524 aF((x,y,z)) = ;[;2 —|— y2 + Z2 — QR\/W_'_ R2 _ 7,2 — O

_ _ _2Rzx _ _ 2Ry
DF =2z Weze 2y Tt 2z2]
; : e _ _ 2Rz — _2Ry
This fails to be onto if z = 0,2z = Wezrert 2y = Tty

If z=0 then 22 + y? = (R —r)? or 22 + 4% = (R +r)?, and in particular \/:;Tyz # 1. The only way
for DF' to now fail to be onto is if (z,y,2) = (0,0,0) which is not on the torus r < R
b. An embedding is
n(0,®) = (Rcos(0) + r cos(8) cos(¢), Rsin(0) + rsin(f) cos(¢), rsin(e)), 8, ¢ € [0, 2m)
c.
z>0,sin(¢) >0,0<p<m
r>0,y>0,0<0<3
z > x4y, rsin(¢) > Rcos(f) + rcos(d) cos(¢) + Rsin(f) + rsin(f) cos(¢)
5.3.1 v(t) = (r(t),0(t)) In polar coordinates.
V(t) = (r(t) cos(0(t)), r(t) sin(0(t))
Dy = (r' cos(0) — r@’ sin(8), r’ sin(0) + 0’ cos(6))
Det([Dy])T[DA]) = r'? + 26”2
Det([DA]T[DA)dt = 7 i + r267dt
b. L= [ VaZe 2ot 4 ¢=20tgt = 1= "2 /02 1 ]

e}

c. We can see that lim, .o L(a) = 7%2"‘1 < oo. The tangent sweeps through a whole circle everytime
a increases by 27 so this continues to spiral in towards the origin, but the entire curve had a bounded
arc length.

5.3.3 v(t) = (rsin(¢) cos(0), rsin(¢p) sin(), r cos(¢))
L= f; \/r’2 + 7202 4 1260"2 sin® (@) dt
b. y(t) = (cos(t), tan(t), 5 —1t)

The integrand is \/sin2(t) + cos2(t) + cos?(t) sect (t) sin*(Z —t) = V2 L(a) = Jo V2dt = a2

5.3.5
2 2 2 2
y(2,y) = (2,9, % + %) det([DN'[DA]) = 1+ % + -

z 2 3y/a2—z2/4 z
S=/, 1+%+%|dwdy|:f_;af_ l—i-jz—l-%dydx

3yv/a%—z2/4
b. The region in (a). can be described as the image of the region S = {(z,y,2)|z? + 3?> < 2z < @?}
2 0 0
under the transformation T 7T =] 0 3 0
0 0 1

The volume of V' is Vol(V') = det[T]vol(S) = 6vol(S)

Vol(s) = 027T Iy ff rdzdrdf = ”7“4
Vol(V) = 3ma*



5.3.7

a.n((¢,0)) = (asin(¢) cos(8), bsin(¢) cos(8), ccos(d))

b.

N 0277 \/a2b2 cos?(¢) sin’ (@) 4 ¢2 sin*(¢) (b2 cos2(6) + a2 sin?(6))dhdo
6.1.1 0-forms ¢ = 1

1-forms dx1, dxo, dxs

2-forms dxi A dxo,dxy A drs,dxs A dxs

3-forms dxq1 A dxo A dxs

b. Here I'll use some quick notation to get through the lists. (i,j,...) = dz; A dz;...
0-form 1
1-forms (1) (2) (3) (4)
(1,2) (13) (14) (23) (2.4) (3.4)
3-forms (1,2,3) (1,2,4) (1,3,4) (2,3,4)
4-forms (1,2,3,4)
c. There are 5 elementary 4 forms on R® (1,2,3,4) (1,2,3,5) (1,2,4,5) (1,3,4,5) (2,3,4,5)
2. (dxs A dxg Adxy)(vi,v2,v3) = 4.
3.dy ((1,2)) = 6
6. a. dxy A dxo(vy,ve) =3

b. Silliness. There is no dxs

2-forms

c. Silliness. A 2-form takes 2 vectors, not 3.
d. Silliness. No x4

e. Silliness A 3-form takes 3 vectors.

f. (dxy Adzg A das)(vy,ve,v3) = det(vy, va,v3) = —35
7. a. O-forms 1

1-forms 4

2-forms 6

3-forms 4

4-forms 1

b. R® 1-forms 5

2-forms 10

3-forms 10

4-forms 5

5-forms 1

c.dim(A3(E)) = ( : ) _ 35
d. dim(A3(E)) = 1

6.1.13

© AN Y(v1,v2,03,04) = p(v1,v2)Y(v3,v4) — ©(v1,v3)Y(v2,v4) +p(v1,04)1(V2,v3) — @(v2,v4)Y(v1,v3) +
©(v3,v4)P(v1,v2) + @(v2,v3)P(v1,v4)



