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a b s t r a c t

Diffusion MRI has become an established research tool for the investigation of tissue structure and ori-
entation. Since its inception, Diffusion MRI has expanded considerably to include a number of variations
such as diffusion tensor imaging (DTI), diffusion spectrum imaging (DSI) and Q-ball imaging (QBI). The
acquisition and analysis of such data is very challenging due to its complexity. Recently, an exciting
new Kalman filtering framework has been proposed for DTI and QBI reconstructions in real-time during
the repetition time (TR) of the acquisition sequence. In this article, we first revisit and thoroughly analyze
this approach and show it is actually sub-optimal and not recursively minimizing the intended criterion
due to the Laplace–Beltrami regularization term. Then, we propose a new approach that implements the
QBI reconstruction algorithm in real-time using a fast and robust Laplace–Beltrami regularization with-
out sacrificing the optimality of the Kalman filter. We demonstrate that our method solves the correct
minimization problem at each iteration and recursively provides the optimal QBI solution. We validate
with real QBI data that our proposed real-time method is equivalent in terms of QBI estimation accuracy
to the standard offline processing techniques and outperforms the existing solution. Last, we propose a
fast algorithm to recursively compute gradient orientation sets whose partial subsets are almost uniform
and show that it can also be applied to the problem of efficiently ordering an existing point-set of any
size. This work enables a clinician to start an acquisition with just the minimum number of gradient
directions and an initial estimate of the orientation distribution functions (ODF) and then the next gra-
dient directions and ODF estimates can be recursively and optimally determined, allowing the acquisition
to be stopped as soon as desired or at any iteration with the optimal ODF estimates. This opens new and
interesting opportunities for real-time feedback for clinicians during an acquisition and also for research-
ers investigating into optimal diffusion orientation sets and real-time fiber tracking and connectivity
mapping.

� 2009 Elsevier B.V. All rights reserved.
1. Introduction

Diffusion MRI (dMRI) is a recent magnetic resonance imaging
technique introduced in the middle of the 1980s by LeBihan and
Breton (1985), Merboldt et al. (1985) and Taylor and Bushell
(1985). Since the first acquisitions of diffusion weighted images
(DWI) in vivo by Moseley et al. (1990) and Osment et al. (1990)
and the development of the rigorous formalism of the diffusion
tensor (DT) model by Basser et al. (1993, 1994a), dMRI has become
an established research tool for the investigation of tissue structure
and orientation and has opened up a landscape of extremely excit-
ing discoveries for medicine and neuroscience. dMRI utilizes the
measurement of Brownian motion of water molecules to gain
information about tissue structure and orientation inside the brain
ll rights reserved.
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and other organs. Using dMRI to infer the three dimensional diffu-
sion probability displacement function (PDF) requires the acquisi-
tion of many diffusion images sensitized to different orientations
in the sampling space. The number of diffusion weighted images
(DWI) required depends on how the diffusion is modeled. The well
known DT model assumes the PDF is Gaussian and requires at least
6 DWIs plus an additional unweighted image. However, the Gauss-
ian assumption is an over-simplification of the diffusion of water
molecules in the brain and thus has some limitations. While the
Gaussian assumption is adequate for voxels in which there is only
a single fiber orientation (or none), it breaks down for voxels in
which there is more complicated internal structure. This is an
important limitation, since the resolution of DTI acquisition is be-
tween 1 mm3 and 27 mm3 while the physical diameter of fibers
can be between 1 lm and 30 lm (Poupon, 1999; Beaulieu, 2002).
While thousands of individual physical fibers may cross in the
same imaging voxel, it is more often accepted that bundles of ax-
ons considered in fiber tractography are on the order of 1 mm

http://dx.doi.org/10.1016/j.media.2009.05.008
mailto:Rachid.Deriche@sophia.inria.fr
mailto:Jeff.W.Calder@gmail.com
mailto:Jeff.W.Calder@gmail.com
mailto:Maxime.Descoteaux@gmail.com
http://www.sciencedirect.com/science/journal/13618415
http://www.elsevier.com/locate/media


R. Deriche et al. / Medical Image Analysis 13 (2009) 564–579 565
(Mori and van Zijl, 2002). Research groups currently agree that
there is complex fiber architecture in most fiber regions of the
brain (Pierpaoli et al., 1996). In fact, it is currently thought that be-
tween one third to two thirds of imaging voxels in the human brain
white matter contain multiple fiber bundle crossings (Behrens
et al., 2007; Descoteaux, 2008).1

Therefore, it is of utmost importance to develop techniques that
go beyond the limitations of diffusion tensor imaging (DTI). To do
so, high angular resolution diffusion imaging (HARDI) has been
proposed to measure the diffusion of water molecules along sev-
eral directions. Some HARDI reconstruction techniques are model
dependent, some model-free, some have linear solutions whereas
others require non-linear optimization schemes. A good review
of these methods can be found in Descoteaux (2008). In this paper,
we will be using a recent HARDI technique known as the Q-ball
imaging (QBI). Originally proposed by Tuch (2004), QBI aims to
reconstruct the angular part of the diffusion displacement proba-
bility density function (PDF) of water molecules, also called the dif-
fusion orientation distribution function (ODF). This is a spherical
function which is very useful to drive tractography since it over-
comes the limitations of DTI in fiber crossing regions, especially
for higher b-value acquisitions with b P 1000 s=mm2 (Hagmann
et al. (2006); Descoteaux, 2008). The maxima of the ODF are then
aligned with the complex fiber directions at every voxel. Studies
on ex vivo phantoms and biological phantoms with simple config-
urations have recently appeared in the literature to validate ODF
reconstruction and quantify its alignment with the underlying fi-
ber geometry (see Lin et al., 2003; Campbell et al., 2005; Poupon
et al., 2008a). QBI and the diffusion ODF play a central role in this
work which is focused on the development of a real-time regular-
ized ODF solution that outperforms the state-of-the-art ODF esti-
mation. However, note that the regularized Kalman filtering
framework could also be adapted easily to the fiber orientation
density (FOD) (Tournier et al., 2004) reconstruction as well.

Generally, a HARDI acquisition requires many more diffusion
weighted measurements than a traditional DTI acquisition, but the
increased angular resolution and more accurate diffusion models
employed in HARDI acquisitions helps to resolve the sub-voxel fiber
crossings that evade the traditional DTI model. This improvement
comes at the price of a longer acquisition time, which can be prob-
lematic for clinical studies involving children and people inflicted
with certain diseases. Excessive motion of the patient during the
acquisition process can force the acquisition to be aborted or render
the diffusion weighted images useless. Thus, one would like to make
only as many acquisitions as is necessary. According to the litera-
ture, this number is likely to be somewhere between 50 and 200 dif-
fusion weighted measurements but this is still an open question
(Hagmann et al., 2006; Descoteaux, 2008; Poupon et al., 2008a).

Recently Poupon et al. (2007, 2008b) nicely addressed this issue
and proposed an original algorithm for real-time estimation of the
diffusion tensor and the orientation distribution function (ODF)
using the Kalman filtering framework. Basser et al. (1994b) were
the first to mention to the potential use of the Kalman Filtering in
the process of DTI reconstruction. However, to our knowledge, until
the recent papers by Poupon et al. (2007, 2008b), no one had devel-
oped this idea, implemented it and put it in practice. The standard
DTI reconstruction is linear and naturally fits into the Kalman filter-
ing framework (Poupon et al., 2008b). However, the analytical
spherical harmonic (SH) ODF reconstruction algorithm proposed
in Descoteaux et al. (2007) includes a Laplace–Beltrami (LB) regu-
larization, which adds a term in the minimization problem. It has
been shown that the LB term is important to deal with the poor sig-
1 Behrens et al. (2007) report that one third of voxels with fractional anisotropy
>0.1 were classified as crossing voxels using their dataset acquired on a 1.5T system
with b ¼ 1000 s=mm2, N ¼ 60 diffusion measurements and 2 mm isotropic voxel size
.
nal to noise ratio (SNR) present in the higher b-value datasets
needed for QBI. It helps to reduce spurious peaks in the reconstruc-
tion that may create erroneous maxima in the ODF (Descoteaux
et al., 2007). In an attempt to include this regularization term in
their Kalman filtering algorithm, Poupon et al. (2007, 2008b) make
some adjustments to the reconstruction model. These adjustments
make the Kalman filtering algorithm sub-optimal in terms of the La-
place–Beltrami criterion with the largest errors occurring at the
beginning of the acquisition sequence. This has significant implica-
tions for the intended applications of the real-time dMRI process-
ing. As we would like to stop the acquisition as soon as the
estimation has converged, a good estimation of the ODFs is highly
desirable at the beginning of the acquisition and thus, the develop-
ment of an optimal and incremental solution is important.

We propose a Kalman filtering solution that will correctly incor-
porate the regularization term from Descoteaux et al. (2007) into
the filter’s parameters without changing the ODF reconstruction
model. Using the fact that the LB regularization has a nice quadratic
closed-form expression based on the SH coefficients, we show that
the regularized analytical QBI of Descoteaux et al. (2007) can fit ni-
cely into the Kalman filtering framework. The basic idea is to go
back to the derivation of the Kalman filtering equations and include
this regularization term. The surprising result is that only the initial
covariance matrix needs to be modified to correctly implement the
regularization term. We will show that our proposed algorithm
yields optimal ODF estimations at each iteration (i.e. continuously
from the beginning to the end of the acquisition) and hence pro-
vides an important added value over the elegant and original ap-
proach pioneered in Poupon et al. (2007, 2008b).

In order for this framework to be fully incremental we also
tackle the problem of the optimal choice of the diffusion weighted
gradient orientation sets. Typically, each measurement is acquired
along a given orientation extracted from an optimized set of orien-
tations estimated and ordered offline, before the acquisition is
started. Hence, another important contribution of this work will
be to propose a fast algorithm to incrementally compute gradient
orientation sets whose partial subsets are almost uniform. This will
allow an acquisition to start with just the minimum number of gra-
dient directions and an initial estimate of the ODF field and all
other processing steps, including generation of the next gradient
direction and ODF reconstruction, to be recursively and optimally
determined. This will truly allow the acquisition to be stopped at
any time with the optimal ODF estimate.

As background for the reader, we describe the Kalman filter in
Section 2.2. In Section 3, we first thoroughly analyze the method
from Poupon et al. (2007, 2008b) and then describe our proposed
recursive solution and prove that it is optimal with respect to the
regularization criterion used in Descoteaux et al. (2007). Next, in
Section 4 we propose a fast algorithm to recursively compute gra-
dient orientation sets whose partial subsets are roughly uniform
and show that it can also be applied to the problem of efficiently
ordering an existing point-set of any size. Finally, in Section 5 we
present various sets of experimental results verifying our claims
before concluding the paper.
2. Background

Before presenting the body of this paper, we will provide some
background on Kalman filtering and ODF reconstruction tech-
niques as well as clarify some notation.

2.1. Linear observation model

Throughout this paper we will use the following notation for
the linear observation model
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yi ¼ Cixþ �i ð2:1Þ

where yi is a scalar observation at the discrete time step i, x 2 Rn is
the state vector we wish to estimate, Ci is the 1� n observation ma-
trix and �i is a Gaussian random variable with zero mean and vari-
ance Ri. We will use the notation E½�� for the expected value of a
random variable or vector. Furthermore, we will assume that
E½�i�j� ¼ 0 for i – j. We will frequently combine all the measure-
ments up to time k into a linear system in order to compute the
least squares estimation of the state x. In this case, we will use
the notation

yk ¼ Bkxþ gk ð2:2Þ

where yk ¼ ½ y1 y2 . . . yk �
T is a vector of observations, gk ¼

½ �1 �2 . . . �k �T is the vector of Gaussian random variables, and
Bk ¼ CT

1 CT
2 . . . CT

k

� �T
is the k� n matrix containing all the

observation matrices up to time k. Here, we use the T operator to
denote matrix or vector transposition. Let us denote the covariance
matrix of gk by Wk. Since the noise sequence is zero mean, this is
written as Wk ¼ E gkgT

k

� �
. Since we are assuming that the compo-

nents of the Gaussian noise vector are uncorrelated, Wk is diagonal
with diagonal elements given by Varð�jÞ ¼ Rj for j ¼ 1 � � � k.

We will denote by x̂k the minimum variance estimation of the
state x given all observations from time i ¼ 1 � � � k. Thus, we can ex-
press x̂k as

x̂k ¼ arg min
x2Rn
ðyk � BkxÞT W�1

k ðyk � BkxÞ ð2:3Þ

The solution to Eq. (2.3) is easily obtained by differentiating
with respect to x. We obtain

x̂k ¼ BT
k W�1

k Bk

� ��1
BT

k W�1
k yk ð2:4Þ
2 ‘ðjÞ is the order associated with the jth element of the spherical harmonic basis,
i.e. for j ¼ 1; 2;3;4;5;6;7; . . . ‘ðjÞ ¼ 0;2;2; 2;2;2;4; . . .
2.2. Kalman filtering

The Kalman Filter is a linear optimal recursive estimator that
first appeared in Kalman (1960). It was originally designed for lin-
ear time-varying dynamic systems but has since been successfully
used for non-linear systems and problems involving state con-
straints. For an excellent textbook reference please also see (Chui
and Chen, 1987). We recall the observation model from Eq. (2.1)

yi ¼ Cixþ �i

As we record each new measurement, we gain an incremental amount
of information about the state x and by combining all the recorded mea-
surements into a linear system, we can compute the minimum variance
estimation after k observations x̂k using Eq. (2.4). However, as we only
gain an incremental amount of information about the state between
observations yk�1 and yk, it is reasonable to expect that the correspond-
ing change in the state estimate between x̂k�1 and x̂k is also incremental.
The Kalman Filter allows us to quantify this incremental estimation cor-
rection and express x̂k in terms of x̂k�1 and the new observation. The
Kalman filtering equations are given below

x̂0 ¼ E½x0�
P0 ¼ E ðx0 � x̂0Þðx0 � x̂0ÞT

h i
Gk ¼ Pk�1CT

k CkPk�1CT
k þ Rk

� ��1

Pk ¼ I � GkCkð ÞPk�1

x̂k ¼ x̂k�1 þ Gk yk � Ckx̂k�1ð Þ

8>>>>>>><>>>>>>>:
ð2:5Þ

zk ¼ yk � Ckx̂k�1 is generally called the innovations sequence and Gk

is called the Kalman gain matrix. It can be shown that

Pk ¼ E ðx� x̂kÞðx� x̂kÞT
h i

ð2:6Þ

so Pk is the covariance matrix of the estimation error at time k.
2.3. Q-ball linear model

QBI has the advantage over diffusion tensor imaging of being
model independent. The premise of QBI is that it is possible to
reconstruct a smoothed version of the diffusion orientation distri-
bution function (ODF), wðgÞ ¼

R1
0 PðgrÞdr, directly from a single

shell HARDI acquisition (Tuch, 2004). The method involves viewing
the HARDI acquisition signals as samples of a function on the
sphere and taking the Funk–Radon transform (FRT) to arrive at
the diffusion ODF. Many methods have been proposed to compute
the FRT of the HARDI signal and most recently, Descoteaux et al.
(2007) proposed a fast and robust analytical method to estimate
the ODF by decomposing the HARDI signal onto a spherical har-
monic basis. As in Poupon et al. (2007, 2008b), we will use this
method because it is robust with respect to noise and well-suited
for real-time applications.

Let Ym
‘ denote the SH of order ‘ and degree m ðm ¼ �‘; . . . ; ‘Þ in

the standard basis and Yj ðjð‘;mÞ ¼ ð‘2 þ ‘þ 2Þ=2þmÞ be the SH in
the modified real and symmetric basis (Descoteaux et al., 2006,
2007). Then the HARDI signal can be expressed with the linear
observation model

Sðhi;/iÞ ¼
Xn

j¼1

~xjYjðhi;/iÞ ¼ eCi~x ð2:7Þ

where n ¼ ðLþ 1ÞðLþ 2Þ=2 is the number of terms in the modified
spherical harmonic basis of order L, Sðhi;/iÞ is the measured HARDI
signal in the direction given by the polar coordinates ðhi;/iÞ andeCi ¼ ½Y1ðhi;/iÞ Y2ðhi;/iÞ . . . Ynðhi;/iÞ�. Since we have a linear obser-
vation model, given any number of measurements, we can decom-
pose the HARDI signal onto the spherical harmonic basis by
computing the least squares solution from Eq. (2.4). However, as
diffusion weighted images are typically very noisy, Descoteaux
et al. (2006) have proposed a robust regularized estimation algo-
rithm using the Laplace–Beltrami operator, which leads to the fol-
lowing regularized minimization equation,

Mð~xÞ ¼ ~yk � eBk~x
� �T

~yk � eBk~x
� �

þ k~xTeL~x ð2:8Þ

where eBk ¼ eCT
1
eCT

2 . . . eCT
k

h iT
and ~yk ¼ ½Sðh1;/1Þ Sðh2;/2Þ . . . Sðhk;

/kÞ�
T contains the HARDI measurements.

Now we are really interested in relating the ODF to the HARDI
signal and as the spherical harmonic functions are eigenfunctions
of the FRT, there is a simple relationship between the HARDI signal
and the ODF in the spherical harmonic basis. In Descoteaux et al.
(2007), the authors show that the spherical harmonic coefficients
of the ODF, x, are given by x ¼ 1

S0
P~x where P is the n� n FRT matrix

with diagonal elements pkk given by pkk ¼ 2pP‘ðjÞð0Þ and P‘ðjÞð0Þ2 is
the Legendre polynomial of degree ‘ evaluated at 0. Since we want to
estimate the ODF directly from HARDI data, we can rewrite the min-
imizationcriterion (2.8) in terms of the spherical harmonic represen-
tation, x, of the ODF. We have

MðxÞ ¼ yk � Bkxð ÞT yk � Bkxð Þ þ kxT Lx ð2:9Þ

where Bk ¼ eBkP�1 and yk ¼ ~yk=S0 and L ¼ P�1eLP�1. So by minimiz-
ing Eq. (2.9) we can robustly estimate the ODF directly from the
HARDI signal. Now, although we have the same linear observation
model as used in the Kalman filter, the minimization criterion is
slightly different than Eq. (2.3) due to the additional regularization
term. In the next section, we will address this problem in the Kal-
man filtering framework.
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3. Kalman filtering with regularization

The Kalman filtering algorithm presented in Section 2.2 recur-
sively solves Eq. (2.3) at each time step k. However, as in the
ODF estimation proposed by Descoteaux et al. (2007), we would
like to consider the following minimization problem:

x̂k ¼ arg min
x2Rn

ðyk � BkxÞT W�1
k ðyk � BkxÞ þ kxT Lx ð3:1Þ

which is slightly modified from Eq. (2.3) by the addition of kxT Lx
which is a quadratic regularization term on the state variable x.
The closed form solution to Eq. (3.1) is easily obtained by setting
the partial derivatives equal to zero. This yields

x̂k ¼ BT
k W�1

k Bk þ kL
� ��1

BT
k W�1

k yk ð3:2Þ

We would like to modify the Kalman filtering equations (2.5) so
that we can recursively solve Eq. (3.2) with the addition of each
new observation. Currently, we are only aware of the work by Po-
upon et al. (2007, 2008b) addressing this problem in practice for
DT and ODF estimation with the Kalman filtering framework,
although the idea was first mentioned in Basser et al. (1994b) for
DTI reconstruction. We show in the next sections that the method
in Poupon et al. (2007, 2008b) is actually sub-optimal for every time
step except the last one. Then, in Section 3.2, we present a new Kal-
man filtering method that deals with this regularization term with
a very simple and elegant modification of the Kalman filtering
equations from Section 2.2.

3.1. Existing method

In Poupon et al. (2007, 2008b), the authors suggest to start with
the solution (3.2) and invert it to obtain a linear system, whose
least squares solution coincides with Eq. (3.2). Let N be the total
number of measurements in the MR acquisition. In Poupon et al.
(2007, 2008b), they use N ¼ 200 in their experiments and they take
the noise covariance matrix as the identity (i.e. WN ¼ IN�N). The lin-
ear system they use is yN ¼ Bþxþ gN where Bþ is defined as

Bþ ¼ BT
NBN þ kL

� ��1
BT

N

� �y
The symbol ð�Þy is used to denote the Moore–Penrose pseudo-in-

verse operator. Now, denote the kth row of Bþ by Cþk . By using the
linear system yN ¼ Bþxþ gN , Poupon et al. (2007, 2008b) are using
the following observation equation:

yk ¼ Cþk xþ �k ð3:3Þ

as input to the Kalman filter at each time step k. The problem here is
that the observations matrices Cþk have been modified and, individ-
ually, have no physical meaning with respect to the diffusion prop-
erties being modeled. It is only when they are all combined into the
matrix Bþ that they express the correct relationship between the
ODF coefficients and the HARDI signal. Thus, there is no theoretical
justification for using this method as an incremental solver. The re-
sults from Poupon et al. (2007, 2008b) do show the Kalman filter
estimation converging to the correct estimate after N iterations,
but this is evident (with some thought) from the definition of Bþ.
It is not clear, however, if any of the intermediate ODF estimations
(i.e. for 1 6 k < N) are actually minimizing the correct criterion
(3.1) which is reproduced here.

MðxÞ ¼ ðyk � BkxÞT W�1
k ðyk � BkxÞ þ kxT Lx ð3:4Þ

In the next section, we analyze this approach and derive an explicit
expression for the estimation at each iteration. In doing so, we show
that this approach in fact does not minimize Eq. (3.1) at any itera-
tions except for the last.
3.1.1. Analysis
In keeping with the exact method proposed in Poupon et al.

(2007, 2008b), we assume the noise covariance matrix Wk is the
identity matrix for all time steps k. Before doing any detailed anal-
ysis, we can make some notes just from the definition of Bþ and the
observation equation

yk ¼ Cþk xþ �k ð3:5Þ

As Cþk is a row of Bþ, it is clear from definition of Bþ that every
observation matrix Cþk depends on BN and therefore on all N gradi-
ent acquisition directions. Hence, the acquisition of a given diffu-
sion gradient orientation will be modeled differently depending
on how many diffusion gradients are required in the acquisition.
Furthermore, this means that when applying the Kalman filter to
this model, every estimation depends on the entire diffusion orien-
tation set being used. Thus, changing some diffusion gradients at
the end of the acquisition could influence the estimations from
the beginning. This is definitely undesirable behavior for an incre-
mental optimal estimator. Based on the experimental results in Po-
upon et al. (2007, 2008b) this method converges after all N
acquisitions, but they do not provide validation to show how close
the intermediate estimations are to the optimal intermediate
estimations.

The best way to analyze the method from Poupon et al. (2007,
2008b) is to derive an explicit expression for the Kalman filter out-
put at each iteration under this method. First, we derive in Appen-
dix A a closed form expression for Bþ. The result is

Bþ ¼ BT
NBN þ kL

� ��1
BT

N

� �y
¼ BN In�n þ k BT

NBN

� ��1
L

� �
ð3:6Þ

Now let Dk ¼ CþT
1 CþT

2 . . . CþT
k

h iT
be the k� n matrix containing the

first k observation matrices (or rows of Bþ). Using the result in Eq.
(3.6), we can write Dk as

Dk ¼ Bk In�n þ k BT
NBN

� ��1
L

� �
ð3:7Þ

This formula comes from the fact that taking the first k rows of the
product of two matrices (i.e. DN ¼ BN�nAn�n) is equivalent to taking
the first k rows of the first matrix, Bk�n and multiplying them by the
second matrix An�n (i.e. Dk ¼ Bk�nAn�n). Now consider the linear
system

yk ¼ Dkxþ gk ð3:8Þ

This linear system relates all the observations up to time k to the
state x using the observation Eq. (3.3) used in Poupon et al. (2007,
2008b). So, after k observations, the ‘‘optimal” state estimate will
be given by the least squares solution to this linear system. That
is, the output of the Kalman filter, x̂k at iteration k is given by

x̂k ¼ DT
k Dk

� ��1
DT

k yk

This can be simplified (see Appendix B) to

x̂k ¼ BT
k Bk þ kBT

k Bk BT
NBN

� ��1
L

� ��1

BT
k yk ð3:9Þ

A quick comparison with Eq. (3.2) shows that this is not the optimal
estimate unless

BT
k Bk ¼ BT

NBN

or k ¼ 0. The former is only satisfied when k ¼ N. Thus, we have
shown that this method is sub-optimal at every estimation step ex-
cept for the last. We should note that we do not mean that the
authors of Poupon et al. (2007, 2008b) are mistaken about their re-
sults. Since the state estimate will converge to the optimal estimate
by the last diffusion gradient acquisition, there will be iterations,
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especially near the end, where the estimate is very close to optimal.
However, there will most definitely be many intermediate itera-
tions where the estimation is far from being optimal and this was
not investigated in Poupon et al. (2007, 2008b). The implications
of this sub-optimality should be made perfectly clear. If the ex-
pected number of acquisitions is set to N ¼ 200 and the acquisition
was stopped before completion (say at k ¼ 100) the ODF estimates
obtained from the Kalman filtering method of Poupon et al. (2007,
2008b) will not be minimizing the correct criterion from Eq. (3.1).
They will in fact be minimizing

MðxÞ ¼ yk � Dkxð ÞT yk � Dkxð Þ ð3:10Þ

which yields a different minimizing argument (3.9) compared to the
correct criterion (3.1) for k < 200.

3.1.2. Some naive approaches
There are some naive approaches one might take to correct the

method from Poupon et al. (2007, 2008b). The first comes from the
observation that this method could be ‘‘corrected” by replacing N
by k in the definition of Dk (3.7). Then the least squares solution
to yk ¼ Dkx would be equal to the correct solution from Eq. (3.2).
This in fact would be true, but it is impossible to apply Kalman fil-
tering in this situation. Recall that the Kalman filter is derived from
the linear observation model (2.1); it depends heavily on the fact
that Bk�1 and Bk differ by only the addition of one row Ck. If we
were to make this modification to Dk, then Dk would differ from
Dk�1 by much more than just the addition of a single row. Therefore,
there would be no system of observation models of the form
yk ¼ Ckxþ �k such that Dk ¼ CT

1 CT
2 . . . CT

k

h iT
for all k. This makes

it impossible to derive a recursive relationship between x̂k and
x̂k�1 and hence impossible to apply the Kalman filter.

The second approach is similar to the first; since we cannot ap-
ply the Kalman filter recursively with the modification described
above, we could apply the Kalman filter to all of the data when
we get a new observation. But by doing this, the solution is no
longer obtained in a recursive way and real-time processing is
impossible. For example, to compute the estimation at iteration k
the Kalman filter would have to be iterated over all the previously
recorded observations which is k times more expensive than the
truly recursive Kalman filter and thus not suitable for real-time
applications. In fact, there is little difference between this method
and computing the offline estimation at each iteration.

The purpose of this discussion is to clarify that there are no simple
modifications that could correct the method from Poupon et al.
(2007, 2008b). In the next section, we will present a modification
of the Kalman filter that allows the regularization term to be incorpo-
rated while still producing the optimal estimation at every time step.

3.2. Proposed method

We propose a new Kalman filtering method that will incorpo-
rate the regularization term in the initial condition of P0. Recall
that we wish to solve the following Eq. (3.1):

x̂k ¼ arg min
x2Rn

ðyk � BkxÞT W�1
k ðyk � BkxÞ þ kxT Lx

in a recursive manner. The Kalman filtering equations for our pro-
posed approach are

x̂0 ¼ E½x0�eP0 ¼ E ðx0 � x̂0ÞTðx0 � x̂0Þ
h i

P0 ¼ eP�1
0 þ kL

� ��1

Gk ¼ Pk�1CT
k CkPk�1CT

k þ Rk

� ��1

Pk ¼ I � GkCkð ÞPk�1

x̂k ¼ x̂k�1 þ Gk yk � Ckx̂k�1ð Þ

8>>>>>>>>>><>>>>>>>>>>:
ð3:11Þ
The state prediction correction and covariance recursive update
equations are unchanged and the regularization term only appears
in the initial condition. This seems like a surprising result, but con-
sider that in the minimization criterion from Eq. (3.1) (which is
reproduced above) the regularization term kxT Lx is in a certain
sense independent of k (the number of measurements). This fact
is exploited in the following derivations.

To derive these Kalman filtering equations, we will start with
the solution to Eq. (3.1) which we reproduce here for convenience

x̂k ¼ BT
k W�1

k Bk þ kL
� ��1

BT
k W�1

k yk

To apply Kalman filtering in this context we need to express x̂k in
terms of x̂k�1. We go through the detailed derivation below. First
note that

BT
k W�1

k Bk þ kL ¼ BT
k�1 CT

k

h i W�1
k�1 0
0 R�1

k

" #
Bk�1

Ck

� 	
þ kL

¼ BT
k�1W�1

k�1Bk�1 þ CT
k R�1

k Ck þ kL

and

BT
k W�1

k yk ¼ BT
k�1 CT

k

h i W�1
k�1 0
0 R�1

k

" #
yk�1

yk

� 	
¼ BT

k�1W�1
k�1yk�1 þ CT

k R�1
k yk

Using the above two equations with Eq. (3.2) we get

BT
k�1W�1

k�1Bk�1 þ CT
k R�1

k Ck þ kL
� �

x̂k

¼ BT
k�1W�1

k�1yk�1 þ CT
k R�1

k yk ð3:12Þ

and by direct computation, we have

BT
k�1W�1

k�1Bk�1 þ CT
k R�1

k Ck þ kL
� �

x̂k�1

¼ BT
k�1W�1

k�1Bk�1 þ kL
� �

x̂k�1 þ CT
k R�1

k Ckx̂k�1

¼ BT
k�1W�1

k�1yk�1 þ CT
k R�1

k Ckx̂k�1 ð3:13Þ

Subtracting Eqs. (3.12) and (3.13) we have

BT
k�1W�1

k�1Bk�1 þ CT
k R�1

k Ck þ kL
� �

x̂k � x̂k�1ð Þ ¼ CT
k R�1

k yk � Ckx̂k�1ð Þ

Now, let Gk ¼ ðBT
k�1W�1

k�1Bk�1 þ CT
k R�1

k Ck þ kLÞ�1CT
k R�1

k and we have
the recursive equation

x̂k ¼ x̂k�1 þ Gk yk � Ckx̂k�1ð Þ ð3:14Þ

which is exactly the same as the linear Kalman filter update equa-
tion and the regularization constraint is incorporated in the Kalman
gain matrix. To complete the derivations, we need to derive a recur-
sive equation for Gk. Let Pk ¼ BT

k�1W�1
k�1Bk�1 þ CT

k R�1
k Ck þ kL

� ��1
so

that Gk ¼ PkCT
k R�1

k and note that

Pk ¼ BT
k�1W�1

k�1Bk�1 þ CT
k R�1

k Ck þ kL
� ��1

¼ BT
k W�1

k Bk þ kL
� ��1

ð3:15Þ

which leads to the recursive equation

P�1
k ¼ P�1

k�1 þ CT
k R�1

k Ck ð3:16Þ

Using the result in Appendix C, we can invert the above equation
and we have

Pk ¼ Pk�1 � Pk�1CT
k CkPk�1CT

k þ Rk

� ��1
CkPk�1

Now, it can be shown (see Appendix E) that

Gk ¼ PkCT
k R�1

k ¼ Pk�1CT
k CkPk�1CT

k þ Rk

� ��1
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which gives us the following recursive equations for Gk and Pk:

Gk ¼ Pk�1CT
k CkPk�1CT

k þ Rk

� ��1

Pk ¼ I � GkCkð ÞPk�1

We can see that these are the same as for the linear Kalman filter
without regularization but it is important to note that although
the recursive update equations for Pk and Gk do not change with
the added regularization term, the matrices themselves are differ-
ent and this is taken into account by the initial condition P0 which
is no longer the covariance matrix of x0. To discuss the initial con-
dition, let x̂0

k be the optimal estimate without regularization (i.e.
k ¼ 0) and let ePk be the corresponding sequence of covariance
matrices for the linear Kalman filter. In Appendix D it is shown that

ePk ¼ E x� x̂0
k


 �
x� x̂0

k


 �T
h i

¼ BT
k W�1

k Bk

� ��1

Recall also that we have defined Pk as

Pk ¼ BT
k W�1

k Bk þ kL
� ��1

Using these two equations, we have the relation

P�1
k ¼ eP�1

k þ kL

So, even though Pk does not have the usual physical interpretation
as the error covariance when k – 0, we have found a relation be-
tween Pk and ePk. A special case of the above formula is

P�1
0 ¼ eP�1

0 þ kL

which gives us

P0 ¼ eP�1
0 þ kL

� ��1
ð3:17Þ

So the initial matrix P0 can be expressed in terms of the initial ma-
trix eP0. Combining all these results, we have the Kalman filtering
equations with a quadratic regularization term

x̂0 ¼ E½x0�eP0 ¼ E ðx0 � x̂0ÞTðx0 � x̂0Þ
h i

P0 ¼ eP�1
0 þ kL

� ��1

Gk ¼ Pk�1CT
k CkPk�1CT

k þ Rk

� ��1

Pk ¼ I � GkCkð ÞPk�1

x̂k ¼ x̂k�1 þ Gk yk � Ckx̂k�1ð Þ

8>>>>>>>>>>>><>>>>>>>>>>>>:
By implementing these Kalman filtering equations we can recur-
sively solve Eq. (3.1) at every time step k. As we started the deriva-
tions with the correct minimization criterion, we are assured that
this will produce the optimal estimation at every iteration. The
interested reader could find in Appendix F of our research report
(Deriche et al., 2009), an alternative derivation to arrive at these
Kalman filtering equations. However, this alternative solution is
weaker and places some constraints on the regularization matrix
L (diagonal and positive semi-definite), which is fine for the La-
place–Beltrami regularization but less general than our derivation
here, also used in Deriche et al. (2009), which will work for any po-
sitive semi-definite L.

In Section 5, we demonstrate the results of our optimal solution
applied to real HARDI data. We illustrate that our proposed real-
time method is equivalent in terms of QBI estimation accuracy to
the standard offline processing techniques and outperforms the
existing solution of Poupon et al. (2007, 2008b), especially in the
early stages of the acquisition.

At this stage, we have revisited and analyzed the proposed
Kalman filtering algorithm for ODF estimation and we have shown
it is actually sub-optimal and not recursively minimizing the
intended criterion due to the Laplace–Beltrami regularization term.
More importantly, we have also derived the correct equations to
recursively estimate the optimal ODF at each iteration, i.e. we have
shown how to update the optimal ODF each time we have a new
measurement. Hence, to take full advantage of this new framework,
it is of interest to see if successive gradient encoding directions can
also be computed in real-time to roughly have a uniform
distribution on the sphere. In the next section, we will tackle this
problem of finding the optimal choice of the diffusion gradient ori-
entation sets and propose a fast algorithm to incrementally compute
gradient orientation sets whose partial subsets are almost uniform.

4. Diffusion gradient orientation sets

The choice of diffusion orientation sets for diffusion MRI has been
extensively studied in the literature. For single shell HARDI acquisi-
tions, a standard approach is to acquire N measurements that are
uniformly distributed on the unit sphere so that the errors in mea-
sures derived from the diffusion weighted images are independent
of tissue orientation. The problem of distributing N points uniformly
on a sphere is not a new problem in diffusion MRI; it has been stud-
ied by mathematicians and physicists for at least 100 years. In fact,
British Physicist Thomson proposed the problem of determining
the minimum energy configuration of N classical electrons distrib-
uted on the surface of a sphere in his 1904 paper (Thomson, 1904).
It has since been termed The Thomson Problem and has been thor-
oughly studied since (Erber and Hockney, 1997). There has been a
significant amount of research on this within the context of diffusion
MRI. We first describe the state of the art methods and then propose
a fast and incremental algorithm that achieves similar results.

4.1. Existing methods

In the context of diffusion MRI the problem of uniformly distrib-
uting points on a sphere needs to be slightly modified due to the
fact that the diffusion of water is symmetric meaning that a mea-
surement in the direction g ¼ ½x; y; z� is equivalent to a measure-
ment in the direction �g. To account for this, Jones et al. (1999)
proposed a slight variation on The Thomson Problem where each
gradient direction is modeled by an antipodal pair of charged par-
ticles and the desired configuration is the one obtained by mini-
mizing the sum of the forces on the particles. Papadakis et al.
(2000) proposed a similar approach by maximizing the minimum
distance between any two charged particles. We define the electro-
static energy between two orientations (or two pairs of charges) as

Eðgi; gjÞ ¼
1

jjgi þ gjjj
þ 1
jjgi � gjjj

ð4:1Þ

and therefore, the total electrostatic energy between all pairs of ori-
entations is

ENðg1; . . . ;gNÞ ¼
XN�1

i¼1

XN

j¼iþ1

Eðgi;gjÞ ð4:2Þ

In this work, we define an electrostatic point-set of size N as the col-
lection of directions that minimizes Eq. (4.2). Cook et al. (2007) have
computed the electrostatic point-sets for 3 6 N 6 150 and publicly
provide them as part of the Camino Diffusion MRI Toolkit (Cook
et al., 2006). They computed these point-sets using Levenberg–Mar-
quardt optimization starting from 500 different initial conditions
and taking the lowest minimum. In this work, we will use these
electrostatic point-sets as a reference for comparing different diffu-
sion orientation sets.

The electrostatic point-sets approach can produce optimized
orientation sets when one considers all the diffusion acquisitions,
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however, if the acquisition is aborted before completion due to
motion of the patient, the subset of acquired orientations will be
directionally biased and will be unusable for DT or ODF estimation.
Cook et al. (2007) and Dubois et al. (2006) have proposed algo-
rithms for generating uniform point-sets whose ordered subsets
are also approximately uniform. Thus, if an acquisition is aborted
before completion, the acquired orientation set will be fairly uni-
form and the acquisition can be partially saved.

Dubois et al. (2006) propose to order the orientations by acqui-
sition time and make a modification of Eq. (4.2) to ensure that ori-
entations that are close together in the acquisition sequence are
more separated spatially. To do this, they add an interaction weight
aij to the electrostatic energy

ENðg1; . . . ;gNÞ ¼
XN�1

i¼1

XN

j¼iþ1

aijEðgi;gjÞ ð4:3Þ

When the interaction weight is constant ðaij ¼ 1Þ the minimizing
point-set will be equal to the electrostatic point-set modulo a per-
mutation of the acquisition order. For an acquisition where corrup-
tion is a possibility due to motion of the patient, they propose to set
aij ¼ 1 for orientations close in time and aij < 1 for orientations that
are distant in time. The idea is that by placing a higher electrostatic
penalty on gradients that are positioned close together in the acqui-
sition sequence, we can encourage ordered subsets of gradient
directions to be more uniformly distributed. This method can pro-
duce very nice results, but one drawback is that a point-set that
minimizes Eq. (4.3) does not necessarily minimize (4.2). Also, Cook
et al. (2007) empirically determined that the incorporation of inter-
action weights increases the number of local minima making the
global minimum more difficult to find.

Cook et al. (2007) have proposed to take the optimal electro-
static point-sets and choose an optimal ordering based on the
sum of the energies of the partial subsets

f ¼
XN

P¼6

EPðg1; . . . ;gPÞP�2: ð4:4Þ

The electrostatic energy of P isotropically distributed pairs is
approximately proportional to P2 so they have chosen the normal-
ization factor P�2 to ensure that each subset of orientations contrib-
utes similarly to the objective function. As the points themselves
are fixed, the minimization is done only over the ordering of the
points. This can be done by exhaustive search for small N but by
N ¼ 18 the search space becomes absurdly large, so Cook et al.
(2007) propose to perform the minimization by simulated anneal-
ing and they provide their software for public use through the
Camino Diffusion MRI Toolkit (Cook et al., 2006). Cook et al.
(2007) conclude that ordering the acquisition scheme has a signifi-
cant impact on the quality of partial acquisitions. They also com-
pare their method to Dubois et al. (2006) and conclude that both
methods yield similar results.

4.2. An incremental algorithm to generate orientation sets

We propose a fast recursive algorithm to incrementally gener-
ate orientation sets whose ordered subsets are approximately uni-
form. What we propose is not an improvement or a replacement
for the existing algorithms as they are already very effective at
what they do. What we propose is a different approach altogether.
The algorithms proposed in Dubois et al. (2006) and Cook et al.
(2007) perform their respective minimizations over all the points
in the orientation set. Thus, the algorithms are very slow and the
global minima are difficult to find as there are many local minima
present. Our idea comes from the observation that this problem
naturally leads to a recursive solution; instead of minimizing over
all the orientations at once, we propose to minimize incrementally
over each ordered subset. Clearly we will not be able to minimize
the same criterion from Dubois et al. (2006) or Cook et al. (2007),
but we will show that we can generate comparably uniform
point-sets with an algorithm whose complexity is linear with re-
spect to the number of points in the orientation set. Furthermore,
inspired by Cook et al. (2007) we will show that our approach
can be slightly modified and used to order an existing electrostatic
point-set so that the ordered subsets are roughly uniformly distrib-
uted. Our proposed methods will be further described and com-
pared to existing methods in the next few sections.

4.2.1. Fast recursive computation of orientation sets
We propose a new and fast algorithm for incrementally com-

puting uniformly distributed orientation sets whose partial subsets
are also uniform. This method is defined recursively: given a set of
k orientations, choose direction kþ 1 so as to minimize the incre-
mental electrostatic energy. We should note that this method will
not minimize the criterion from Cook et al. (2007) or Dubois et al.
(2006) over all kþ 1 orientations. We are, however, minimizing the
total electrostatic energy of the kþ 1 orientations given that the
first k must remain fixed.

To further describe our method, let Rk ¼ fg1; . . . ;gkg be a set of k
orientations, let gðh;/Þ be the unit vector in the direction given by
the spherical coordinates ðh;/Þ and let Wkðh;/Þ be defined as

Wkðh;/Þ ¼
Xk

i¼1

E gi;gðh;/Þð Þ ð4:5Þ

Thus, Wkðh;/Þ gives the incremental electrostatic energy associated
with choosing gðh;/Þ as the next encoding direction. Now, given a
set of k orientations, Rk, we compute the next orientation by the
formula gkþ1 ¼ gðĥk; /̂kÞ where

ðĥk; /̂kÞ ¼ arg min
ðh;/Þ2½0;pÞ�½0;pÞ

Wkðh;/Þ ð4:6Þ

Thus Rkþ1 ¼ fRk; gkþ1g. Now there are many algorithms that could
be used to perform this minimization, but since the search space
is relatively small, we will use an exhaustive search. First, however,
we should note that if we were to implement an exhaustive search
on Eq. (4.5), the computational complexity of the function Wk would
grow linearly with k. To increase the performance of our algorithm,
we will exploit a nice recursive relationship between Wk and Wk�1

Wkðh;/Þ ¼ Wk�1ðh;/Þ þ E gk;gðh;/Þð Þ ð4:7Þ

Using the above recursive relationship, we can maintain a sampled
representation of Wk which is updated after each new gradient
direction is computed. Through experimentation, we have deter-
mined that sampling with a precision of 0.01 rad (0.57�) yields
the correct minimum and only requires a fraction of a second to up-
date Wk and perform the minimization. With regards to the memory
requirements of our algorithm, since we are sampling with a preci-
sion of 0.01, we need to store ðp=0:01Þ2 � 98;700 samples. If we
store the samples with 32-bit floating point precision, the memory
requirement is approximately 400 kB.

We have compared our methods with the state of the art point-
sets using sizes of N ¼ 60;150. For the comparison with Cook et al.
(2007), we used the ordered electrostatic point-set for N ¼ 60 that
is provided with the Camino Diffusion MRI Toolkit (Cook et al.,
2006). For N ¼ 150, we computed the ordering using the code they
provided with Camino. We used the default initial conditions and
allowed the simulated annealing to run for 137 h until the temper-
ature was at 2:67e�6 before we terminated the program. For the
comparison with Dubois et al. (2006), for N ¼ 60, we have used
the orientation set that is given on page 140 of their paper (entitled
A60). Fig. 1 shows a visual comparison of the three algorithms



Fig. 1. Comparison of point-sets: (left to right) electrostatic point-sets, our recursive method, method of Cook et al. (2007), method of Dubois et al. (2006). Point-sets are
shown for (top to bottom) 20, 40 and 60 points. The point-sets from Cook et al. (2007) and Dubois et al. (2006) were specifically optimized for 60 orientations. Our method
was recursively generated starting with one gradient direction.
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alongside the optimal electrostatic point-sets for N ¼ 60. Our algo-
rithm was initialized with g1 ¼ ½1 0 0�T and all directions gk; k > 1
were generated recursively. In Fig. 1, we terminated our algorithm
at N ¼ 60 to do a proper comparison. Fig. 2 shows the results if we
continue our algorithm to N ¼ 500.

We have also done a numerical comparison of the normalized
electrostatic energy (NE) between the three algorithms which is
shown in Figs. 3 and 4. The normalization was done by dividing
the electrostatic energy of each algorithm’s ordered subsets by
the optimal energy of the electrostatic point-set of equal size. This
provides a good measure of how uniform the ordered subsets are;
in comparing two point-sets, a value closer to one indicates a more
uniform distribution of gradient acquisitions. From Figs. 3 and 4 we
can see that for both N ¼ 60 and N ¼ 150 our algorithm performs
comparably to the existing methods. Our algorithm yields more
uniform point-sets at certain points and less uniform sets at other
points.
Fig. 2. Our point-set generation method was used recursively to generate a set of 500 orie
corresponding to 20, 40, 60, 80, 100, 150, 200, and 500 orientations.
The one glaring difference is that our algorithm is not optimized
for a certain number of orientations, so it will never be exactly opti-
mal whereas the method from Cook et al. (2007) produces the opti-
mal electrostatic point-set, by design, at the end of the acquisition.
Intuitively, we know from the Kalman filtering results that, after a
certain point, each additional acquisition will affect the diffusion
tensor or ODF estimation less than the previous acquisition. This
implies that as the number of orientations grows, the uniformity
(or lack thereof) of the orientation set will have less of an influence
on the DT or ODF estimation. It is very possible that the small sub-
optimality that our algorithm shows at the end of the acquisition
would have little influence over the results of the acquisition. How-
ever, this is an open issue that can really only be proven experimen-
tally and it would depend on many different variables.

The advantage our algorithm has over the current techniques is
that its linear complexity enables it to run in real-time during an
MR acquisition. This leads us to consider combining the recursive
ntations starting with a single gradient. Shown in the figure are the ordered subsets



Fig. 3. A comparison of the normalized energy of our recursive method, Dubois
et al. (2006) and Cook et al. (2007) over 60 acquisitions.

Fig. 4. A comparison of the normalized energy of our recursive method and Cook
et al. (2007) over 150 acquisitions.

Fig. 5. A comparison of the normalized energy of our recursive ordering algorithm,
Cook et al. (2007) and a randomized ordering.
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ODF estimation approach we proposed in the previous section with
our incremental electrostatic point-sets approach. We could start
an acquisition with just the minimum number of gradients direc-
tions and an initial estimate of the ODF, and then the next gradient
directions and the ODF estimates could be recursively and opti-
mally determined, allowing the acquisition to be stopped as soon
as desired or at any iteration with the optimal ODF estimate. Also,
the linear complexity of our algorithm makes it possible to gener-
ate large orientation sets (i.e. 1000+ points) very quickly whereas
the existing methods would quickly become too slow to be useful.
Therefore, we think that this work opens new and interesting
opportunities for clinicians and researchers.

4.2.2. Fast ordering of orientation sets
We have proposed in the previous subsection a fast algorithm to

compute diffusion gradient orientation sets whose partial subsets
are roughly uniform. Now, inspired by Cook et al. (2007), we can
also apply our method to the problem of ordering an existing elec-
trostatic point-set of size N. Thus we can guarantee all the ordered
subsets of diffusion orientations are approximately uniform and
that after N acquisitions, the point-set is exactly equal to the elec-
trostatic point-set of size N. Let RN be an electrostatic point-set of
size N. Recall we defined an electrostatic point-set as the collection
of orientations that minimizes Eq. (4.2). Now, the goal is to order
the set RN so that every ordered subset of orientations is roughly
uniform. We select the first orientation, g1 at random and define
the next N � 1 recursively:

gkþ1 ¼ arg min
g2RN

Xk

i¼1

Eðgi; gÞ ð4:8Þ
This algorithm will likely not produce the optimal ordering that
Cook et al. (2007) have computed, but it can produce a much supe-
rior ordering to the conventional orderings, with the added benefit
that the complexity of the algorithm is linear with respect to the
number of points in the orientation set.

We have compared this method for N ¼ 60;150 to the point-
sets from Cook et al. (2007) that were described in the previous
section. We have also shown a random ordering of the points to
demonstrate the added value of ordering. The results are shown
in Fig. 5. We can see that our method performs very well compared
to the random ordering. Furthermore, it is very similar to Cook
et al. (2007) yet usually produces a slightly less uniform point-
set at each iteration. This should be expected; our method is a clas-
sic greedy algorithm simply minimizing the incremental energy at
each iteration. The advantage of our algorithm is the linear com-
plexity, thus our algorithm may be suitable for very large orienta-
tion sets where the simulated annealing proposed in Cook et al.
(2007) takes far too long to converge.

4.2.3. Further possibilities
So far, we have presented a fast algorithm for computing a

roughly uniform set of orientations with roughly uniform subsets.
Our algorithm was defined recursively and we have always chosen
only the first gradient and the rest were determined recursively.
However, we have the flexibility to select any initial condition of
as many orientations as we would like. This gives us some freedom
to design orientation sets that could suit certain needs. In fact we
can even mix our algorithm with the algorithms from Cook et al.
(2007) and Dubois et al. (2006) by selecting one of their optimized
point-sets as an initial condition for our algorithm. For example,
consider a scenario where we might desire 150–200 measure-
ments, but we require that the first 60 acquisitions be exactly uni-
formly distributed. One solution is to use the method from Cook



Fig. 6. A comparison of the normalized energy of our recursive method, Cook et al.
(2007), and a hybrid between the two. The hybrid method uses the ordered point-
set from Cook et al. (2007) for N ¼ 1 � � �60 and uses our recursive method for
N P 61.

Fig. 7. Mean squared error between the SH coefficients of the final offline
estimation and each iteration’s Kalman filter output using our proposed Regularized
Kalman filtering method. The MSE is monotonically decreasing and converges to
zero by the last acquisition.
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et al. (2007) to order the electrostatic point-set for N ¼ 60 and then
recursively apply our algorithm for all N P 61. We have done this
and the normalized energy is plotted in Fig. 6. We can see that the
hybrid method does indeed achieve the optimal electrostatic set at
N ¼ 60, however, we can see that there is a trade-off here; the
point-set may be optimal at N ¼ 60, but because we forced this
optimality, it becomes sub-optimal between iterations N ¼ 65
and N ¼ 140. There are doubtlessly countless ways that our algo-
rithm could be combined with others, but we should always keep
in mind that at some point, optimizations in certain parts of the
acquisition sequence will directly decrease the optimality in other
sections.

5. Experimental validation

In order to validate our method presented in Section 3, we have
tested it on real HARDI data and compared with the offline meth-
ods. Before we present the details of our results, we should clarify
the exact algorithm that we have implemented as the Kalman fil-
tering equations were derived in some generality.

5.1. Implementation details

In any implementation of the Kalman filter, one must be careful
in selecting proper initial conditions, most importantly so is the
initial error covariance matrix P0 (written eP0 in the previous sec-
tion). One usually selects P0 ¼ r2In�n, and chooses an appropriate
value for r. r represents our ‘‘confidence” in the initial state esti-
mate. The smaller we make r the higher our confidence in the ini-
tial state (and consequently, the Kalman filter state predictions will
be more biased towards the initial condition). Since we have no a
priori knowledge about the diffusion properties at any voxel before
the scan begins, we initialize the state vector (i.e. the ODF coeffi-
cients) to the zero vector at each voxel. Since we do not want the
Kalman filter to place any bias on the initial condition, we must
set r to a sufficiently large value. In our experiments we typically
use r ¼ 1000 but any value that is an order of magnitude higher
than the standard deviation of the true ODF coefficients will pro-
duce accurate results. We should note that this is in direct contra-
diction with Poupon et al. (2007, 2008b) who suggest to set r ¼ 1.
However, they provide no justification for this selection and we
have not been able to reproduce their results without using a large
value for r.

The only other parameter to be set is the noise covariance ma-
trix Wk. To ensure that we are in fact minimizing Eq. (2.9), we use
Wk ¼ Ik�k which means that Rk ¼ 1 in all the Kalman filtering equa-
tions. The Kalman filtering equations used in our implementation
are

x̂0 ¼ 0

P0 ¼ 1=r2In�n þ kL

 ��1

Gk ¼ Pk�1CT
k CkPk�1CT

k þ 1
� ��1

Pk ¼ I � GkCkð ÞPk�1

x̂k ¼ x̂k�1 þ Gk yk � Ckx̂k�1ð Þ

8>>>>>>><>>>>>>>:
where r ¼ 1000. We should note here that in the case where L is
invertible, we can take the limit as r!1 and initialize
P0 ¼ ðkLÞ�1. However, for the case of ODF reconstruction, the La-
place–Beltrami operator has no dependence on the zeroth order
spherical harmonic coefficient which makes L singular.

5.2. Results and discussion

Two sets of MRI data have been used in these experiments. In all
experiments, a rank 4 spherical harmonic basis was used so there
are 15 coefficients to estimate. The comparison metric used is the
mean squared error (MSE) between the spherical harmonic coeffi-
cients of the ODFs over all relevant portions of the brain. The rele-
vant regions of the brain were deduced from the T2 image. The first
database is from the CEA Neurospin Lab in Paris, France. It is the
public HARDI database of Poupon et al. (2006). The second is from
the Max Planck Institute (MPI) in Leipzig, Germany (Anwander
et al., 2007). We will refer to these by the acronyms CEA and MPI
from now on. The CEA data was acquired on a 1.5T scanner with
200 encoding directions, b ¼ 3000 s=mm2, 60 slices with 2 mm
thickness, 25 b ¼ 0 s=mm2 images, 128 � 128 image matrix,
TE = 93.2 ms, TR = 19 s. The MPI data was acquired with a 3T scan-
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ner using 60 encoding directions and the average of three measure-
ments per direction, seven b ¼ 0 images, a b-value of 1000 s=mm2,
72 slices with 1.7 mm thickness, 128 � 128 image matrix,
TE = 100 ms, TR = 12 s. We should note that the orientation sets
used in these acquisitions are the standard orientation sets and
are not related to our proposed incremental orientation sets meth-
od. For the purposes of validating our Kalman filtering algorithm
(for accuracy and processing time) the choice of orientation sets
is irrelevant.

First, the proposed algorithm has been tested and compared at
each iteration with the optimal offline estimation. Fig. 7 shows the
evolution of the MSE for the MPI and the CEA datasets. We see that
in both graphs the MSE monotonically decreases and converges to
zero after the last diffusion gradient acquisition. From these graphs
we can conclude approximately how many measurements are
actually necessary. For the MPI dataset, there is little change be-
tween iteration 20 and 60, thus 20 measurements might be appro-
priate here. For the CEA dataset, the equivalent number is probably
somewhere between 80 and 120. Keep in mind however, that these
graphs are highly dependent on the fact that we have used a rank 4
spherical harmonic basis. Using a higher rank would result in more
coefficients to be estimated and thus require more acquisitions.
Furthermore, we cannot conclude with certainty how many mea-
surements are required without investigating the effects on fiber
tracking, fiber clustering and any other algorithms that depend
on the ODF estimation.

The results in Fig. 7 are very convincing, but they do not actually
prove that our method yields the smallest MSE at each iteration.
We do, however, have a closed form for the optimal estimation
Fig. 8. Mean squared error between the SH coefficients of the offline estimation and
each iteration’s Kalman filter output using our Regularized Kalman filtering
algorithm. The offline estimation is computed for the subset of gradient acquisitions
corresponding to the current Kalman filter iteration, thus it is the ‘‘best” we can do
at each iteration. The MSE is approximately zero for the entire acquisition. This
validates our algorithm by showing that it is equivalent to the offline estimation
methods at each iteration.
after each acquisition in Eq. (3.2), so this is what we should be
comparing our solution to. We have computed offline the optimal
estimation after each diffusion gradient orientation as per Eq. (3.2)
and compared our Kalman filtering method to this at each itera-
tion. The results are shown in Fig. 8. This in fact validates our
method, as the difference between our method and the optimal
estimation is seen to be negligible at each iteration.

Next, we need to support our claim that the method from Po-
upon et al. (2007, 2008b) is sub-optimal. We have implemented
their method and tested it with the same datasets. Fig. 9 compares
the MSE between our proposed method and the method of Poupon
et al. (2007, 2008b) on both the MPI and CEA datasets. We can see
that at the beginning of the acquisition, the MSE associated with
the method from Poupon et al. (2007, 2008b) is an order of magni-
tude higher than our proposed method. Our method yields a lower
MSE for every iteration in the acquisition until both methods con-
verge to the optimal offline estimation at the last iteration.

To make a visual comparison between the two algorithms, we
have generated ODF visualizations for a small region within a sin-
gle axial slice of each dataset. The locations of the regions are
shown in Fig. 10. Axial slice number 36 was chosen in both data-
sets and the ROIs were chosen in fiber crossing regions from the
genu of the corpus callosum with peripheral fibers from the lateral
cortex. In Figs. 11 and 12 we show the evolution of the ODFs under
both algorithms next to the optimal estimation at that iteration for
the MPI and CEA datasets respectively. We should note that the
MPI HARDI data has an very high SNR, estimated to be roughly
37 (since 3 averaging) in the white matter, so the visual difference
between the optimal estimation using 15 versus 60 acquisitions is
Fig. 9. Mean squared error between the SH coefficients of the final offline
estimation and each iteration’s Kalman filter output. This graph compares our
proposed Regularized Kalman filtering method to the method proposed in Poupon
et al. (2007, 2008b). We can see that our proposed algorithm is superior at every
iteration with the largest differences coming in the first half of the acquisition. In
order to show the important features, the tops and bottoms of the plots are on
different scales.



Fig. 10. The Kalman filtering methods are visually compared in Figs. 11 and 12 on small regions of the MPI and CEA data respectively, illustrating fiber crossing regions from
the genu of the corpus callosum with peripheral fibers from the lateral cortex.

Fig. 11. Visualization of the ODFs computed from the MPI data by (left) Optimal least squares solution (middle) our proposed Regularized Kalman filtering method, and
(right) the method proposed by Poupon et al. (2007, 2008b). The ODFs are shown after 15, 20, 30, and 60 diffusion gradient acquisitions (top to bottom).
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very small. Thus, this is an excellent example showing visually that
the Kalman filtering method from Poupon et al. (2007, 2008b) is
sub-optimal. After 15 acquisitions, the optimal estimation is very
good and close to the true ODFs, but the method of Poupon et al.
(2007, 2008b) is clearly quite far from optimal and in fact has very
little in common visually with the true ODF field. After 20 acquisi-



Fig. 12. Visualization of the ODFs computed from the CEA data by (left) Optimal least squares solution (middle) our proposed Regularized Kalman filtering method, and
(right) the method proposed by Poupon et al. (2007, 2008b). The ODFs are shown after 20, 40, 60, and 80 diffusion gradient acquisitions (top to bottom).
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tions, the two methods are visually much more similar, but numer-
ically still much different, and we see that by 60 acquisitions, they
both converge to the optimal solution. For the CEA data, the ODFs
become visually indistinguishable after about 60–80 acquisitions.

To validate that the algorithm is indeed real-time, we measured
the execution time for the CEA dataset. The total processing time to
update the Kalman filter across the entire volume (i.e. all slices)
after a new acquisition was approximately 6.23 s for both our algo-
rithm and the method from Poupon et al. (2007, 2008b). As this is
less than the repetition time of 12.5 s stated in Poupon et al. (2007,
2008b), both algorithms are truly real-time. The important differ-
ence between the algorithms is not the execution time, but that
our proposed method solves the correct minimization problem at
each iteration and hence provides a better estimation of the ODFs.
For the test, both algorithms were implemented in C++ and exe-
cuted on a 64-bit Linux machine with a dual-core 3.4 GHz proces-
sor and 3.0 GBytes of RAM. However, the code was not written to
take advantage of a multi-core processor and it was verified during
the test that only one processor was being used. Theoretically, it
would be possible to improve the performance by parallelizing
the code, but this has not been investigated. We should note that
we have defined real-time as the ability to produce the spherical
harmonic coefficients of the ODF in real-time. In many applica-
tions, especially in a clinical setting, visualization is very important
and one’s definition of real-time depends on the applications at
hand. Visualization is a very computationally intensive process
and on a single workstation cannot be done in real-time. Further
work could be aimed at implementing this algorithm on a cluster
of workstations so that visualization could also be performed in
real-time.

Another topic for future work is the issue of the true Rician nat-
ure of the noise in the diffusion weighted images (Sijbers et al.,
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1998, 2006, 2007). In this work we have modeled the noise as
Gaussian because it is required by the linear Kalman filter. At high
SNR, the Gaussian distribution is a good approximation to Rician
noise, but the approximation is poor at low SNR which is typical
of diffusion MRI. We can see these differences in the quality of
the estimations between the MPI and CEA datasets. The MPI data
is acquired by averaging three measurements per orientation.
Firstly, this lowers the noise variance, and secondly, from the cen-
tral limit theorem in probability theory we know that the average
of identically distributed random variables will tend to a Gaussian
distribution. Thus, the noise in the MPI dataset is well modeled by
a Gaussian distribution whereas the noise in the CEA data is not.
The incorporation of the Rician noise model into a recursive filter-
ing algorithm would likely yield better results for data with low
SNR than the linear Kalman filter used in this work. However, this
is a topic for future research.

6. Conclusion

We have developed a truly incremental regularized Kalman fil-
tering algorithm for real-time processing of diffusion magnetic res-
onance Q-ball imaging. This method allows for real-time
estimation of the orientation distribution function (ODF) during
an ongoing MRI scan. We have validated that our proposed method
is equivalent to the standard offline processing techniques and is
therefore fit to be used as a real-time processing algorithm in
MRI acquisitions. We have also analyzed the only other proposed
method known to the authors (Poupon et al., 2007, 2008b) and
have shown that it is sub-optimal and not truly an incremental
solution. We have also proposed a fast algorithm for incrementally
generating orientation sets that have uniformly distributed or-
dered subsets. Our results are encouraging and open some new
exciting challenges and perspectives. For instance, the problem of
motion and distortion correction is a challenge in practice and
could potentially be tackled in real-time. These motion and distor-
tion artefacts can be induced by the patient’s motion during acqui-
sition and from different DWIs depending on the applied gradient
(Rohde et al., 2004). Other applications of real-time Kalman filter-
ing for Q-ball imaging are numerous. It could be used to provide
clinicians with a quality measure of the acquisition after each dif-
fusion measurement and provide a stopping condition for the
acquisition. This could shorten many HARDI acquisitions and re-
duce the probability of having to abort the acquisition due to mo-
tion of the patient.

Aside from its obvious clinical applications, this real-time Kal-
man filtering framework will likely prove to be a useful tool for
investigations into optimal diffusion gradient orientation sets,
real-time fiber-tracking and connectivity mapping. Finally, our cur-
rent linear Kalman filtering framework can be extended to incorpo-
rate non-linear methods that take the physical positivity constraint
of the diffusion signal into account. These methods reconstruct the
fiber orientation density (FOD) with spherical deconvolution
(Tournier et al., 2007; Jian and Vemuri, 2007), producing sharper
ODF profiles at the cost of much higher computational time. It
would thus be useful to compute such profiles in real-time. How-
ever, due to real-time processing constraints, these profiles could
be computed only in regions of fiber crossing and the linear models
used elsewhere. We are currently working towards achieving these
objectives.
Acknowledgements

This work was partly supported by the INRIA ARC Diffusion MRI
Program, the INRIA Internship Program, the Odyssée-EADS Grant
#2118 and the Association France Parkinson for the NucleiPark
project. We express our sincere thanks to Cyril Poupon, Fabrice Po-
upon and colleagues for their help and for providing us the CEA
Dataset. We are also grateful to Alfred Anwander and his col-
leagues for their help in providing us the MPI HARDI data.

Appendix A. Pseudo-inverse of Bþ

First we remind the reader that the pseudo-inverse exists and is
unique for every matrix. For an invertible matrix, the pseudo-in-
verse coincides with the actual inverse. Furthermore, the pseudo-
inverse is a reversible process and is its own inverse (i.e. ðAyÞy ¼ A).

We also recall the following results concerning the computation
of pseudo-inverses.

Lemma 1. Let A be an m-by-n matrix. If the columns of A are linearly
independent then the pseudo-inverse of A is

Ay ¼ AT A
� ��1

AT

Proof. Since the columns of A are linearly independent, RankðAÞ ¼
n. Now, AT A is an n-by-n matrix with RankðAT AÞ ¼ RankðAÞ ¼ n
thus AT A is a square matrix with full rank and is therefore invert-
ible. It is now easy to verify that the above formula satisfies the
definition of the pseudo-inverse. h

Lemma 2. Let A be an m-by-n matrix. If the rows of A are linearly
independent then the pseudo-inverse of A is

Ay ¼ AT AAT
� ��1

Proof. The proof is exactly the same as Lemma 1. h

Now, we will derive a closed form formula for Ak ¼ BT
k Bkþ

��
kLÞ�1BT

kÞ
y. We first show that BT

k Bk þ kL
� ��1

BT
k has full rank. For

this, we will rely a bit on the physical process we are modeling.
First, we need to take k large enough such that the system
yk ¼ Bkx is an overdetermined linear system (i.e. k P n). In the case
of ODF estimation using a spherical harmonic basis of order 4 this
means k P 15. In this case, it is easy to see that Bk has full rank
since if it did not, then a column of Bk could be eliminated which
would imply that one of the spherical harmonic basis functions
is redundant, violating their orthogonality. It follows that BT

k Bk is
non-singular and therefore positive definite. Now we will make
some assumptions on L. Given that it is the weighting matrix for
a penalty of the form xT Lx on the state variable, we can without
loss of generality assume that L is symmetric and positive semi-
definite. Therefore, the sum BT

k Bk þ kL is positive definite and
hence non-singular (invertible). And since Bk has full rank, the im-
age of BT

k has dimension n so the image of ðBT
k Bk þ kLÞ�1BT

k has
dimension n and therefore has full rank.

Now, since BT
k Bk þ kL

� ��1
BT

k has full rank, its rows are linearly
independent, so we can use Lemma 2. We have

Ak ¼ BT
k BkþkL

� ��1
BT

k

� �T

BT
k BkþkL

� ��1
BT

k

� �
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� ��1
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k

� �T
" #�1

¼BN BT
k BkþkL

� ��1
ðBT

k BkþkLÞ�1 BT
k Bk

� �
BT

k BkþkL
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� 	�1

¼Bk BT
k BkþkL

� ��1
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k BkþkL
� �

BT
k Bk

� ��1
BT

k BkþkL
� �

¼Bk In�nþk BT
k Bk

� ��1
L

� �
ðA:1Þ
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Appendix B. Analysis of Kalman filtering from Poupon et al.
(2007, 2008b)

We will derive a formula here for DT
k Dk

� ��1
DT

k . First, we have

DT
k Dk

� ��1
¼ Bk þ kBk BT

NBN

� ��1
L

� �T

Bk þ kBk BT
NBN

� ��1
L

� �" #�1
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k Bk þ kL BT

NBN
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k Bk þ kBT
k Bk BT
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� ��1
L

�
þk2L BT
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k Bk BT
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� ��1
L
	�1
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and
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k ¼ Bk þ kBk BT
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L
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k þ kL BT
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� ��1
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Combining the above two equations we have

DT
k Dk

� ��1
DT

k ¼ BT
k Bk þ kBT

k Bk BT
NBN

� ��1
L

� ��1

BT
k ðA:2Þ
Appendix C. Matrix inversion formula

In the following lemma, we will prove a useful result used to de-
rive a recursive formula for the Kalman gain matrix.

Lemma 3. Let A;B;C be n� n, m�m, and n�m matrices respec-
tively such that A, B, ðA�1 þ CB�1CTÞ, and ðBþ CT ACÞ are nonsingular.
Then

A�1 þ CB�1CT
� ��1

¼ A� AC Bþ CT AC
� ��1

CT A

Proof. By direct computation, we have

A�1 þ CB�1CT
� �

A� AC Bþ CT AC
� ��1

CT A
� �

¼ A�1A� A�1AC Bþ CT AC
� ��1

CT Aþ CB�1CT A

� CB�1CT AC Bþ CT AC
� ��1

CT A

¼ In�n � CB�1 B Bþ CT AC
� ��1

þ CT AC Bþ CT AC
� ��1

� �
CT A

þ CB�1CT A

¼ In�n � CB�1 Bþ CT AC
� �

Bþ CT AC
� ��1

CT Aþ CB�1CT A

¼ In�n � CB�1CT Aþ CB�1CT A ¼ In�n �
Appendix D. Formula for Kalman filter covariance matrix

For completeness, we will reproduce here a result from the
exercises in Chui and Chen (1987). In particular, we will show that
E x� x̂0
k


 �
x� x̂0

k


 �T
h i

¼ BT
k W�1

k Bk

� ��1

Recall that x̂0
k is the optimal state estimate for k ¼ 0 and that under

the Gaussian noise assumption of the Kalman filter, we are model-
ing the observations as

yk ¼ Bkxþ gk

where gk is a Gaussian random vector with covariance matrix

E gkg
T
k

� �
¼Wk

So, we have

E x� x̂0
k


 �
x� x̂0

k


 �T
h i
¼ E x� BT

k W�1
k Bk

� ��1
BT

k W�1
k yk

� �
x� BT

k W�1
k Bk

� ��1
BT

k W�1
k yk

� �T
" #

¼ E x� BT
k W�1

k Bk

� ��1
BT

k W�1
k Bkxþgkð Þ

� ��
� x� BT

k W�1
k Bk

� ��1
BT

k W�1
k Bkxþgkð Þ

� �T
#

¼ E BT
k W�1

k Bk

� ��1
BT

k W�1
k gk

� �
BT

k W�1
k Bk

� ��1
BT

kW�1
k gk

� �T
" #

¼ BT
k W�1

k Bk

� ��1
BT

k W�1
k E gkg

T
k

� �
W�1

k Bk BT
k W�1

k Bk

� ��1

¼ BT
k W�1

k Bk

� ��1
BT

k W�1
k WkW�1

k Bk BT
k W�1

k Bk

� ��1

¼ BT
k W�1

k Bk

� ��1
BT

k W�1
k Bk

� �
BT

k W�1
k Bk

� ��1
¼ BT

k W�1
k Bk

� ��1
Appendix E. Formula for Kalman filter gain matrix

For completeness, we include another result concerning the
Kalman gain matrix. We will show that

Gk ¼ PkCT
k R�1

k ¼ Pk�1CT
k CkPk�1CT

k þ Rk

� ��1

Using the result from Appendix C we have
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