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546 Infinite Series Cli. 13 Sec. 13.3

The convergence or divergence of a series can sometimes be deduced from thç
convergence or divergence of a closely related imjiroper integral.

Theorem 13.3.2 The Integral Test
1ff is continuous, decreasing, and positive on [I, oo)4hen

~ 2 f(k) converges 1ff Jf(x) dx converges.

as, decreasing, and positive on [1, 00) I M P Lies
fmJ f(x) dx converges if the sequence jj f(x) dx1 1

PROOF. fcontin

converges.
‘p

We assume this result and base our proof on the behavior of the sequence of inte- j
grals. To visualize our argument see Figure 13.3.1. 45

4
ff(x)dx fW+”~+f(n—l) J

______ ______ I
f(2)+---+f(n)

123 4...n—ln a
FIGURE 13.3.1

1 2 3 4 . . . a—In

Applying t
Example.

(13.3.3)

PROOF. TJ
[1, co). We]

By the integ

The next i

Example~ (:

(13.3.4)

PROOF. lip
(13.2.5), the
tionf(x) = 1,

• the integral ti

Earlier you 5;

It follows tha

Sincef decreases on the interval [1, n],
4-
f(2) + . . . +f(n) is a lower sum forf on [1, ii]

a
and

f(l) + . . . +f(n — I) is an upper sum forf on [1, ii].
Consequently -

~)f(2) + +f(n) ≤ Jf(x) thr5 and ff(x) dx≤f(1) + +f(n —1)
1 1 4?

Ii ~ ~ If the sequence of integrals3c~iverges, it is bounded. By the-firstinequality the
• +~ ~ ~j~of partial sums is bounded and the series is therefore convergent.Il • -‘ ~ Suppose now that the sequenccteintegrals diverges. Sincefis positive, the se- .~J.

quence of integrals increases:
mn+i-I f(x)dx< I f(x)dx.

Since this sequence diverges, it must be unbounded. By the second inequality, th6 ~
sequence of partial sums must be unbounded and the senes divergent C

Example. He

diverges. We -

f~iete:mcom
Vibrates are salt



GROUP WORK 2, SECTION 11.3
) Unusual Sums

In each of the following problems, determine if the sum converges, diverges, or if there is not enough infor
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