) to prove
(56). However, Chebychev’s inequality and the fact that P is a product measure give that

P <H0 -1 > ”(1_5)/S+6> < nTHETOS(Bppt) it = e,

Since the number of terms in the sum in (58) is at most (b,)® = o(nf) we have proved (56). The

proof of (57) is similar:
P(M* >n® My >n179/5) < p <37‘ <i<j<v:I;>nd Ty, 1> n(lfe)/s>

<Pw>b)+ » P (HO,kHi,j > n(l—e)/s+a)
0<k<i<j<bn

< ClefC'gbn + (bn)3n71+5755 _ 0(n71+5753+5’)

Corollary 4.2. For any e,0 > 0 we have

P (EwS > n® M > n(l_s)/s> = o(n~1tem v > 0.
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Proof. Recall that (54) gives E,S < v+ 2v2M;. We will use M~ and M to get bounds on Mj.
First, note that for any i € [0,7) we have

R in I +§ Hoi (”1)
0, = 7k = 0, 7. . = 0,1 — °
l k=0 ’ l o e \M

Note also that Ry ; > Iy ; holds for any j > 0. Thus, for any 2 <1 < j < 7 we have

_ Roi_oRo.i_ i\ 2 T oo P \? 1 ;2
m,, — 1, foi-2 R SE‘,j( i ) 0,i—2Ioi—1 _( i > < | 5
Roj-1Ro,; M=) ;-1 M=) -1~ (M™)

Also, from (53) we have that II;; < II;; < M™T for 7 < i < j < v. Therefore we have that

M, < % (note that here we used that M~ <1 and Mt > 1). Thus,

wAMT
(M~)3

P (EwS >n% My > n(l_a)/s> <P <V+ > n®, M > n(l_a)/8> .

An easy argument using (13) and Lemma 4.1 finishes the proof. O

Lemma 4.3. For any ,0 > 0 we have

d

Proof. Recall that from [9, (59)] we have that there exist explicit non-negative random variables
DT (w) and D~ (w) such that

Vaer,fn) _q
(BT

>n"° M > n(l_a)/s> = o(n_2+2€+55+s/), Ve > 0

(szfy(">>2 — DT (w) < Var,T™ < (EWTZE”)>2 +8Ro,_1D" (W),

where Ry, 1 is defined as in (51). Therefore, since EwTZER) > M, we have

- (n)
Q| Ly _q)> b by > p0i-oss
(BT )2
<Q (8R07,,,1D_(w) > n(2_25)/8_5> +Q (D+(w) > n<2—2€>/s—5) . (59)

However, [9, Lemma 5.2 & Corollary 5.4] give respectively that Q(D(w) > z) = o(z~**") and
Q (Ro,—1D~(w) >z) = o(z=**%") for any &’ > 0. Therefore, both terms in (59) are of order

0 (n_2+25+53+5”((2_25)/ 5_5)). The lemma then follows since ¢’ > 0 is arbitrary. O

) 7(n)
For any i, define the scaled quenched Laplace transforms ¢; ,(\) := E. " exp {—)\ Ty, }
Lemma 4.4. Let e < 1, and define &' := 155 > 0. Then

1— A\n~¢/s 1

Q3n=0:61,00 ¢ 7
R N G ) L

My >nlm9/5 ) =0 (n*175/> )
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Proof. Recall from (49) and (49) that

E,S 1 1
(1 B /\E T(")> TEA S Pl = a2 [ Var o™
wdv 2 w _ ary
T+A—(A+A )Eme) Pl <(E 7M)2 1)

for all A > 0. Therefore

1— \n¢/s 1
M (1-e)/s
1+ ’1+A—(A+3>\2/2)n—8/s]’ Len

7(n)
] T VA e e e L e G VSR
EwT,/(n) (Elej(n))Q

Q <3)\ >0:d1n(N) ¢

Now, since EWTIETL) > M we have

0 ( E“i?) > p=¢/s My > -9/ > <Q (E § > n=2)/s pp > p(1-e)/s ) _ O<n7(6785)/5)’
E,T,"

where the last equality is from Corollary 4.2. Also, by Lemma 4.3 we have

(1)
0 chjTy —1>ns My > (0705 | = o (2
(E T(n))2

Then, since —2 + 4¢ < 6+85 when € < % the lemma is proved. O

Corollary 4.5. Let ¢ < g. Then P — a.s., for any sequence iy = igx(w) such that i € (ng—1,nk]

and M;, > d(1 e)/s we have
1
hm qbzk’dk()\) = o VYA >0, (60)
and thus

lim P, (T( k) > Tlhiy dy., ) U(z), VzeR (61)

k—o00

Proof. For i € (ng_1,n;] and all k large enough ¢; 4, (A) only depends on the environment to the
right of zero, and thus has the same distribution under P and ). Therefore, Lemma 4.4 gives that
there exists an ¢’ > 0 such that

1— A/ 1

(1-¢)/s
5 , M; > d
14+ 1+)\_</\+3,2\2>d;a/s k

P 3ie(ng_1,n6),A>0:¢;q, (N ¢

1—Ad, " 1
LA i (0 3 g,

< de dA>0: (bl,dk()\) Qé . My > d](ﬁlfs)/s

—o <d,;5') .

Since this last term is summable in k, the Borel-Cantelli Lemma gives that P — a.s. there exists a
ko = ko(w) such that for all k > ko we have

: (1-¢)/s 1A 1
i € (ng—1,n%) and M; > d,. = ¢ia,(A) € , . YA >0,
R N G o [
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which proves (60). Then, (61) follows immediately because 1%\ is the Laplace transform of an
exponential disribution. ]

4.2 Quenched Exponential Limits Along a Subsequence

In the previous subsection we showed that the time to cross a single large block is approximately
exponential. In this section we show that there are subsequences in the environment where the
crossing time of a single block dominates the crossing times of all the other blocks. In this case the
crossing time of all the blocks is approximately exponentially distributed. Recall the definition of
M; in (16). For any integer n > 1, and constants C' > 1 and n > 0, define the event

Dpcyi=1 i€ [l,nn]: M? >C Z
Ju#j<n

j n,w
Lemma 4.6. Assume s < 2. Then for any C > 1 and n > 0 we have liminf, .. Q (Dy,c,y) > 0.

Proof. First, note that since aznw > M? and C > 1 we have

Dycon) ZQ MP>C > ofa. ] (62)
JuFj<n
Thus, we want to get a lower bound on @ (Mf > CYjizi<n Uyz,n,w) that is uniform in ¢. The
(n)

following formula for the quenched variance of T, can be deduced from (15) by setting Pv_y, =0

AN
|
—

VamTV(”) =4 (Wy,bn+1,j + Wy b +1.7 + 8 Z Z Herl,] V_p,+1, + Wy bn+1,i)

1ng

7=0 J=01=v_4, +1
v—1 v—1 7
<4 (WV—bn+17] + Wll bn+1,j) +38 Z Z WV_bn-f-Lj(l + WV_bn-i-l,i)
J=0 7=0i=v_s, +1
v—1 v—1 v—1
<Ay (Wi 115+ Wo, 1) +8 [ D W, 11y > A+ Wy 114) |
j=0 j=0 i=v_p, +1

where the first inequality is because Wo_y, +15 = Wigrj + Wip1 jW,_, 41 Next, note that if
vp_1 < j < v for some k > —b,, then

j vip_1—1
Wopig= D, Wg= > Ty ally, i+ E , My < (v = vy, ) My,
l:l/,bn—‘rl l=v_ bn+1 = Vi1
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where the last inequality is because, under @, II;,, ,_1 < 1 for all | < v4_;. Therefore,

Var, T < 4u (1 — vep, ) My + (1 — vy, )2 M)
1

+8 (i —vop, ) M) [ (r—vp )+ D (k= k1) (Ve — v, ) My
i=—bn+1

1
< (v —vop,)' [12My +4M? +80My > My,
k=—bp+1

Similarly, we have that o2, = < (v; — Vj—l—bn)4 (12Mj + 4Mj2 + 8M; Zizj—bn Mk) Q — a.s. for

]7”""}
any j. Now, define the events

Fo= () {m-wa<hl, ad Gue= () {M<at=25) (o)
JE€(—bn,n] JE[i—bn,i+bn]\{i}

Then, on the event F, N Gjpe N {Z\JZ < 2n1/5} we have for j € (i, + by,) that
sz,n,w < bﬁ(bn + 1)4 (12n(175)/s + 4,”/(2726)/8 + 8n(175)/5(bnn(175)/s + 2n1/s>)

< B3 (by, + 1)° (12n(1_€)/ S+ 12n(272)/s 4 16p(22)/ 5) < 80620 (295,

where the last inequality holds for all n large enough. Therefore, for all n large enough

Q Mi2 2C Z szyn,w >Q 4n2/s 2 Mi2 >0 Z 0]2}7170-” I, Giv"’s
Jii#j<n Jii#j<n
>Q | 4n?* > M >C > 0%, 80N Ry G

JFE€[1,n]\[i,i+bn]
>Q (MZ S [nl/s’ 2’01/8], Vi —Vi—1 < bn)
2/s

X Q D 0T+ 80N < T
JE[L,n\[3,i+bn]

) Fna Gi,n,s )

where F, := w\{vi—v;_1 < b,}. Note that in the last inequality we used that o2 is independent

- j7n7w
of M; for j ¢ [i,i + b,]. Also, note that we can replace F,, by F,, in the last line above because it
will only make the probability smaller. Then, since €[\ [iyitbn] UJZJW <Var,T,, we have

QM =C > o7,
jri#j<n
>Q (M1 c [nl/s, an/s], v < bn) Q (Vaerl,n <n?sc1 - 4Ob2n(2_8)/5, F,, Gi,n,e)
> (Q(M1 e [n%,2n}/%) — Q(v > bn)>
< (Q (VarsT,, <n?/*(C7" = 400ln /")) = Q(F) - Q(G5,..0) )

1
~C3(1 =27~ Ly (cy, (64)
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where the asymptotics in the last line are from (13), (17), and Theorem 1.3, as well as the fact that
QFS) + Q(G5,,.,) < (n+bp)Q(v > by) + 2b,Q(My > n179/%) = O (ne=%b») + o(n~1+2%) due to

(13) and (17). Combining (62) and (64) finishes the proof. O

Corollary 4.7. Assume s < 2. Then for any n € (0,1), P — a.s. there exists a subsequence
Nk, = Nk, (w,n) of ng = 22 such that for aup, B, and v, defined as in (32) we have that

Fim = im(w,n) € (Qm, Bm] : Mz%n >m Z U?,dkm,w' (65)
J€(am,ym\{im}

Proof. Define the events

;670’77 = di € (nk,l,nk,1 + ndk] : M? >C Z sz,dk,w
jE(ni_vmi\{i}

Note that since @ is invariant under shifts of the v;, Q(D;c,C,n) = Q(Da,,c,p)- Also, due to the
reflections of the random walk the event Dl,c,C,n only depends on the environment between v,,, |y a
and vy, . Thus, for k£ large enough D;f,C,n only depends on the environment to the right of zero
and therefore P(D} ) = Q(D} ) = Q(Day,cn)- Therefore liminfy o P(D} ) > 0. Also,
since ny_1 — bg, > ni—o for all k& > 4, we have that {Dék’cm}zon is an independent sequence of
events. Thus, we get that for any C' > 1 and 7 € (0, 1), infinitely many of the events Dy, ¢, occur
P — a.s. Therefore, P — a.s. there is a subsequence k,, = k,,(w) such that w € Dy, , , for all m.

In particular, for this subsequence k,, we have that (65) holds. ]

Theorem 4.8. Assume s < 2. Then for any n € (0,1), P — a.s. there exists a subsequence
ng,, = ng, (w,n) of ng = 22" such that for auy, B, and 7y, defined as in (32) and any sequence
T € (V8,,, Vy,,) We have

lim Plom
m—0o0

Im <z|=¥(x+1), VzeR.
v Vkm w

Proof. First, note that P (maxje(nk_hnk] M; < d,(cl_s)/s) = (1 - P (M1 > dl(:_g)/s))dk =o0 (e‘dZm) ,
where the last equality is due to (17). Therefore, the Borel-Cantelli Lemma gives that P — a.s. we
have
- max M, > d,(clfe)/s for all k large enough. (66)
J€(ng—1,nk]
Therefore, P — a.s. we may assume that (66) holds, the conclusion of Corollary 4.5 holds, and that
there exist subsequences ny,, = ng,, (w,n) and i,, = im(w,n) as specified in Corollary 4.7. Then, by
the choice of our subsequence ng,, , only the crossing of the largest block (i.e. from v;,, 1 to v;,,) is
relevant in the limiting distribution. Indeed,

(T - B Tikn)) + (Tioen) — Tk — ESm T

Pljam Yim > £
¢ v Vkpm w o
(k) A(dey,) 2 2
_ Vary (Tmm Tye,, Tim i 2 _ i (mym\im} Tisdr, _ 1
> 2 = 2072 S 5
E“Vk,, W e M; €°m
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where in the second to last inequality we used that vy, ., > aizm Ay w = Mfm, and the last inequality

is due to our choice of the sequence i,,. Thus we have reduced the proof of the Theorem to showing
that

lim pPym—t [ G <) =W(x+1), VreR. (67)
m—0o0 /Ukm,w

€My — 15120y, M;, we have that M;,, > d,(:"jg)/s for any
€ > 0 and all m large enough. Then, the conclusion of Corollary 4.5 gives that

i)
. Vi, —1 Vi
lim P,™ <'” < :L‘) = U(x).

m—00 i dp,

Now, since 4, is chosen so that M; = max

Thus, the proof will be complete if we can show

lim Hmdimt _ (68)
m—00 ’Uk,”hw

However, by our choice of ng, and i,, we have

2 2 2 _ 2
o-im,dkm,w Z Mlm Z m Z O-j,dkmw =m (/Ukmaw - o-im,dkm ,w) ’
je(amﬂ/m]\{im}

which implies that

v m+ 1
1< tme < — 1 (69)
g m m—0o0
anadkm W

Also, we can use Lemma 4.3 to show that for k large enough and ¢ > 0

2

loa
P(3ie(mr,n): | =22 1> a7 M >dl I
i,dk,w
\%4 T(dk) B _
<aQ | | = d Mzl | = o (4.
(BT™)
Then, for € < i the Borel-Cantelli Lemma gives that P — a.s. there exists a ko = ko(w) such that
o? _
for k > ko and i € (ng_1,ng) with M; > d,(:_‘s)/s we have |—y% 1‘ <d, /5 In particular, since
i,dp,w
M;, > d,(;n_g)/ * for all m large enough, we have that
2
(o
lim oo (70)
mmee Mlmvdkm W
Since (69) and (70) imply (68), the proof is complete. O
Proof of Theorem 1.2:
As in the proof of Theorem 1.1 this follows from Proposition 1.4. ]
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5 Stable Behavior of the Quenched Variance

Recall from Theorem 1.5 that Q (Var,T, > x) ~ Koz ~%/2. Since the sequence of random variables
{Var,(T,, — Tvzq)}i ¢y is stationary under @ (and weakly dependent) it is somewhat natural to

expect that n~=2/*Var,T,, converges in distribution (under Q) to a stable law of index 5<L

Proof of Theorem 1.3:
Obviously it is enough to prove that the second equality in (9) holds and that

n

Var,T,, — > (ES'T,)?
=1

lim Q ( > 5n2/3> =0, V§>0. (71)
Note that (71) is the analogue of [9, Corollary 5.6] for the random walk without added reflections.
While Lemma 5.5 and Corollary 5.6 in [9] were both proved for the random walk modified with

reflections, the proofs hold unaltered for the random walk without reflections. Thus it is enough
to prove the second equality in (9). To this end, first note that

n

# zn: (BS'T,)" = n%/ > <(EK;’1TV,.)2 — (nglTV(j))Q) (72)

i=1 i=1
1 < N2
T Z (EZZ_ITV(?U Ly <n-oy/s (73)
i=1
1 & N2
RENCyR > (EZHTU(:L)) Lygsna-e)/s- (74)
i=1

Therefore, it is enough to show that (72) and (73) converge to 0 in distribution (under @) and that

. 1 = Vi—1rm 2
€ (nw > (BT Lagsno-ore < x> = L3p() (75)
i=1
for some b > 0. To prove that (72) converges to 0 in distribution, first note that factoring gives
Vi1 2 Vi—17(n) 2 Vi1 Vi1 Vi—1(n)
(EL'T,)% - (Ew 0 ) < 2EY'T,, (Ew T, — EST0 ) .

Therefore, for any § > 0

Q <Zn: <(E!ff1Tw)2 — (EZHTV(:L)f) > 5nz/s>

i=1
<Q (Z 2E7'T,, (EZZ’*TW -~ EZ"*lTV@) > 5n2/8>
i=1
< nQ <EwT,, ~ BT > 1) +Q <2EwTyn > on2/ ) . (76)
Then, [9, Lemma 3.2 & Theorem 1.1] give that both terms in (76) tend to zero as n — oo.

The proof that (73) converges in distribution to 0 is essentially a counting argument. Since
the M, are all independent and from (17) we know the asymptotics of Q(M; > z), we can get
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good bounds on the number of i < n with M; € (n® n”]. Then, since by [9, (15)] we have
Q (Ezi’lf,,(?) >nf M; < no‘) -0 (6_,1(57&)/5) we can also get good bounds on the number of
t < n with Ezi_lfy(in ) € (n®,nP]. The details of this argument are essentially the same as the
proof of Lemma 5.5 in [9] and will thus be ommitted. Finally, we will use [7, Theorem 5.1(III)] to

prove (75). Now, Theorem 1.5 gives that Q ((EUJT,,)2 1y sn-ays > ﬂ:n2/5> ~ Kooz™%/?n7 1 and

[9, Lemma 3.4] gives bounds on the mixing of the array {(Eff’lTyi)Q 1M.>n(1—a)/5} S This is
v 1€EZL,nE

enough to verify the first two conditions of [7, Theorem 5.1(III)]. The final condition that needs to

be verified is

lim lim sup nEq [n_z/s(EMTV("))QIMDHU_E)/S1 =0. (77)

6—0 n—oo

n—l/SEwTV(")gJ
By Theorem 1.5 we have that there exists a constant C4 > 0 such that for any = > 0,
_ 1
Q (EwT,S”) > mnl/s, My > n(lfg)/s> <Q (EwT,, > :cnl/3> < Cya™ % —.
n

Then using this we have

nEq |n=2 (B,7")"1 ol .
? T R R

52 _ 2
= n/ Q ((EwTV(")> > on?/®, My > n<15)/8> dx
0

52 2—s
< 04/ a2 dx = Cad )
0 1-— 3/2

where the last integral is finite since s < 2. (77) follows, and therefore by [7, Theorem 5.1(III)] we
have that (75) holds. 0
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