636 F=224+¢y3+2-1=0

DF = [2x, 3y?, 1]

This gives a normal vector to the manifold at each point, since it never vanishes. A two form that
orients the manifold is given by

2 | |
det | 3y> v v
|
2zdy A dz + 3y*dx A dz + dx A dy
1 0
6.3.7drANdz| 0 1 | =2>0
1 2

This is a direct basis.
b. dx A dz(wy,ws) =14 >0
wy, = 2’1)1 - 31}2

wg = V1 + 203

2 1
det{ 3 9

_ 2 3 _ -1 2
C. V1 = FWi + FW2 V2 = =W + FW2
—1

det[z 5}=%>0
7

]:7>O

7
6.3.11 x% — x% = T3, 201%2 = X4
21‘1 —2%2 -1 0
29 211 0 -1
(422 + 423)dx3 A dzy + 2200dwo A dvg — 221d3o A d3 — 229d2y A dXs + doy A dvg
b. To get tangent vectors out of this, we could find the kernel of DF' or we could also notice that the
equations give us a nice parameterization.

prI= |

n(x1,z2) = (w1, 2, 25 — 23, 221 22)
D177 = (170721'132502)
DQ’I] = (0,1,—2,’172,23’51)

So we can see that dxy A dxo(D1n, Dan) = 1 so this orients the manifold. All other elementary two
forms vanish at some point.

6.3.14 n(0, ) = (cos(#) sin(¢), sin(#) sin(¢), cos(¢))

D1n = (—sin(0) sin(¢), cos(9) sin(¢),0) Don = (cos(8) cos(¢), sin(0) cos(¢), — sin(¢))

Note that this is not a basis for T, M if sin(¢) =0

dy A dz(D1n, Dan) = —sin®(¢) cos(6)

This equals 0 if ¢ = 0,7 or 6 = 7, 37”

Ifo=3, 37” then x = 0, so the form disappears here.

If sin(¢) = 0,7 then z = +1. The tangent space at these points can be given as the span of the basis
vectors span((1,0,0),(0,1,0)). We see that dyAdz((1,0,0),(0,1,0)) = 0. It is necessary to check these
points this way since our parameterization does not give us the tangent space at these points.
2?4yt 42 =1

DF = 2z, 2y, 2Z]

The unit normal is given by [x,y, 2] and so the forms agree at the point (1,0, 0)



6.3.15 x4 = 27 + 23 + 23

Df =2z, 2x9, 2x3, —1]

We can get the tangent vectors out easily by looking at this as a parameterization
n(z1, w2, 23) = (v1, 72, 73,73 + 23 + 23)

Din=(1,0,0,2x1) Dan = (0,1,0,225) Dsn = (0,0,1,2x3)

So dxo A dxs A dzy disappears at the origin, which is on the manifold. Therefore this 3-form does not
provide an orientation.

dxo A dxs A dxy (D1, Dan, Dsn) = 1

dxo A dxy A dxs(Dyn, Dan, D3n) = —1

6.41 22 +y%>—-22=0

Df = [2z, 2y, —22]

This gives the ”outward” normal.

w =2xdy Ndz — 2ydx N\ dz — 2zdx N\ dy

n(r,0) = (rcos(8), rsin(f), r)

Dyn = (cos(9), sin(), 1) Dan = (—rsin(d), r cos(), 0)
w(D1m, Dan) = —4r? < 0

This parameterization is orientation reversing.
6.4.4 x4 = x12273, 0 < 21, 20,23 < 1

w=dx1 Ndxs \dzs

77($17332,9€3) = (901,172,$3,$11329C3)

1 0 0
Dn = 0 1 0
T2Z3 T1T3 T1T2
w(Dn)=1>0

So n preserves orientation.

Jg@3day AN dxg ANday = [(x3dey A dog A day)(Py(z)(Dn)deydeades = (fol tdt)® = &

6.4.8 Let M be an oriented manifold and n : U — M be a parameterization of an open subset of M
with U connected. Assume that 7 is orientation preserving at x¢ € U with the orientation given by w.
For any other point 21 € U there is a path h : [0,1] — M which connects zg, ;. Consider the function
g:10,1] = R, g(t) = w(Pr(s), Dn). We know that g(0) > 0 and g(t) # 0 and g is continuous so by the
Intermediate Value Theorem g(1) > 0.

6.5.1

1. a,l,j are the same

b,i are the same

d,h,k are the same

c,e,f are the same.

Some of these are different since the are talking about the differential form itself, or the differential
form which has been applied to a set of vectors.



6.5.2 Wr, = 22dx + (zvy)dy — 2dz

Wg, = 22dz + zydy + xdz

O, = 2?(dy Adz) — xy(de A dz) — z(dx A dy)
Op, = 2%dy A dz — xydx A dz + xdz A dy

b. (zy, —y?)

(y,2, —3x)

c.

(3y, 2%2,22%)
(—22z3, —w273,0)

6.5.3

a. This is a two form ®(P,(v1,v2))

b. f should be a vector field W

c. pis a 3-form.

p(Pr(u, v, w))

d. vy o (vy X v3)

e. This is fine.

f. &z = Fidy ANdz — Fadx A dz + Fzdx A dy
g. Work is a one form Wgz(P,(v1))

h. Density takes a function pf

i. Correct as written.



