Solutions for HW 1 due Wed Sept 19:

1.1.7 (i) Notice that for any B C Q we have B = B U@ with P()) = 0. It follows that
F C FP. In particular, Q € F?.

(ii) If Dy, Dy, ... € F¥| then, for some C,, B, € F and A, C B,, we have D,, = C,, U A,
and P(B,) = 0. Then |J,, D, = C U A, where

c=JCneF, A=JA.cB:=JB.e7F

and
P(B) <) P(B,) =0.

Hence |J,, D, € F*.

(iii) Notice that A € F? if A has zero probability (A =0U A, AC B e F, P(B) = 0).
Also notice that any subset of a set of zero probability has zero probability.

Now, if A has zero probability: A C B € F and P(B) = 0, then B\ A C B and by the
above B\ A € F¥. From A= B°U (B \ A) and (ii) we infer that A° € F”.

For general C = DU A € FF with D € F and A being a set of probability zero, we
have C¢ = D¢ N A¢, where A° € F¥ that is A= BU N, with B € F and N having zero
probability. Then C¢ = (DN B)U (D°*N N), where D°NB € F and D°N N C N has zero
probability. It follows by definition that C¢ € F¥ and we are done.

1.1.9 We take for granted that
e f is a continuous nondecreasing function, f(0) =0, f(1) = 1;
eIfz,y€l0,1], x #y, and f(z) = f(y), then f(x) is a rational number;
e If z € [0,1] is irrational, then f~!(z) € K, where K is the Cantor set having Lebesgue
measure zero.
First we prove

Lemma HW1.1. For any Borel B C [0,1], f(B) is a Borel subset of [0,1].

Proof. As usual we denote by ¥ the collection of all subsets of [0, 1] whose image under
mapping f is Borel. It turns out that X is a o-field.

We start to check the definition of o-field by noticing that [0, 1] € ¥ since f([0,1]) = [0, 1].
Furthermore, obviously, for any family (B,) of subsets of [0, 1],

F(UBa) = £(Ba).

Therefore, if By, B, ... € %, then |, B, € ¥. To finish proving that X is a o-field it only
remains to check that B¢ € ¥ if B € X..
To do this step first observe that for any set B C [0, 1]

F(B°) = ([0,1]\ f(B)) U (f(B) N £(B°)). (HW1.1)
Indeed, if z € f(B¢), then either z € f(B), in which case z € f(B) N f(B°), or x &€ f(B)
that is € [0,1] \ f(B). In both cases x belongs to the right-hand side of (HW1.1). On the
other hand, if = belongs to the right-hand side of (HW1.1), then either x € f(B) N f(B°), in
which case z € f(B¢), or else x ¢ f(B) but then, since z is the image of a point y € [0, 1],
we have y € B, y € B¢, that is x € f(B°). In both cases x € f(B¢). This proves (HW1.1).
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Next observe that, for any B C [0, 1], the set f(B) N f(B°) is countable, because for each
x € f(B)N f(B°) there are y; € B and y» € B° such that x = f(y1) = f(y2)- Since y; # yo,
x is rational. The countable sets being Borel, (HW1.1) proves that f(B°) is Borel if f(B) is
Borel.

Thus, ¥ is a o-field indeed. Moreover ¥ contains all closed subsets of [0, 1] since the
continuous image of a compact set is compact. It follows that ¥ contains the Borel o-field
on [0, 1], which is exactly what is asserted in the lemma.

Now, let C' be a non Lebesgue measurable subset of [0,1]. We have to prove f~'(C) is
not Borel. But if it were, due to C = f(f~!(C)) and Lemma HW1.1 we would have that C
is Borel.

Finally, assume C' does not contain rational points. Then f~!(C') C K, and, since K has
Lebesgue measure zero, so does f~1(C).

2.6 (i)=>(ii). Let a1,as,... € K and, for each integer n > 1, let {af,...,2},,} be a 27"-
net for K. Then in 27 -neigborhood of at least one of z1, ..., x,lc(l) there are infinitely many
members of the sequence ay, ag, .... Number them as a,1,1), @n(1,2), ... Notice that

n(17 7’) Z 7;7 ‘a’n(l,i) - an(l,j)' S 1 Vl,]

Next in 272-neigborhood of at least one of {27, ..., xi@)} there are infinitely many members
of the sequence 1,1y, Gn(1,2), -... Number them as a,(2,1), an(2,2), ... Notice that

{n(2:1)7n(2:2)7} C {n(l,l),n(l,?),}, n(27l) > n(lal): |an(2,i)_an(2,j)| < 1/2 Vl;j

By continuing in this way, for £ = 1,2, ..., we construct sequences {an(k,1), Gn(k,2), ---} enjoying
the following properties: {n(k +1,1),n(k+1,2),...} C {n(k,1),n(k,2),...},

n(k,i) >4,  |angmi) — Gl <275 Vi, 4.

Then |ankr) — Anirry| < 27 if k7 > m, so that {anr), & = 1,2,...}, is a Cauchy sequence
and, since n(k, k) — oo, it is as subsequence of {a1, as, ...}. The sequence {a, ),k =1,2,...}
converges to a point ¢ € X (X is complete). Since K is closed, this point belongs to K.

(ii)==(i). If for an & > 0 there is no finite ¢ > 0-net for K, then take any z; € K, notice
that {1} is not a e-net for K so that there is a 2, € K\ B°(x). Furthermore {z1,z5} is not
a e-net for K so that there is a 3 € K\ B2(z;) \ B2(z2). In this way one can find infinitely
many different z1,z,... € K, such that |z; — z;| > ¢ for ¢ # j. But then, obviously, this
sequence does not have converging subsequences let alone converging to a point in K. One
also easily proves the fact that K is closed.

1.2.13 One has (1.2.6) since « is irrational so that ma is not an integer and exp(i27rma) #
1. Next, each continuous 1-periodic function f can be uniformly approximated by 1-periodic
trigonometric polynomials. On 1-periodic trigonometric polynomials one has (1.2.7) due to
(1.2.6) and the fact that (1.2.7) is obvious if f is constant. To finish proving (1.2.7) for
continuous 1-periodic functions one observes that, for any 1-periodic trigonometric polyno-
mial g,

n—oo

1 n
fim |/0 F@)dy— =53 o+ k)| < I
k=0

n—oo

1 n
+ lim |/ g dy — 25 gla+ka)|+ L =1, + I,
0 k=0



where

1:—|/f ) dy - / y)dy| <sup|f — gl,

nh_)n()lo‘nHfoJrka n+1ng+ka)‘<sup\f ql.
k=0
Let {y} denote the fractional part of y. For l-periodic functions, the sum in (1.2.7) is
obviously the integral against the probability measure p, which charges each point {z+ ka},
k =0,...,n, with mass 1/(n + 1). By the way, {z + ka} # {z + ja} if k # j since « is
irrational. We claim that pu, — £ that is

| 1) () - / f) dy (HW1.2)

for all continuous functions f given on [0,1]. By the above we have this converegence if
additionally f(0) = f(1), in which case f is the restriction on [0, 1] of a 1-periodic continuous
function.

There are few ways to do this. For instance, one can approximate any continuous function
f given on [0, 1] with continuous functions g satisfying g(0) = g(1) changing f only near the
points 1 and 0. Then

T | [ rwmn ~ [ s < T [ 156~ o)l i) + [ 170) - o)l .
(HW1.3)
Furthermore, one can arrange to have a continuous and 1-periodic function A such that
|f(y) —g(y)| < h(y). Then, due to (HW1.2), the right-hand side of (HW1.3) is less than
fol h dy, which can be made arbitrary small.
Another a little bit more inspiring way to prove (HW1.2) starts by wrapping [0, 1] around
a circle. In other words, take g(y) = exp(i27y) and notice that g takes equal values at end
points of the interval [0, 1] and maps it continuously onto the unit circle which we denote by
A. For any continuous function h on A, upon substituting f(y) = h(g(y)) in (HW1.2) and
using Theorem 1.1.13, we get

/A h(2) g~ (d2) — /A h(z) g~ (d2). (HW1.4)

1 1 1

Hence p1,g~" = £g~'. As everybody knows, £g~! is proportional to Lebesgue measure on
the unit circle and therefore, due to Corollary 1.2.12, we have that (HW1.4) holds for any
Borel Riemann integrable function A, that is, for any such function,

/O 1 h(g(y)) pa(dy) — /O 1 h(g(y))h(y) dy. (HW1.5)

Now, for any continuous f given on [0, 1], one can choose h discontinuous at most at only
one point z = 1 such that h(g(y)) = f(y) if y # 1,y # 0. Then one gets (HW1.2) from

(HW1.5) since pn ({0}) = pn({1}) = 0.
We conclude doing this exercise by using Corollary 1.2.12 which shows that (HW1.2)

implies that fol f in(dz) — fol fdz if f is the indicator of an interval.



1.2.14 By the provided hint Ny(n) is the number of ¢ = 1,...,n such that & + log,;, b <
ilogy 2 < k+logyy(b+1) for some integer k, that is, in the notation from above, the number
of i =1,...,n such that

log,, b < {ilog,,2} < log;y(b+1).

Since log,, 2 is irrational, the previous exercise yields that N,(n)/n — logy(b+ 1) — log,, b
> 0.
1.2.15 First notice that

sup  f(y), inf f(y)
yily—al<e vily—al<e
are monotone functions of €. Therefore f and S from the hint are well defined.

If f(z) < ¢, then there exist 6, > 0 such that SUDy.y_g(<e f(y) < ¢ — 4, that is in the
e-neigborhood of z we have f(y) < ¢ — 4. Then obviously f(y) < c¢—d < ¢ implying that
the set {z : f < c} is open for any c and f is a Borel function. Similarly, f is Borel and
A:={z: f(z) # f(z)} is a Borel set.

Next, the inclusion A C A is obvious. To prove the opposite observe that if z € Ay, then
either the limit of f(y) as y — = does not exist, in which case

fla) > Ef(y) > leijnlf(y) > [f(z),

or the limit exists but is different from f(z). Let g denote the limit. If g < f(z), then
f(x) = f(z) > g = f(x). In the remaining case g > f(x) we again have f(x) > f(z). Thus
A C A.

Solutions for HW 2 due Wed Oct 3:

1.1.10 (ii) Denote X = {B : B C X,{7!(B) € f} First Q = £71(X) € F, therefore
X € 3. Next by part (i), if B € 3, then £71(B¢) = (£71(B))¢ € F since {1(B) € F. Finally,
again by part (i), if By, B, ... € ¥, then £71(UB,) = U™ (B,) € F since £71(B,) € F.
Hence UB,, € X.

1.3.3 Denote by ¥ the family in question. First, for any fixedt € T, X* = {z. : 2, € X} €
Y. Next if B™ ¢ 8", B(’C € B ty,.tn, 51,50 €T, Oy = {z. : (z4,,...,2,) € BM},

Cy = {z.: (x5, ..., 75,) € B®}, then B™ x B*) € B"+* and
CiNCy={z.: (Tty, s Tty Tsyy ey Ty, ) € B™ *)1 e ¥
Finally, C¢ = {x. : (z4,,...,2,,) € X"\ B™} € 3.

1.3.5 Let X be the set consisting of only two numbers —1 and 1. Then any continuous
X-valued function on [0, 1] is identically equal either to —1 or to 1. However there is no
countably many points t1, ts, ... € [0, 1] such that any function z. on [0, 1] satisfying xfk =1
for all k£ also satisfies ; = 1 on [0, 1].

1.4.11 By formula (3), if ¥k > n and |t — s| < 27 and ¢, s are binary rational, then

7 — 2] < g(27%) +2 Z g(27™) <2 Z g(27™).



Since ¢ is increasing, we have

9(a) = g(a)(ln(b/a))_l/ y~dy < (1n(b/a))_1/ y~'g(y)dy Vb>a>0,

g2 s;(h12)‘1/£ ylg(y) dy.

Thus, |7; — x| < NG(27F*1) if k > n, [t — s| < 27% and ¢, s are binary rational. By taking
k =[—log, |t — s|] for |t — s| < 27™ we get

it —s| <27k 27kl < g olealimsl —ylp — | |z, — x| < NG(4]t — s|).

1.4.13 We have

oo 2Mm-—1

Z P |f (i+1)/2m — &ijom| > ag(2_m)),

=n =0

which by Exercise 12 is less than

= (2/V2m) Y RYVA(27™)algT (272 exp (— a?g? (272 RTH(2T™)).
We transform the last expression by using the definition g(z) = \/R(z)(— Ilnz) which means
that g(2~™)R~Y2(27™) = v/mIn2. Then we find
— 1 2
I=2/V2r)(In2) %) 2™m 227'mIn2) = Na ')y  —=2m-¢"/2),
(2/v2m)(In Z /% exp(—a®2 'm1n2) a T;L —

If a > /2, the last series converges. Therefore, P(€') = 1 that is with probability one there
is an integer n such that for all m > n and ¢+ =0, ...,2™ — 1 we have

|E41)/2m — &ijam| < ag(27™). (HW2.1)

By Exercise 11 for almost any w the trajectory £.(w) is uniformly continuous on binary
rational numbers of [0,1]. Then as in the proof of Theorem 8 we conclude that &; indeed has
a continuous modification. At this moment we notice that

. N 2 . N _
lim B¢, — & < limy Rt = 5)) = 0
since, if the last limit were > 0, the integral defining G' would diverge.

To prove the last assertion in the exercise, it suffices to notice that g(z) = N|Inxz|"/27P/2
is an increasing function on [0, 1] and

G(z) = / vy g(y) dy = N/ 227?12 47 < 0
0 —Ilnzx

if p > 3.
1.4.13 Fix a > v/2. By virtue of (HW2.1) and Exercise 11 we have |& —&,| < NG(4]t—s|)
if ¢, 5 are binary rational and |t — s| < 27™“) where n(w) < oo with probability 1. Since £

is a continuous function, the inequality |&; — §S| < NG(4]t — s|) holds for all ¢, s € [0, 1] such
that [t — s| < 277w,



Solutions for HW 3 due Wed Oct 17:

2.2.5 Since Ew; = 0 and E|w; — ws|? = |t — s|, we can take R(z) = z in Exercise 1.4.13.
Then g(z) = y/z|Inz| and, for z € [0,e '], (change of variables y — e¥)

o0

Gla) = / y g(y)dy = / eV fydy = —2e72 g%+ / e~v/2y 112 gy
0

_Inzx —lInz

<2 x|lna:|+/ e V% dy < 4+/z|Inx|.
—Inz

It only remains to notice that by Exercise 1.4.13 there is a constant N such that for almost
any w one can find an integer n > 3 such that |w; — ws| < NG(4|t — s|) whenever ¢, s € [0, 1]
and |t —s| < 27"

2.2.10 First notice
P{mgst >bw <a}l= P{m<alst > b} — P{mgst > b,wy > a}
and by Bachelier’s theorem
2 L
P{maxw, > b} = P(lw| > b) = — e 12 dg.
{maxw, > b} = P(jun| 2 b) Nor il

Next, if b < 0, then since obviously max,<; ws > wo = 0 (a.s.), we have
1 ° 2
> > q) = >ql= —— —2/2 dg. .
P{I?Salst > b,w > a} = P{w; > a} \/2_7r/a e dx (HW3.1)

Obviously (HW3.1) also holds if a > b.

Thus the only remaining case is b > 0 and a < b. We go back to the proof of Theorem
2.2.3 (Bachelier’s theorem) slightly changing the notation and considering 2% in place on n.
So let m(n) = 22"

=, Q—I}éaﬁm

Similarly to our argument concerning formula (2.2.1) in the proof of Theorem 2.2.3, we
get that, for any integers j < ¢ and 7 > 0,

P{kr<na(x Sk >4 Smn) < J} = P{ max Sk > % Sm(n) > 21 — j}

and since 21 — j > 1,

P{ max Sk >1%,Smm) < j} = P{Smw) > 2i —j}-

k<m(n)
Hence (notice /m(n) =27")
P(C" > 427" & < j27") = P(§] > 2i27" — j27").

It follows that for all binary rational a and b satisfying b > 0 and a < b and all large n (so
that a = j27" and b = i2™" for some integers 7 and j) we have

P(C" > b,&" < a) = P(E" > 2b— a). (HW3.2)
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Now we let n — oo and use Donsker’s theorem (Theorem 2.1.3) which says that the distri-
butions of £ converge to the distribution of w.. We also use the fact that the function

B
o O )

is continuous, so that by a vector-valued version of Exercise 1.2.9 the distribution of

ﬁg%?éia§1)

converges to that of (maxy jwy, w;). Finally, we use the portmanteau theorem (Theorem
1.2.11 (iv)) and conclude from (HW3.2) that

P(maxw; > b,uy < a) = P(w; >2b—a) = —*/2 (HW3.3)

1 o
— e
[051] V 27T Lb—a
if @ and b are binary rational such that b > 0 and a < b and
P(I[%aﬁ(’wt =b) =Plwy=a)=Pw;=2b—a)=0

’

The latter condition is always satisfied since maxp,i) w; and w; have densities. By the same
reasons the expressions in (HW3.3) as functions of a or of b do not have jumps. Hence they
are continuous in ¢ and in b and from the fact that they coincide for all binary rational a
and b such that b > 0 and a < b it follows that, actually, they coincide for all ¢ and b such
that b > 0 and a < b. By combining the above results we obtain what we were after.

2.2.11 Since w; ~ N(0,t) we have Fe*t = exp(A\%t/2) for all complex . This implies
QR(Q) = / eVt W) 2 P(dw) = Be" 12 = 1.
Q
Hence (2, F, @) is a probability space.
Define & = wy — t, take 0 = £y < t; < ... < t, = 1 and compute the characteristic

function of the vector (&;,&:, — &y -y &, — &t,_,) as a random variable on the probability
space (€2, F, Q). This characteristic function is given by

/ expi ) Mel&y — & 1) Qdw) = / e expi Y A&, — &) P(dw)
Q2 k=1 @ k=1

n
— — n — .
= e Y2 inia Mt —te-1) Bt exp g E Ae(wy, —wy,_,)
k=1

= /PTIXia MO ) Bexp Y (14 iAe) (wy, — wi,_,)

k=1
= exp ( - 1/2 — ZZ /\Ic(tk — tkfl) —+ (1/2) Z(l + i)\lc)Q(tk _ tk:71))
k=1 p
= exp (— (1/2) ZAi(tk —ty_1)) = He—(l/Q)Ai(tk—tk_l)'
k=1 k=1

This shows that, on the probability space (2, F, @), the random variables &, , &, —&;,, -, &, —
&:,_, are independent and &, — &, , ~ N(0,tx — tgp—1).



2.3.8 By the law of large numbers 0,,/n — 1 and 0,, — oo (a.s.). Therefore ; is finite, right
continuous, and increasing thus has locally bounded variation. Looking at your homeworks
I noticed that not everybody knows well the theory of integration against such functions.
Therefore, below I dwell on some elements of this theory.

Being finite and increasing 7; defines a unique measure 7 on Borel o-field of (0, 00) satis-
tying 7((s,t]) = 7Tt —my for all 0 < s <t < co. Of course, by [, f(t) dm, we mean Lebesgue
integral f(O,oo (t) m(dt), which is defined for any bounded Borel f with compact support

(that is vanishing outside a finite interval). If f = I(,,, then by definition

/ I(s,t](T) dﬂ'T = / I(s,t](T) 7T(d7“ =Ty — TTg = ZIU<,5 ZIJ<S
0 (0,00)
= Z]s<z7§t = Zl(s,t] (Un)
n=1 n=1

In short

/ r)dm, = ZIB o) (HW3.4)
0

for all B from a 7-system generating B((0, c0). By standard application of A- and 7-systems
one concludes that (HW3.4) holds for all Borel B. By approximating uniformly and Borel
bounded f with compact support by finite linear combinations of the indicators of Borel sets
and passing to the limit we get that

/ " (), = i:;f(an)

for any bounded Borel f with compact support.
For each k& > 2, the function

k
Fty,ty) = exp (i) fls+t+ .. +1,))

n=1

is measurable. Since the joint distribution of (7i, ..., 7) is the product of the distributions
of 7; and 7;’s are iid, by using Fubini’s theorem we easily get

k o0
FEexp (ZZf(S + Un)) =FEF(r,.., 1) = /0 e '®(t) dt,

where
k-1

O(t) = EF(t, 71, ..., 7h-1) = €/ Eexp (i) f(s+t+ 0n)).
n=1
By letting £ — oo and observing that o, — oo (a.s.) (by the law of large numbers), so that
f(s 4+ 0,) = 0 for all n large enough, and by using the dominated convergence theorem we
conclude

ols) = / (s 1ty dr, (p(s)e) = / " O (e to(r)) dr.
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It follows that ¢(s)e™* is differentiable, in particular, continuous along with e (e~t¢(t))
(remember that Lebesgue integral is an absolutely continuous and hence continuous function
of its limits). Also,

(p(s)e™") = —e7O) (e (s)), wwﬂ=0mm—é%wma

where C' is a constant. Next, e/(! —1 vanishes at infinity, since the support of f is bounded.
Therefore,

¢(s) =Cexp(— /Os(eif(t) —1)dt) = Cyexp (/oo(eif(t) —1)dt),

where C is another constant. By using the dominated convergence theorem and the fact that
> f(s+0n) = 0as s — oo (as.), we conclude that ¢(s) — 1 and [ (e’ —1)dt — 0
as s — oo. It follows that C; = 1. Thus,

E exp{i /O h f(t)dm} = exp( /0 oo(eiﬂt) —1)dt) (HW3.5)

for any continuous f which vanishes outside a finite interval.
Now take an integer n > 1, 0 = £y, < t; < ... < t,, and some real numbers Ay, ..., \,.
Introduce a function f by f(t) = Ay if t € (t,_1,%] and f(¢) =0 for ¢t > t,,. Then

/mf@dm=§jawm—ka
0 k=1

Furthermore, for each k, it is easy to construct a sequence of uniformly bounded continu-
ous functions vanishing for ¢ > ¢, which converges at each point to I(;,_, ). Their linear
combinations will converge to f. Then by the dominated convergence theorem we find that
(HW3.5) holds for our discontinuous f. Since /() —1 =377 Iy, | 11(e? —1), this means

n

EZ)\k(ﬂ'tk — Ty, ,) = €xXp (Z(ei’\k — 1)ty — tk—l)) = Hexp ((ei/\k — 1)t — tk,l)).

k=1 k=1

All the remaning assertions of the exercise follow immediately from this formula.

2.3.14 Fix T € [0,00) and let X be the collection of all Borel susets B of (0,7 such that

E / " Is(t) dm, = (B).

By Exercise 3.8 we have that X contains any interval (0,¢] € (0,7]. Also almost obviously
Y is a A-system. Therefore, by Lemma 2.3.18 the Borel o-field of (0,7 coincides with X.
Then of course for any Borel step function f with compact support

E /0 " F) dr, = /0 Tty d. (HW3.6)

By bearing in mind the monotone convergence theorem and remembering that any nonnega-
tive Borel function is the monotone limit of step functions, we conclude that (HW3.6) holds
for any nonnegative Borel function f with compact support.
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Next, if 0 =ty <t; < ...<t, <1and

n

f= Z T ity 10)» (HW3.7)

k=1
then

n

f = Z f(tk)l(tkfhtk] (a‘e‘)

and (cf. (2.3.7)) .

(stoch) / f(t)d(m —t) Zf(tk)[(ﬂtk —tg) — (my,_, — tk—1)]

(usual) / f(t) dmy — /f t)dt (a.s.) (HW3.8)

The set of functions of type (HW3.7) is everywhere dense in Ly(0,1). Therefore if we take
a Borel f € Ly(0,1), we can find functions f,, of type (HW3.7) converging to f in Ly(0,1).
In that case

(stoch) / f(t)d(m —t) —]1m (stoch) / fu(t) d(my — ),
E|(usual)/ f(t) dmy — (usual)/ fu(?) dwt|

1
< Blaal) [ 170~ u@ldme = [ 156) = £0)]di < 1 = Fulls 0
as n — oco. Thus, by passing to the limit in (HW3.8) we get what we wanted.
2.3.21 We have

Eexp(— Z |C((an+17 a’n] EeXp Z ‘wan wan+1 = H bn,

where

by = Eexp(=w1 o) — wiynl) = Bexp(—hur]/y/nn + 1))
2 efcc/\/n(n+1)fcc2/2 diE,

(1 _ e—z/\/n(n—l—l))e—a:z/Z dz

-5,

1_bn:i/°°
vor
3 (- b) \/ﬁ/ Z (1 — e ®/V/rltD))=a%/2 4o

n

Upon noticing that 1 —e™* ~ a as @ — 0 and that > x/y/n(n+1) = oo for any z > 0 we
conclude

Z(l — e ®/VrH)) — oo if 2 >0, Z(l —by) = 00, an = 0.

n n
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Solutions for Midterm, Oct 22, 2001:

1. Denote
2n—1
&n = Z(w(z—}-l)Z n — Ws2 n)
i=0
Then
on—1 o1
Eé-n = Z E(w(i—l—l)Q*" - wi27n)2 == Z 27" =1
i=0 i=0
n—1 on—1
Var§, = Z Var ((w(i1)2-n — Wig-n)°) = Z Var((?‘"ﬂwl)?)
i=0 1=0
on—1
= Var(wf) Z 27 — 2_”Var(wf).
i=0
Hence
ZE —1)? < oo, EZ 00, Z(gn—1)2<oo (a.s.),
n=1

and (£, —1)2 = 0 (a.s.).
2. If f € S(II), then

[ t@éwn) = [ secdn = [ f@é) @s) (MT.1)

since (; = ¢ on Iy and II; = II. By Theorem 2.3.13 equality (MT.1) holds for all f €
Ly(IL, p). By Theorem 2.3.19 we have Ly(II, u) = Lo(o(Il), ). Hence (MT.1) holds for all
f € Ly(o(I1), p) indeed. By taking f = I, we conclude that, for any I € o(II), (;(T") = ((T)
(a.s.).

3. For any ay,...,a, € (0,00) and ty,...,t, € [0,00), by the self similarity of the Wiener
process, we have

P(cTay /e > ths ey CTar e > tn) = P(Ta e > 11/C s Tan jje > )
= P(max w, < a1//c, ..., ma>/< ws < an/V/¢)

s<ti/e
= P(Islrgi(\/éws/c < ai,.. max\/_ws/c < ap) = P(mast < ay, ...,Isrgg\/@s < ay)
= P(T4, > t1, .y Ta, > tn).
Thus
,u(B(")) = P((CTGI/\/E, ...,CTan/\/E) € B(")) = P((Tays -y Ta,) € B(")) = y(B("))
for any B™ € [0, 00)" of type
{z €10,00)", 21 > t1, ..., Ty >t} (MT.2)

The collection of sets of type (MT.2) is a 7-system and it is easy to see that the smallest
o-field containing all sets (MT.2) is the Borel o-field of [0, 00)”. In addition, the collection
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of all sets B™ on which y and v coinside contains [0, 00)" (since 7, > 0) and is a A-system.
By Lemma 2.3.18 we conclude that (MT.2) holds for all Borel B{™ and we are done.
4. Since wy,41 — w, is independent of (wy, ...,w,) and w, is o(wy, ..., w,)-measurable, we
have (a.s.)
E(wpi1|wy, .oy wn) = E(wp1 — Wy + wy|wy, ..., wy)
= E(Wpy1 — wp|wy, ..., wy) + E(wy|wy, ..., wn) = E(wpy1 — wy) + wy, = wy,
E(evn =02y ) = E(ePntmn T 2ewn 02y L wy,)

— eWn— n/QEew,H_l—wn—l/Q — ewn—n/Z.

Solutions for HW4 due Wed Oct 31:

2.3.23 For t € [0, 1] denote

& = /Otf(s) dw, (:= /Olfsgtf(é‘) dw).

By Remark 2.3.15 we have E¢ = 0 and by formula (2.3.6) we have

B = 5( [ faat ) tw)( [ hed)aw) = [ had@es)ar

/ f2(r dr—/f ) du) A /f ) du).

Next we claim that & is Gaussian. This is obvious if f € S(II) with IT = {[0,¢] : ¢ < 1}.
Indeed, if f(s) = > .., cilos1(s) with ¢; < 1, then & = )., c;wy, is Gaussian as a linear
function of the Gaussian vector (wy,, ..., wy, ) -

For arbitrary f € Ly(II) we can take a defining sequence f,, € S(II) and remember that
the limit in the mean of Gaussian variables is Gaussian. Then we see that our claim is true.

Finally, notice that the vector (&;,...,&,) is Gaussian if and only if for any constants
A1, ..y A the random variable A&, + ...+ A&, is Gaussian. Then it only remains to observe
that

1
)\151‘,1 + ...+ )\nftn == / ()\1155751 4+ ...+ )\nlsgtl)f(s) dws:
0

where the last expression is Gaussian by the above argument.

Note. It is useful to remember that there exist Gaussian random variables & and 7 such
that & + n is not Gaussian.

2.5.9 Denote u(z) = (b — z)(a — z). Then x € (a,b) if and only if u(z) < 0 and
{w:r>t}={w: mg?(u(ws) < 0}.

One can replace max with sup over rational numbers in [0, ¢] and then we see that u(w;) and
max,<; u(ws) are Fi-measurable.

3.1.3 Let X be the collection of all unions of A,), Ay(),... for all possible sequences
of distinct n(1),n(2),... € {1,2,...}. Obviously, due to Q@ = U,A,, ¥ is a o-field, and
> = G. Now we claim that any G-measurable function 7 is constant on each A,. Indeed,
Nn = 27"[2"¢], n = 1,2, ..., are G-measurable and take only countably many values of type
i2°", 4 = 0,41, .... Therefore, the set {w : n,(w) = 27"} is the union of some Aj. This



13

implies that 7, is constant on each Ay (either 0 or i2™"). Let 1, = ag, on A;. Then due to
In— | <27, on Ay we have n = lim,, n,, = lim,, ag,, which is a constant. This proves our
claim.

Finally, n := E(&|G) exists and equals a constant, say a; on A. By definition
Hence, if P(Ag) # 0, we have = ay, = [P(Ay)] 1EE&I,, for all w € Ag. Finally if P(A4;) =0,
then 7 equals any constant, say 0 almost surely on Ay since P(n # 0, A;) < P(Ax) = 0.

3.1.17 Denote 7, the orthogonal projection of Ly(F, P) on L. Use the property which
characterizes uniquely the orthogonal projection saying that 7. € L and E(§ — 7 €)? is the
least number among E(£ — ()%, ¢ € L. Also remember that by Theorem 3.1.14 (ii) we have
n:= E(£|&, ..., &) € L. Then

E(& - 78" < B(E—n)”. (HW4.1)

On the other hand elements of L are o(&y, ..., &,)-measurable and by Theorem 3.1.14 (i)
we have the opposite inequality in (HW4.1). Thus, we have an equality in (HW4.1) and
E(€ —n)? is the least number among E(£ — ¢)?, ¢ € L. Since this property characterizes the
projection, we conclude 7€ and 7 coincide as elements of Ly(F, P).

3.2.3 The sufficiency is seen from the following
E(&ni1Fn) = E(E(nn+1‘fn+l)|fn) = E(n1|Fn) > E(ma|Fr) = & (as.).

The idea to prove necessity is best seen when N = 2, Then we only have to define
m < 1m2 = &, so that & = E(m|F1). But, basically,

fl), L<1 é-QLSﬂQ-

6= BGlF) g~ B (e g 7 ) e <

E(&|F) E(&|F)
Therefore, define

Go=a(BEnlF)) T n<N (0-071:=0), (v=1,

M = Gn* e " CNEN-
Then (remember that 0 < &, < E(&,+1|Fk) almost surely) it holds that 0 < (, < 1 for
n < N and 7, increases with n (a.s.). Furthermore, ny = &y. Changing 7, on a set of
probability zero, we can have 7, increasing and ny = &x for all w.

Next, for n < N, we have &, = (, F(&q41|F) by definition on the set where E(&,1|F,) # 0
and almost surely on the set where E(&,.1|F,) = 0 since 0 < &, < E(&,+1|Fx) almost surely.
By niticing that ¢, are F,-measurable we conclude (a.s.)

&n = CnE(§n+1|fn) = E(Cn§n+1|fn)

Finally, we iterate this relation and get
fn - E(<n§n+1|]:n) - E(CnE(Cn+1§n+2|]:n+1)|fn) - E(Cngn+1§n+2|fn)
= E(Cn teet CN—15N|-7:n) = E(77N|-7:n)-

3.3.3 If 7 is a stopping time, then {w:7>n—1} € F, ; C F, and

{w:t=n}={w:7>n—-1}\{w:7>n} e F,.
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On the other hand if {w:7=n} € F, for n=0,1,..., then
{w:r<n}={w:T7=0}U..U{w:T=0}eF,, {w:T>n}={w:7<n}e€F,
Next, if 7 and o are stopping times, then, for any n > 0,

{w:tAho>n}={w:T7>n}N{w:0>n} €F,,
{w TVo<n}={w: T<n}ﬂ{w o<n}ekF,,

{w:T+0<n}= U{w T=1 a—n—z}—U({w.T:z}ﬂ{w.o:n—i})6.7"

=0 =0

Solutions for HW5 due Wed Nov 14:

3.1.4 First, as part of Fubini’s theorem, we know that g(y) := [z p(z,y)dz is a Borel
function of y. Therefore, ( = g(n) is a random variable measurable with respect to o(n).
Any Borel function of ¢ is also o(n)-measurable. In particular, Ir,0(™" is o(n)-measurable. In
the same way we see that h(y) == [ 2+p(x, y) dz are Borel in y and k1) := h()(n) is o(n)-
measurable. The product of measurable functions is measurable, and therefore I..,( _1/{&)
is o(n)-measurable.

Next for any Borel f(z,y) > 0 we have

BI&.m = [ fy)pla.y) dedy

In particular, for any Borel f(y) > 0 we have

/f :vydxdy—/f / rcyd:rdy—/f y) dy,

so that g is the density of 7.
Also notice that, if at a point y we have g(y) = 0, then h4)(y) = 0, so that for any y we
have

Ly 209~ () ) (1) 9(y) = by (v)-
Hence, for any Borel f(y) > 0,

Ef(n)Ics0¢ s =/ng(y)¢of(y) "y)h(y dy—/f

. fy)zip(z,y) dedy = Ef(n)éx.

In short,
Ef(m ezl ) = Ef ()€ (HW5.1)
By taking f =1, we get

EI#OC*I.%&) = F¢{L < o0, Fla| <o,
where
o 1= IezpC Ky = TepoCT oy = TezoC™ /Rxp(% 1) dz
is o(n)-measurable by the above. However, if f = Iy with B € B(R), (HW5.1) yields
Elepa = Elcge. (HW5.2)
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Now remember that « is o(n)-measurable and any set in o(n) has the form {w : n € B} with
B € B(R). Then we see that (HW5.2) means that F(£|n) = a by definition.

3.2.4(i) If ¢, = A, +m,,, where m,, is an F,-martingale and A, is an increasing sequence
such that A4, is F, i-measurable for every n > 2, then (a.s.)

E(&n—kl‘]:n) = E(An+1 + mn+1|]:n) = An+1 +my, Z An +my, = fn

This takes care of the “if” part.
To prove the “only if part”, define

n—1
A=) (B&ulF) = &), n>2, A1=0, my=&— A,
i=1
Since E(&11|F;) — & > 0 we have that A, increases with n. Also owing to the fact that
E(&1|F;) — & are F,,_j-measurable for i < n — 1, we have that A, is F,_;-measurable.
Moreover, A, and m,, are represented as linear combinations of random variables with finite
expectation. Therefore, F|m,| < co. Finally,

n

E(mns1|Fn) = Bl Fn) = Anpr = E(Ga|Fa) = D (B(&a| Fi) — &)

=1

n—1

=& — Z(E(§z+1|-7:z) - fz) =& — Ay = my,

=1

6.2.2 Let & be left continuous. The other case is quite similar. Define a piecewise
constant Borel function on [0, 00) by x(n,0) = 0, x(n,t) = k27" for t € (k27",(k + 1)27"],
k=1,2,.... Observe that

& = Loy ()& + Y _ Tika—n (k41)2-n)(£)Eka-n,
k=1

where all terms are F ® 9B([0, co))-measurable as products of F- and 9B([0, co))-measurable
functions (notice that if f(w) is F-measurable, then g(w,t) = f(w) is F ® B([0, 00))-
measurable). Therefore £ is F ® B([0, 00))-measurable and it only remains to notice that
obviously x(n,t) 1 ¢, which implies

g;,n = gx(n,t) — gt-

6.2.3 The indicators of measurable sets are measurable functions. Therefore, I;, is F;-
adapted if {w : t < 7(w)} € F; for each t > 0. The latter is given by definition, so the
former is true. The function I;., is also right continuous in ¢. By Exercise 6.2.2 it is
F ® 8|0, co)-measurable.

The function I;<, is left continuous in ¢, so to prove that it is F ® B0, co)-measurable it
suffices to prove that it is F;-adapted. In turn, to do this as above it suffices to prove that
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{w:t <7} e Fforevery t > 0. If t =0, we have {w:t <7} = Q € Fy. However, if ¢ > 0,
then

{w:tST}zﬁ{w:t—l/n<T}€ft.

n=1

6.2.9 Let 7 = inf{t > 0 : [&] > ¢} be the first exit time of & from (—c,c). By Exercise
6.2.4 we have that 7 is a stopping time. Also notice that [Era-| < ¢ and |Era,| < sup,op |€],
so that -

[&rar| < ¢ Asup|&. (HW5.3)

t<T
Next,
P& r>N)=P{&)r > N, 7 <T)+P(({)r > N,7>T) < P(r <T)+P(({)r > N, 7 >T).
Here

P(r <T) = P(sup |&| > o),

t<T

and owing to Chebyshev, Theorem 6.2.7, and and (HW5.3),
P({&)r = N,7 > T) < P((rrr 2 N) < NTE(Q)7p, = N By,

< N2E(cAsup |§t|)2.
t<T

Combining these estimates, we get what we need.

6.2.10 We only prove the first inequality. The second one is proved similarly. From
Exercise 6.2.9 for ¢ > 0 we have

P((€)* > ¢) < cl—QE(c2 An?)+ P(n>c), n:=suplél. (HW5.4)

t<T

Now we use again the fact that for ( > 0

Eg“:/ooP(CZC)dc
0

Then by integrating in (HW5.4) we find that

1 U] 0 )2
E(ﬁ)lT/QSEn+E/ C—Q(CZ/\T]Q)dc=E77+E/ dc+E/ Z—zdcz?)En.
0 0 7

Solutions for HW6 due Wed Nov 28:

6.3.6 In exactly the same way as Theorem 5 (ii) one derives from Exercise 6.3.9 that

T
P(/0 \fs — f'*ds > N) < sup\/fsdws /f”dws\>c (HW6.1)

t<T

If
t t N
sup‘/ fsndws—/ fsdws‘—>0,
t<T  Jo 0
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then (HW6.1) implies that for any ¢ > 0

C2

T
T P([ |fo~ frPds > N) <
0 N

n—r0oQ
Since c is arbitrary, the left-hand side is zero and we are done.

6.3.12 For ¢t < 1 define
t T

v = [ s an. o= [ gosgdis g v =

Notice that ¢(1(r)) = r. From the proof of Theorem 2.4.2 we know that y(t¢),¢ < 1 admits
a continuous modification, namely,

t
wy(1—1)~" — / wy(1 — s) "2 ds,
0

and y(v(r)), r > 0, is a Wiener process. The Wiener process hits any point with probability
one. Therefore, with probability one ¢ := inf{r > 0 : y(¢(r)) = —1} < oo. Hence,
T =1(0) <1 (a.s.). In particular,

/00 L, (1—38)ds<oo (as.). (HW6.2)

Furthermore, y(t) is continuous and F;-adapted. Therefore, 7 is a stopping time. It follows
that I,,(1 — s)~! € S and the process

t
N = / Lo (1 —3s) ' dw,
0

is well defined.
Next, for n > 2 introduce ¢(n) = 1 —1/n. Observe that ¢(n) 1 1. Then owing to (HW6.2)
and the fact that 7 < 1, the dominated convergence theorem implies that

/ |IS<T - Is<TAt(n)|2(1 - 8)_2 ds — 0 (a.s.).
0

It follows that the processes

t
nt(n) = / Is<7’/\t(n)(1 - 8)71 dws
0

converge to 7; uniformly in ¢ on any finite time interval in probability.
Now, Iycyn)(1—s)~" € H, so that by Theorem 6.3.7 (iv) (a.s.) for ¢ > 1 (remember 1 > 7)

t
Ut(") = / ]s<715<t(n)(1 - 3)71 dws
0

AT
- / Loty (1 = 8)™ duy = Eipr () = £ (n),
0
where

&r(n) = /0 Isctiny(1 = 8) 7! duws.
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Next, for any particular » > 0 (a.s.) (notice t(n) < 1)

&(n) = / Licimnr(1 = 5) 7" dw, = / LiaIscympnr (1= 5)7" dw,
0 0

1
= / Is<t(n)/\r(1 - 5)_1 dws = y(t(n) N 7“).
0

In short, &.(n) = y(t(n) Ar) (a.s.) for any r. Since both parts are continuous in r, they
coincide for all r at once on a set of probability 1. Therefore, & (n) = y(t(n) A7) (a.s.).
Finally, for t > 1 (a.s.)

e = P- lim 7(n) = lim & (n) = lim y(t(n) A7) = y(r) = 1,

which is exactly what we need.

Comment. Some of you believed that
E/oo Lo (1 —8)"?ds < oo.
However, 7 = (o), ¢(7) = o, and 0
E/OO Iier(1 —8)"2ds = E¢(1) = Eo = oo,
0

where the last equality can be obtained from the distribution of ¢ (Wald’s distribution) or
from Remark 6.3.10.
6.3.13 Let . .
&= / fsdws, 7(n)=inf{t>0: / f2ds > n}.
0 0

Then Efooo Li<r(n) f7 dt < n and by Theorem 6.3.8 (ii)

t
ft/\T(n) :/ Isgr(n)fs dws
0

is a martingale. By Davis’s inequality

T T
ES1<1’113 |§t/\'r(n)| < 3E(/ Itg’r(n)]t‘t2 dt) 12 < 3E(/ ft2 dt) 1/2-
t< 0 0

By letting n — oo and using Fatou’s theorem we get

T
Esup |&] gE(/ 2 dt)'?.
t<T 0

This allows to use the dominated convergence theorem for conditional expectations and pass
to the limit as n — oo in

E(&inrm)|Fs) = Esprny  (a8.) s <t <T.
Then the result follows.

6.7.4 (i) For r > 0 define 7(r) = inf{t > 0 : |w; — 9| = r}. For 0 < & < |x¢| obviously 7.
is a decreasing function of €. Therefore, the limit

T:=limT,
el0
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exists. Obviously 7 is the first time w; hits . Since each trajectory of w; is continuous, it
is bounded on [0, 7] if 7(w) < co. Therefore, for almost any trajectory there exists n > |z
such that 7 < 75,. In other words,

{w:T< o0} C U {w:T <1}

n>|xol
The sets on the right are nested, hence
P(r < 00) < lim P(7 < 7). (HW6.3)
n—oo

Since 7 > 7. for € < |zo|, it follows from Example 6.7.2 that, for n > |zy|, we have
P(r<m,) < @P(TE <1, =0.
Now (HW6.3) implies that 7 = oo (a.s.), so that 7. — oo (a.s.) indeed.

(ii) By taking any smooth function f such that f(z) = In|z — x| for |z — 2| > € in the
same way as in Example 3 we get

t
In (wipr, — 20| = In |xo| + / Licr. |ws — 20|72 (ws — 70) dws.
0

Since with probability 1 there is no ¢ such that w; = zo (7 = 00), we get that for almost any
w the function |w, — zo| 2 is well defined as a function of ¢ is continuous and hence bounded
on each finite time interval. Therefore,

T
/ lwy — 0| Hws — 20/°ds < 00 (as.)
0

for any T' < oc. Therefore, the integral fot lws — x| 2(ws — x0) dwy is well defined and by
the properties of stochastic integrals on & we conclude (a.s.)

tATe
In (wipr,, — zo| = In |zo| +/ lwy — 20| (wy — 20) dwy,
0
which for € | 0 implies that (a.s.)
t
In |w; — xo| = In |z +/ lwy — 20| "2 (wy — x0) dws. (HW6.4)
0

(iii) If the stochastic integral in (HW6.4) were a martingale, its expectation would be zero,
that is, we would have
In |zo| = E'ln |wy — o] (HW6.5)

To get a contradiction, use the hint and for z € R? denote

nlz|~? n|z| =2 n
bn () 3=/ s71em1/(29) ds—/ / / —1e—lz?/(29) ds—/ s 1e~1/(29) g,
" 0

and notice that

n|z|=?
sa@l <] [ s s =2l

n|z|~2 n|z|~2 n|z|~2
|/ s e~/ ) gg — / st ds| < / s2ds = 0,
n n n
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nlz|~?

lim ¢, (z) = lim s 'ds=—2In|z|.
n—oo n—oo n

Hence by the dominated convergence theorem

2F In |’LUt — $0| = lim [/ 8—16—1/(25) ds — / 8—1E6—|1Ut—$0\2/(25) ds] .
0 0

n—0o0

By using the fact that the density of a sum of independent random variables is the convo-
lution of their densities and that the sum of Gaussian variables is Gaussian we get without

computation that
s~ Be—lwi—=ol?/(25) — (s + t)—16—|$0|2/(8+t)_

Hence n "
2E In |wy — x| = lim [/ s L= 1/(29) ds—/ (S+t)—le—|$0|2/(8+t) ds].
0 0

n—oo

By noticing that
n+t n+t
/ s7lem1/(2) ds < / s7'ds=1In(1+t/n) =0

as n — oo, we finally conclude

n (n-+t)|zo| ~2
2FIn |w; — 2o = lim [/ sl 1/(28) go _ / s le=1/(29) ds}
0 t

n—o0 |J}0|72

n+t (n+t)|zo| 2 t|zo| 2
= lim [/ s~ le1/(25) g5 —/ g le~1/(29) dS] +/ s lem1/(28) 4o
0 0 0

n—oQ

t|$0|_2
= 21n |zo| +/ s71e7 /) ds > 21n |z,
0

which contradicts (HW6.5) indeed.
6.8.4 (ii) Define

¢
7(n) =inf{t > 0: / p2b%ds > n}.
0

In the proof of Lemma 6.8.1 it is noticed that p;a,(n) is a martingale. It is also a nonnegative
submartingale. By Doob’s inequality

Eigﬂ? pf/\'r(n) S (p/(p - 1))pEp117“/\T(n) S (p/(p - 1))pN
By letting n — oo, using Fatou and Holder, we conclude that E sup,.; pr < 0o. We are now
done due to the first part of this exercise.
6.8.5 Take a stopping time 7 < 7" and observe that, for any « € (0,1) and p,
EBeh = E(en'™) < (E€)*(En)'™, (HW6.6)

where
£ = exp (poz‘l/ bs dw —p22‘1a‘2/ |bs|ds), n=exp (k(p, a)/ 1bs[* ds),
0 0 0

and
1

1—a

k(p, ) = g (g

_1)
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Notice that & = p,(pa~'b) and p; is a supermartingale, so that by Corollary 3.3.12 we have
Ep, < Epy = 1. Of course, one should say that Corollary 3.3.12 was only proved for discrete
time and that in our case one has first to approximate 7 with discrete stopping times and
then pass to the limit on the basis of Fatou’s theorem.

Thus (HW6.6) implies that

EpP < (Eexp (k(p, ) /OT b, |? ds))l_a < (Eexp (k(P, a')/o |bs|2ds))1_a

for any o € (0,1) and p > 1. Next, notice that k(p,«) tends to 1/2 at & — 1 and
p =14 o0(1 — ). Therefore, there exist & € (0,1) and p > 1 such that k(p, ) < c. After
that it only remains to refer to Exercise 6.8.4 (ii).

Solutions for HW 7 due Wed Dec 12:
6.8.6 By Holder’s inequality

Epr((1—¢)b) < [Epr(b)] e [E exp ! ; ¢ /0 16| dt]”. (HW7.1)

If condition (4) is satisfied, then

1_¢ [T
E exp 5 6/ b2 dt < oo
0

for small € > 0 implying that

1 T 1_ 2 T
+5/ (1= 22 dt < Eexp 25/ B2 dt < oo
0 0

FEexp

Now Exercise 5 and (HW7.1) lead to

1—¢ 1—¢ T 9 €
1< [Bor()] “[Bexp " [ b at]’
0

. T
5/ b, |2 dt
0

By letting ¢ | 0 and using assumption (4), we get Fpr(b) > 1. However, always Fpr(b) < 1.
Hence Epr(b) = 1.
Finally, if E exp(1/2) fOT b2 dt < oo, then (4) is satisfied since

T T
/ b2 dt < lnEeXp(l/Q)/ b, |? dt.
0 0

1
0<(1—¢)Elnpy(b) +eln Eexp

1—¢

In F exp

6.10.1 Take a continuous function f(z) on [r, 1] and solve the equation
a(z)u”(z) + b(x)u'(z) = — f (=)

on [r, 1] with zero condition at the endpoints of this interval. To this end denote v = u' and
observe that

V't (b/a)v=—f/a, ¢ ) =—f/a, (v ) =—-¢""f/a,
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/‘¢ a(s) ds + c1(x),

u(z / /qﬁ (s)/a( )ds dt+01/ o(t) dt + co,

where ¢; are some constants which we find from the conditions u(r) = wu(l) = 0. The
condition u(r) = 0 yields ¢ = 0. Next we use Fubini’s theorem to get

/f a( / ¢dtds+c1/¢

Now the condition u(1) = 0 shows that

o= [ 16 ) [ ot )
/f a ' /¢dt—¢/¢dt/¢dt

Finally we notice that, if s < z, then

o) = [ owar— [Cawan [otya= [ o ats [ ot an

:/qus(t) dt/zl (t) dtz/rmw) dtfs;qﬁ(t) dt
If s > z, then

alsa) = [ o0t [otar [ o= [swarw -~ [ a0
_ / " o) dt / i b(t) dt

Thus our solution is given by the formula in question and hence the function it defines
possesses indeed the asserted properties.

and hence

6.10.3 (i) Take the function v from the hint and notice that by It6’s formula

uwzmm+AW@wm+um&@wwmw+Ao@W@MM

= [(wiene)as

where the second equality is true (a.s.) because u(0) = 0 and ou’ = ou” = 0. Since v’ <0
and b > 0, we conclude u(§) < 0 (a.s.). However, u > 0. Hence u(&) = 0 (a.s.), which
implies that & > ¢ (a.s.).

(ii) We have
tAT(T) tAT(r)
é-t/\r(r) = / b(gs) ds + / U)gs) dws-
0 0
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Since o is bounded on [r, 1], by taking expectations we conclude

tAT(T)
Eéya = E / b(E,) ds. (HW7.2)
0

Now let ¢t — oo. Then the right-hand side converges to E fOT(T) b(&;) ds by the monotone
convergence theorem. Since §\-(-) < 1 and J > 0, we see that

7(r) tAT(T)
SET(r) < E / b(e.) ds = lim I / bE)ds <1, T(r)<oo (as).
0 oo 0

Therefore {ar(r) = &r(r) as t — 0o and by (i) we have &) = 1 (a.s.). Thus by the dominated
convergence theorem the left-hand side of (HW7.2) goes to 1 and we are done.

6.10.4 We again use (HW7.2) and as above obtain that 7(r) < oo (a.s.) and let ¢ — oc.
Then we get

Etr(r) = E&qy=1-P(§y=1)+1-P(&r) =7).
Since 7 < 0 we conclude E7(r) < 1.

4.1.15 As usual we may assume that R(0) = 1. Owing to Cauchy’s criterion we onle need
to check that

E|L/T gtdt_i/s gdt|> =0 (HW7.3)
2T | 25 | o
as T, S — oo. By definition the left-hand side of (HW7.3) equals the limit as n — oo of
T o son .
E| o7 k:;2n G227 = oo k:_zm Era-n27"]". (HW?7.4)

Simple arithmetical manipulations show that (HW7.4) is expressed through the correlation
function alone and thus will not change if we take a different process with the same correlation
function. As usual we prefer to deal with & = e'¢**+9) where the random variable & has the
characteristic function equal to R. We substitute this & into (HW7.4) and observe that,
due to the dominated convergence theorem and the fact that || < 1, as n — oo, the new
expressions (HW7.4) tend to the left-hand side of (HW?7.3), where the integrals are just
Riemann integrals. After that we notice that ¢ disappears due to | - | and
T .
it sin T
ﬁ _Te dt = 15750 Tg

Then we see that we only have to prove that

SnTE  sinSe
Té ¥V ge

as T, S — oo. However (HW?7.5) trivially follows from the dominate convergence theorem

since |sinz/z| < 1 and |sinz/z| — 0 as |x| — oo. This take care of the first part of the

problem.
To investigate when

+ Iy,

E|Iezo | =0 (HW7.5)

S
E|ﬁ/_Tgtdt| —0 (HW?7.6)
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we rewrite the expression on the left in terms of & = e*¢+9) g
sin Tf sinT¢ 2
T¢ T¢ |
Again the last term tends to zero and we see that (HW7.6) holds if and only if P(§ = 0) =0,

which is exactly what we had to show.
To do the last part of the problem we use the hint showing that F'({0}) = 0 if and only if

1 T
T/o R(t) dt — 0.

We are given that R(t) — 0 as t — oco. Therefore, for any € > 0 there is a Ty < oo such
that |R(t)| < e for all ¢ > Ty. Therefore,

E|Igpo——= + Ieo| = P(£ = 0) +E|f#o

0<e.

hm|—/R dt|<hm‘—/ R(t dt|+hm‘—/R dt‘gsm
T—oo

T—o00
We get the result we need since ¢ is arbitrary.
4.2.8 Corollary 4.2.7 implies that

/f ¢(dz) /f ¢(d) /f (as) Yf € Lo(B(R), F).

For f(x) = €® this yields & = & ;. Then R(2t) = E&E = FEE = R(0) and
E (& — &)* = 2R(0) — 2E&x& = 2R(0) — 2R(2t) = 0,
so that &y = & (a.s.) for any ¢ as required.

Solutions for Take home final due Mon Dec 17:

3.3.13 Use the hint. Namely, fix n and A € F, and define 7(w) = n+1if w € A and
T(w)=n+1if w ¢ A. Then {w: 7 =i} equals § € F; if i # n,n + 1. However, if i = n,
then {w:7 =i} =A€ F,=F,andifi =n+1, then{w: 7 =i} =A4°€ F, C F.
Therefore {w : 7 =i} € F; for all i and 7 is a stopping time. Also 7 < o :=n+ 1 and the
inequality F¢, < F&, becomes

Elxén + Eacpi1 < E€ny1,  Elaln < E&ny1 — Eacp1 = Ela&nia.
Hence E14&, < E[IsE(&,41|F,)] and the arbitrariness of A € F, implies that &, <
E(&,41|Fn), which is exactly what we need.

4.3.3 “=" Let R(t) be the correlation function of &. Assume without losing generality
that R(0) = 1. Then, for any s the random variables &, — R(s)&; and & are uncorrelated
and hence independent. In particular, (a.s.)

E(&1516) = E(&eys — R(5)&1&) + R(s)& = R(s)&:-
By adding the Markov property, we conclude that for s,z > 0

R(t + s) = E&15&0 = El&E (&+5/80, &)] = B&OE (&i4516) = R(s)E&o& = R(s)R(?).
In short, R(t + s) = R(s)R(t). One knows that all continuous solutions of this equation are
exponential functions. Since R(0) = 1, we have R(t) = ™, ¢t > 0, and since R is bounded,
a > 0. Finally, & is real, R(—t) = R(t), and R(t) = e~ for all ¢.
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“<=" We only need prove the Markov propery of &. Again we assume that R(0) = 1.
Then for any s > 0 and r < ¢t we have

Elérs — R(5)&)& = R(t+s—1) — R(s)R(t — 1) = e7oFs7r) _ gmasgmall=r) —

Since the process &; is Gaussian, it follows that the random variable &, — R(s)&; and the
process &, 7 < t are independent. Now use Theorem 3.1.13 to conclude that for any bounded
Borel f and t; < ... <t, =t we have

E{f(&ers)|&trs o &t} = E{f(Grrs — R(8)& + R(8)&)[Eer» s €t} = (&1

(a.s.), where @ is a Borel function. Finally, by taking conditional expectations given & of
the extreme terms and remembering Theorem 3.6.1 (v), we conclude (a.s.)

E{f (&45)[6} = (&)
Hence (a.s.)

E{f(&ers)|Etrs - &tn } = R(&) = E{f (&) 62}

and we are almost done. It only remains to invoke standard arguments allowing one to pass
to general f is question from bounded ones.

4.4.3 Use the hint and let ¢ be the function obtained from ¢ by replacing all the coefficients
of P, and @, with their conjugate. Next, define two analytic functions ¥, (z) = ¢(z) and
Po(2) = ¢(—2). The equality @(z) = ¢(—z) for real x means that ¢, = 1)y on the real line.
Therefore, 1,(z) = 1(2) for all z for which the functions are defined. In particular, they
coincide on the imaginary axis apart from finitely number of possible poles. Finally, for real
x, obviously, ¥, (iz) = ¢(—iz). Thus

p(—iz) = p(—ix),
which means that ¢(—iz) is real for x € R and hence ¢(iz) is real too.

6.8.10 First, Corollary 6.8.3 with by = £KI,<, and ¢ such that 7 < ¢ implies that

Eetfvr < 00, Eeflrl < 00 VK < . (Fn.1)

—A27/2

Furthermore, formal multiple differentiation of Ee*r with respect to A produces the

expectation of expressions like
—1\2
P(’U)T, 7_)6)\111-,— A 'r/2’
where P is a polynomial. Since 7 bounded, such expressions by magnitude are less than

N1 + |[w,|™)eNvrl < Ne+Nwrl (Fn.2)

where N’s and m are certain finite nonrandom constants. Owing to (Fn.1) the expectation
of (Fn.2) is a locally bounded function of A\. This and a well-known rule of differentiating
integrals with respect to parameters proves that indeed we can differentiate the equality

EeA’w-,——AQT/Z — 1

bringing all derivatives inside the expectation sign. Thus,

d** Awr—A27/2
E(d)\)%e yeo =0 (Fn.3)
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To transform the left-hand side of (Fn.3) use the hint to the exercise. Notice that

. 1
671/2 _ Z _' (_1)nV2n’

n!
n=0
which shows that all odd-order derivatives of e ** vanish at zero and
d2n e "
(dy)Qne |1/:0 = (_1) )
Hence o
2k dn d2k—n
R (r, 0) = ( ) err e /2 b r2n
where
d2k 7u2/2
b() = W@ ‘u:O 7£ 0, bk = 1
Next,
d?k 2
(d/\)Zkex\wT /\7/2‘/\ . _f(2k: 7, 0 Zb rn, _Zb w2n k—n_

We substitute this in (Fn.3) and get
(bk’wzk +bk 1w2k 27’+b _2w2k -4 2 + .. +b07’ ) 0.

Now use that for any p, ¢ > 0 and € > 0 there exists a constant /N such that for all z,y > 0
we have
2Py? < exPt9 4+ NyPta.
By the way, below by ¢ and N we denote small and large constants which may change from
one appearence to another. This elementary inequality implies in particular that

Ew2k non _ Eka—Qn(\/_)mL < ngWc —{-NETk,

Bw?~2nmm < eBrf + NEw?. (Fn.4)
Then to estimate Fw?* we write
Ew? = —b g1 Ew? 721 + by o Ew? 7% + .. + by ET"]

= ¢ 1Ew 2+ ng% 2 +COE7'
< ek 1|Ew2k T+ ¢ 2Ew2k 4 +|CO|ET <£Ew2k+NET

In short, for any € > 0 there is a constant N such that Ew?* < eEw?* + NET*. Upon
taking ¢ = 1/2, we get Fw?* < NET*.

To estimate E7* through Fw?* we use the second inequality in (Fn.4) while starting as
follows

Er* = —byt b Ew?* + by Bw* 721 + by_o Ew? 1% + ... + b Ew? 1.



