Solutions for HW 1 due Wed Sept 19:

1.1.7 (i) Notice that for any B C Q we have B = B U@ with P()) = 0. It follows that
F C FP. In particular, Q € F?.

(ii) If Dy, Dy, ... € F¥| then, for some C,, B, € F and A, C B,, we have D,, = C,, U A,
and P(B,) =0. Then | D, =CUA, where

C= C,eF, A= A, CB:= B,€cF,

and

ence D, e FF.

(iii) Notice that A € F¥ if A has ero pro a ility (A=0UA, AC B e F, P(B) =0).

lso notice that any su set of a set of ero pro a ility has ero pro a ility.

Now, if A has ero pro a ility: A C B € F and P(B) =0, then B A C B and y the
aoveB AeFF. romA =B U(B A)and (ii) we infer that A € F”.

or eneral C = DUA € F¥ with D € F and A ein a set of pro a ility ero, we

have C =D A, where A € FP thatis A = BU , with B € F and havin ero
pro a ility. Then C =(D B)U(D ), where D B € F and D C  has ero
pro a ility. It follows y de nition that C € F¥ and we are done.

1.1.9 e ta e for ranted that
is a continuous nondecreasin function, (0) =0, ()=
If , €0, , = ,and ()= ( ),then ( ) isa rational num er
If € 0, isirrational, then !( ) € , where is the antor set havin e es ue
measure ero.
irst we prove

e HW1.1. Bc 0, (B) 0,

roof. s usual we denote y  the collection of all su sets of 0, whose ima e under
mappin is orel. It turns out that isa eld.
e start to chec the de nition of  eld y noticin that 0, € since (0, )= 0,
urthermore, o viously, for any family (B ) of su sets of 0, ,

B = (B ).
Therefore, if By, By,... € ,then B, € . To nish provin that isa eld it only

remains to chec that B € if B¢
To do this step rst o serve that for any set B C 0,

(B)= 0, (B)u (B) (B). C )
Indeed, if € (B ), then either € (B), in which case € (B) (B),or € (B)
thatis € 0, (B). In oth cases  elon s to the ri ht hand side of ( . ). nthe
other hand, if  elon s to the ri ht hand side of ( . ), then either € (B) (B ),in

which case € (B ),orelse € (B) ut then, since is the ima e of a point € 0,
we have € B, € B ,thatis € (B).In othcases € (B ). This proves ( 2.



Ne t o serve that, for any B C 0, ,theset (B) (B) iscounta le, ecause for each

€ (B) (B)thereare 1€ Band o€ B suchthat = ( ;)= (2). ince ;= o,
is rational. The counta le sets ein  orel, ( . ) proves that (B )is orelif (B)is
orel.

Thus, is a eld indeed.  oreover  contains all closed su sets of 0, since the

continuous ima e of a compact set is compact. It follows that  contains the orel eld
on 0, , which is e actly what is asserted in the lemma.

Now, let C' e anon e es ue measura le su set of 0, . e have to prove 1(C) is
not orel. ut if it were, due to C = ( (C)) and emma . we would have that C
is orel.

inally, assume C' does not contain rational points. Then '(C) C , and, since  has
e es ue measure ero, so does (C).

(i)= (ii)). et 41, 2,... € and, for each inte er ylet P, ", ea ™
net for . Thenin ' nei orhood of at least one of 1,..., ' there are in nitely many

mem ers of the se uence 1, 9,.... Num er themas , 11, n12,.... Notice that

(7) ) nl nl ) -

Ne tin  ? nei orhood of at least one of % ..., 2, there are in nitely many mem ers

of the se uence , 11, n12,.... Num er themas , 21, ,22,.... Notice that

(7)7(7)7"'C (’)7(’)7"" (7) (7)7 n 2 n 2 y

y continuin in this way, for = , ,..., we construct se uences , 1, , 2,.. €noyin
the followin properties:  ( s ),y ( s )yee €y )y () )y sy

(’) I n n . 5 -

Then n Lif ,sothat , , = , ,.. ,isa auchyse uence
and, since ( , ) ,itisassu se uenceof i, 9,... . These uence , , = , ,..
conver es to a point €  ( is complete). ince is closed, this point elon s to

(ii)= (i). If for an 0 there is no nite 0 net for ,thenta eany ; € , notice
that | isnota mnetfor sothat thereisa o€ B ( 1). urthermore 1, o isnot
a net for so that thereisa € B (1) B ( 2). In this way one can nd in nitely
many di erent 1, ,... € , such that for = . ut then, o viously, this
se uence does not have conver in su se uences let alone conver in to a pointin . ne
also easily proves the fact that is closed.

1. .1 nehas( .. )since isirrational so that is not an inte er and e p( )=

. Ne t, each continuous periodic function can e uniformly appro imated y periodic

tri onometric polynomials. n periodic tri onometric polynomials one has ( . . ) due to
( . . ) and the fact that ( . . ) is o vious if is constant. To mnish provin ( . . ) for
continuous periodic functions one o serves that, for any periodic tri onometric polyno

mial
1 n

lim O = )

n

lim () L ( ) 2= 1 2



where

1 1
1= () () sup 3
n n
=Tm 2 () &5 () sw
et denote the fractional part of . or periodic functions, the sum in ( . . ) is
o viously the inte ral a ainst the pro a ility measure , which char es each point ,
=0,..., , with mass ( ).y the way, = if = since s
irrational. e claim that that is
1 1
() wl ) () ()
for all continuous functions iven on 0, . 7y the a ove we have this convere ence if
additionally (0) = ( ), in which case is the restrictionon 0, ofa periodic continuous
function.
There are few ways to do this. or instance, one can appro imate any continuous function
iven on 0, with continuous functions satisfyin (0) = ( ) chan in  only near the
points and 0. Then
o 1 1 1 1
W oOW) O =m0 OW) O 0

C )

urthermore, one can arran e to have a continuous and periodic function  such that

() () ( ). Then, due to ( . ), the ri ht hand side of ( . ) is less than
! , which can e made ar itrary small.
nother a little it more inspirin way to prove ( . ) starts y wrappin 0, around
a circle. In other words, ta e () =-e p( ) and notice that ta es e ual values at end
points of the interval 0, and maps it continuously onto the unit circle which we denote y
A. or any continuous function on A, upon su stitutin ()= ( ( ))in ( . ) and
usin Theorem .. , we et

() n () () ) ()

ence , 1. s every ody nows, 1 is proportional to e es ue measure on
the unit circle and therefore, due to orollary . . , we have that ( . ) holds for any
orel iemann inte ra le function , that is, for any such function,

1 1

() () ceny ) - ()

Now, for any continuous  iven on 0, , one can choose discontinuous at most at only

one point = such that ( ())= ()if = , = 0. Then one ets ( . ) from
( . )since (0 )= ,( )=0.
e conclude doin this e ercise y usin  orollary .. which shows that ( )

implies that = ,( ) ! if is the indicator of an interval.



1. .1y the provided hint () is the num er of = .., such that lo

lo lo ;| ( ) for some inte er , that is, in the notation from a ove, the num er
of = ,..., such that
lo lo lo ; ( ).
ince lo ; is irrational, the previous e ercise yields that () lo ; ( ) lo,
0.

1. .1 irst notice that
sup (), inf ()

are monotone functions of . Therefore and from the hint are well de ned.

If () , then there e ist |, 0 such that sup () , that is in the

nei orhood of we have () . Then o viously ( ) implyin that
the set : is open for any and is a orel function. imilarly, is orel and
A= = ()= () isa orelset.

Ne t, the inclusion A C  is o vious. To prove the opposite o serve that if € | then
either the limit of () as does not e ist, in which case

() Iim () lm () _()

or the limit e ists ut is di erent from ( ). et denote the limit. If (), then
()= () = (). In the remainin case ()weaainhave () (). Thus
C A.
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1.1.1 ii enote = B:BcC , YB)eF. istQ= 1! )€ F, therefore
€ .Net ypart(i),ifB€ ,then (B)=( Y(B)) € Fsince (B)e F. inally,

a ain y part (i), if By, By,... € , then 'Y(UB,) =U (B,) € F since !(B,) € F.
ence UB,, €

1. . enote y thefamilyin uestion. irst,forany ed € = € €
.Netif B €¢ " B € | 1,eyn 1,0, € ,C1 = :( ,.., )eB™ |
Cy = :( ,., )eB ,then B™ B € ™ and
C, Cy = : ( s ooy , . ) eB" B S
inally, C;, = :( ,., )e ™ B" €
1. . et e the set consistin of only two num ers and . Then any continuous
valued function on 0, is identically e ual either to or to . owever there is no

counta ly many points i, 5,... € 0, such that any function on 0, satisfyin 2 =

for all also satis es on 0,

1. .11 y formula (), if and and , are inary rational, then



ince is increasin , we have

()= ) ) b (o))t FO) 0,

Thus, ( ) if , ,and , are inary rational. y ta in

which y  ercise is less than

= ) Oy P ) e 220 ) P )

n

e transform the last e pression y usin the de nition ( )= ( )( In ) which means
that () '?( )= In . Then we nd
:( _)(ln)IQ 1 12ep( 2 1 ln): 1 _ 1 2.
n n
If ~, the last series conver es. Therefore, P(Q) = that is with pro a ility one there
is an inte er such that for all and =0,..., we have
! ()
y  ercise for almost any  the tra ectory ( ) is uniformly continuous on inary

rational num ers of 0, . Then as in the proof of Theorem we conclude that indeed has
a continuous modi cation. t this moment we notice that

lim 2 lim ( )=0

since, if the last limit were 0, the inte ral de nin would diver e.

To prove the last assertion in the e ercise, it su ces to notice that ( )= In !2 2
is an increasin function on 0, and
(= () = e
if
1. .1 i .y virtue of ( . Jand ercise  we have ( )
if , are inary rational and ", where () with pro a ility . ince
is a continuous function, the ine uality ( ) holds for all , € 0, such

that m



Solutions for HW  due Wed t 17:

ince =0 and 2 =

,wecanta e ( )= in ercise

Then ()= In and, for € 0, !, (chan e of varia les )

In

It only remains to notice that y  ercise

any onecan nd an inte er such that
and ",
.1 irst notice
P ma ;1 = P ma
1 1
and y achelier s theorem
Ne t, if 0, then since o viously ma
P mal , 1 =P 1 = —
viously ( . ) also holds if
Thus the only remainin case is 0 and

( achelier s theorem) sli htly chan in the notation and considerin

olet ()= 20

n n n

= = ma

imilarly to our ar ument concernin formula ( . .

et that, for any inte ers and 0,
P ma y =P ma
n n
and since ,
P man ) n =P
ence (notice ()= ")
pP(" T ")=pr(7

It follows that for all inary rational and satisfyin
" for some inte ers and ) we have

that = "and =
p(™ , 1 )=P(7{

there is a constant

In

such that for almost
( ) whenever , € 0,

=0 (a.s.), we have

= C )

e o ac to the proof of Theorem

27 in place on
) in the proof of Theorem . . , we
n n)'
0 and and all lar e  (so

)- C )



Now we let and use ons er s theorem (Theorem . . ) which says that the distri
utions of ™ conver e to the distri ution of . e also use the fact that the function

(m% ) 1)

is continuous, so that y a vector valued version of ercise . . the distri ution of
(ma ", 1)
conver es to that of (ma ; , 7). inally, we use the portmanteau theorem (Theorem
(iv)) and conclude from ( . ) that

P(m% , 1 ) = P( 1 ) = — 2 ( . )
2
if and are inary rational such that 0 and and
Pma = )=P(1= )=P( .= )=0

The latter condition is always satis ed since ma and ; have densities. y the same
reasons the e pressions in ( . ) as functions of or of do not have umps. ence they
are continuous in and in and from the fact that they coincide for all inary rational
and such that 0 and it follows that, actually, they coincide for all and such
that 0 and . ycom inin the a ove results we o tain what we were after.

2

. .11 ince (0, ) we have =e p( ) for all comple . This implies

(@) = trip( )= 2=

ence (2, F, )isapro a ility space.
e ne = , tae 0 = 1 » = and compute the characteristic
function of the vector ( e ) as a random varia le on the pro a ility
space (2, F, ). This characteristic function is iven vy

n n

ep ( ) ()= "fep ( )P( )

This shows that, on the pro a ility space (2, F, ), the random varia les |, s
are independent and (0, 1)-



y the law of lar enum ers and (a.s.). Therefore is nite,ri ht
continuous, and increasin thus has locally ounded variation. oo in at your homewor s
I noticed that not every ody nows well the theory of inte ration a ainst such functions.
Therefore, elow I dwell on some elements of this theory.

ein  nite and increasin de nes a uni ue measure on orel eld of (0, ) satis
fyin  ((, )= for all 0 . fcourse, y () wemean e es ue
inte ral () ( ), which is de ned for any ounded orel with compact support
(that is vanishin outside a nite interval). If = , then y de nition

n 1 n 1
In short
() = () C )
n 1
for all B from a  system eneratin  ((0, ). y standard application of and systems
one concludes that ( . ) holds for all orel B. y appro imatin uniformly and orel

ounded with compact support y nite linear com inations of the indicators of orel sets
and passin to the limit we et that

for any ounded orel with compact support.
or each , the function

(1., )i=eDp ( 1 e n)

n 1

is measura le. ince the oint distri ution of ( 1,..., ) is the product of the distri utions
of and sareiid, yusin u inis theorem we easily et

ep ( n): (1;---, ): () )

n 1
where
1
(): (ala"'a 1): ep ( n)
n 1
y lettin and o servin that (a.s.) ( y the law of lar e num ers), so that
( n) = 0 for all lar e enou h, and y usin the dominated conver ence theorem we
conclude

()= C ) (0 )= (0



It follows that ()  is di erentia le, in particular, continuous alon with ( ()
(remem er that e es ueinte ralisan a solutely continuous and hence continuous function
of its limits). lso,

() )= C ), () =Cep ,

where C is a constant. Ne t, vanishes at in nity, since the support of is ounded.
Therefore,
()=Cep ( ) =Ciep ( )
where (' is another constant. y usin the dominated conver ence theorem and the fact that
n1 ( n) 0as (a.s.), we conclude that () and ) 0
as . It follows that C; = . Thus,

ep () =ep( ( ) ) C )

for any continuous which vanishes outside a nite interval.
Now ta e an inte er , 0=, 1 n, and some real num ers q,..., ,.
Introduce a function 'y ()= if €( 1, and () Ofor n- Then

0 = ( )-

urthermore, for each | it is easy to construct a se uence of uniformly ounded continu

ous functions vanishin for » Which conver es at each point to . Their linear
com inations will conver e to . Then y the dominated conver ence theorem we nd that
( . ) holds for our discontinuous . ince = ", ( ), this means
n n n
( )=ep ) 1) = ep ) 1) -
1 1 1

Il the remanin assertions of the e ercise follow immediately from this formula.

1 1 €0, )andlet e the collection of all ~orel susets B of (0, such that

() = (B).

y ercise . we have that contains any interval (0, € (0, . Iso almost o viously
is a system. Therefore, vy emma .. the orel eld of (0, coincides with
Then of course for any orel step function with compact support

() = ) - ()

y earin in mind the monotone conver ence theorem and remem erin that any nonne a
tive orel function is the monotone limit of step functions, we conclude that ( . ) holds
for any nonne ative orel function with compact support.



Ne t,if 0 = 1 e n and

then

= (usual) () () (a.s.) (
The set of functions of type (
a orel €
In that case

)
2(0, ). Therefore if we ta e
. ) conver in to in (0, ).

. ) is everywhere dense in
2(0, ), we can nd functions ,, of type (

1

(stoch) () ( ) = Li.m.(stoch) () ( ),

n

1

(usual) () (usual) n()

1

(usual) O =0 = () a()

. Thus, y passin to the limit in (
. 1 e have

e p( ((n 1 n))= enp( )

n
where

n 2 0
as

. ) we et what we wanted.

pon noticin that as 0 and that ( )
conclude




Solutions for idter t 1:

enote
2 1
n = ( 12 2 )2-
Then
2 1 2 1
n — ( 12 2 )2 = "= s
2 1 2 1
ar , = ar ( 19 9 )2 = ar ( n 2 1)2
2 1
= ar f m— " oar f
ence

and (, )% 0 (as.).

since = on and = . y Theorem .. e uality ( T.) holds for all €
o( , ). y Theorem .. wehave o , )= o (), ). ence( T.) holds for all
€ o (), )indeed. yta in = ,weconcludethat,forany € ( ), 1( )= 2 )

(a.s.).
orany 1,.., o € (0, )and q,.., , € 0, ), y the self similarity of the iener
process, we have

P( - Ty eeey - n) == P( - 1 g eeny - n)
= P(ma 1 .., ma n )
= P(ma 1y..,ma n) = P(ma ly.,ma n)
:P( 1y -2y n)

Thus
(B™):=P(( - e yeB")=P( ,.., )eEB")= (B")
forany B™ € 0, )" of type
€0, )" 1 1 on  n ( T.)

The collection of sets of type ( T. ) is a system and it is easy to see that the smallest
eld containin all sets ( T. ) is the orel eld of 0, )". In addition, the collection



of all sets B™ on which and coinside contains 0, )" (since 0) and is a  system.

y emma .. we conclude that ( T. ) holds for all orel B™ and we are done.
ince , i n is independent of ( i,..., ,)and ,is ( 1,..., ) measura le, we
have (a.s.)
( n 1l 1y n) = ( n 1 n n 1y n)
= ( n 1 n 1y n) no 1y n) = ( n 1 n) n— mn
( mb? 1y ey n) = ( 12 n 2 1y eeny n)

n 2 12 __ n 2
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or € 0, denote

y emar .. we have =0and y formula ( . . ) we have

|
N
—~
~—

I
—
N
—
~—
~—
—
N
—~
~—
~—

Ne t we claim that ; is aussian. Thisis o viousif € ( )with = 0,
Indeed, if () = " () with , then | = " is aussian as a linear
function of the aussian vector ( ,..., ).

or ar itrary € o ) wecan ta e ade nin se uence , € ( ) and remem er that
the limit in the mean of aussian varia les is aussian. Then we see that our claim is true.
inally, notice that the vector ( ,..., ) is aussian if and only if for any constants
1,..-, n the random varia le 1 ... n is aussian. Then it only remains to o serve

that
1

1 n = ( 1 n ) ( ) ’

where the last e pression is aussian y the a ove ar ument.

ote. It is useful to remem er that there e ist aussian random varia les and such
that is not aussian.

9 enote ()= )( ). Then € (, )ifandonlyif () 0and
= tma ( ) 0.

ne can replace ma with sup over rational num ersin 0, and then we see that ( ) and
ma () are F measura le.

d. et e the collection of all unions of A, ,A, s,... for all possi le se uences

of distinct (), (),... € , ,.... viously, due to @ = U,A4,, isa  eld, and
= . Now we claim that any measura le function is constant on each A,. Indeed,
ni= "™ =, .. are measura le and ta e only counta ly many values of type

, =0, ,.... Therefore, the set : o( )= ™ is the union of some A . This



implies that ,, is constant on each A (either Oor ™). et , = , on A . Then due to

n " onA wehave =lim, , =lim, ,, which is a constant. This proves our
claim.
inally, := ( )e ists and e uals a constant, say on A . y de nition
P(A)= =
ence, if P(A)=0,wehave = = P(A4) ! forall € A . inallyif P(A ) =0,
then e uals any constant, say 0 almost surely on A since P( =0,A) P(A)=0.
.1.17 enote the ortho onal pro ection of o(F,P)on . se the property which
characteri es uni uely the ortho onal pro ection sayin that € and ( )? is the
least num er amon  ( )%, € . lsoremem er that y Theorem . . (ii) we have

= ( 15. n) € . Then
( | G ()

n the other hand elements of are ( i,..., ,) measura le and y Theorem . . (i)
we have the opposite ine uality in ( . ). Thus, we have an e uality in ( . ) and

( )2 is the least num er amon )2, € . ince this property characteri es the
pro ection, we conclude and coincide as elements of o(F, P).

The su ciency is seen from the followin

(n1Fn)= (n1Fn 1) Fn = (n1Fn) (nFn)= n (as.).

The idea to prove necessity is est seen when = , Then we only have to de ne
1 2= 9o,sothat ;= ( ;Fy). ut, asically,

= F)—1r - 7, — _ _
= CRTEEE R LR LA
Therefore, de ne
n=— n (n lfn) ' (001;:0), =
Then (remem er that 0 n ( n 1 F ) almost surely) it holds that 0 n for
and ,, increases with  (a.s.). urthermore, = . hanin , on a set of
pro a ility ero, we can have , increasin and = for all
Ne t, for ,wehave , = ,, (, 1F,) yde nitionon theset where ( , 1 F,) =0
and almost surely on the set where ( , | F,) = 0since 0 " ( » 1 F ) almost surely.

y niticin that , are JF, measura le we conclude (a.s.)

inally, we iterate this relation and et
n= (nn1F)= (n (n1n2Fu )F)= (nnin2Fn)
= (n 1 fn): ( fn)'
If is a stoppin time, then : eF, 1 CF,and
= = : : e Fn.



n the other hand if = e€eF,for =0, ,.. then
= =0 U..U =0 €F,, = SV
Ne t, if and are stoppin times, then, for any 0,
= e Fn,
= e Fn,
n n
— = s oy = = = E fn-
Solutions for HW due Wed o 1 :
1. irst, as part of u inis theorem, we now that ( ) := (,) isa orel

function of

. Therefore,

ny orel function of isalso ( ) measura le. In particular,
the same way we see that

= () is a random varia le measura le with respect to

()
Yis () measura le. In
are orelin and ()is ()

(): ()

measura le. The product of measura le functions is measura le, and therefore 1
is ( ) measura le.
Ne t for any orel (, ) 0 we have

In particular, for any orel

()

so that

have

ence, for any

()

In short,

y ta in

where

is () measura

()

() ) () )

is the density of .
Iso notice that, if at a point

we have () =0, then ( ) =0, so that for any we

orel

() 0o

, we et

I 1 1 1

le y the a ove. owever, if

with Be (), ( . ) yields
= . ( )



Now remem er that is ( ) measura le and any set in ( ) hastheform : € B with

B € (). Then we see that ( . ) means that ( )=y de nition.
iIlf,=A4, n, Where ,, is an F, martin ale and A,, is an increasin se uence
such that A, is F,, | measura le for every , then (a.s.)

(nlfn): (Anl nlj:n):Anl n An n— n-

This ta es care of the if part.
To prove the only if part , de ne

n 1
An: ( ( 1‘7:) )a 3 A1:0, n— n An
1
ince ( 1F) 0 we have that A, increases with . Iso owin to the fact that
( 1F) are F, 1 measura le for , we have that A, is F,, | measura le.

oreover, A, and ,, are represented as linear com inations of random varia les with nite
e pectation. Therefore, n . inally,

n

(nlfn): (nlj:n) Ay 1= (nl}—n) (( 1-7'—) )

.. et e left continuous. The other case is uite similar. e ne a piecewise
constant orel functionon 0, ) y (,0)=0, (,)= "for €( ™ ) ",
= serve that

’

where all terms are F (0, )) measura le as products of 7 and (0, )) measura le
functions (notice that if ( ) is F measura le, then ( , ) := ( )is F (0, )
measura le). Therefore ™ is F (0, )) measura le and it only remains to notice that
o viously ( , ) , which implies
n =
n
The indicators of measura le sets are measura le functions. Therefore, is F
adapted if () € F for each 0. The latter is iven y de nition, so the
former is true. The function is also ri ht continuous in . 'y ercise .. it is
F 0, ) measura le.
The function is left continuous in , so to prove that it is F 0, ) measura le it

su ces to prove that it is F adapted. In turn, to do this as a ove it su ces to prove that



: € F for every 0. If =0, we have : =QeF. owever, if 0,
then
= : e F.
n 1
.9 et =inf 0: e the rst e it time of from ( , ). y  ercise
we have that is a stoppin time. Iso notice that and sup ,
so that
sup . ( )
Ne t,
P( ) =P( : ) P( : ) P ) P( ,
ere
P( ) = P(sup );
and owin to he yshev, Theorem . ., and and ( ),
P( , ) P ) ot = 2
2 sup 2
om inin these estimates, we et what we need.
1 e only prove the rst ine uality. The second one is proved similarly. rom
ercise . . for 0 we have
12 2 2 —
P( I P( ), =sup . ()
Now we use a ain the fact that for 0
= PC )
Then y inte ratin in ( . ) we nd that
12 2 2 ?
S = 5 =
Solutions for HW due Wed o
In e actly the same way as Theorem (ii) one derives from  ercise . . that
2
P( " ) — P(sup " )- C )

If
sup 07



then ( . ) implies that for any 0
2

Tim P( n2 ) —
ince is ar itrary, the left hand side is ero and we are done.
1  or de ne
( ) = ) ( ) = == — ( ) = —.
()
Notice that ( ()) . rom the proof of Theorem . . we now that (), admits

a continuous modi cation, namely,
( ) «C ),

and ( ()), 0,is a iener process. The iener process hits any point with pro a ility
one. Therefore, with pro a ility one := inf 0: ( () = . ence,
= () (a.s.). In particular,

( ) 2 (a.s.). ( )

urthermore, () is continuous and F adapted. Therefore, is a stoppin time. It follows
that ( ) 1€ and the process

= ()

is well de ned.
Ne t, for introduce ( )= . serve that ( ) . Then owin to ( )
and the fact that , the dominated conver ence theorem implies that

n 2 ) 2 0 (as.).

It follows that the processes

():= ()]

conver e to  uniformly in on any nite time interval in pro a ility.
Now, »( ) '€ ,sothat y Theorem .. (iv) (a.s.) for (remem er )

where



Ne t, for any particular 0 (a.s.) (notice () )

In short, ()= (() ) (as.) for any . ince oth parts are continuous in , they
coincide for all at once on a set of pro a ility . Therefore, ()= (() ) (as.).
inally, for (a.s.)

=P lim ()=lm ()=1lm (() )= ()= |,
which is e actly what we need.

o ent. ome of you elieved that

owever, = (), ()= ,and

where the last e uality can e o tained from the distri ution of ( alds distri ution) or
from emar .. 0.

d et
= , ()=inf 0: 2
Then n 2 and y Theorem . . (ii)
n — n
is a martin ale. y aviss ine uality
sup i 2 12 2 12
y lettin and usin  atou s theorem we et

12
sup 2 )

This allows to use the dominated conver ence theorem for conditional e pectations and pass
to the limit as in

( n F)= n (as.)
Then the result follows.

7. (i) or 0de ne ()=inf 0: = . or0 o viously
is a decreasin function of . Therefore, the limit

:= lim



e ists. viously is the rst time  hits . ince each tra ectory of is continuous, it
is ounded on 0, if () . Therefore, for almost any tra ectory there e ists
such that n- In other words,

C : n -

The sets on the ri ht are nested, hence
P( ) lim PC ). C )
ince for , it follows from  ample . . that, for , we have

P( ) limP( n) =0

Now ( . ) implies that = (a.s.), so that (a.s.) indeed.
(ii) y ta in any smooth function such that ( )=In for in the
same way as in  ample we et

In =In 2( )
ince with pro a ility thereisno suchthat = ( = ), we et that for almost any
the function 2 is well de ned as a function of is continuous and hence ounded

on each nite time interval. Therefore,
2 (a.s.)

for any . Therefore, the inte ral 4 ) is well de ned and y
the properties of stochastic inte rals on  we conclude (a.s.)

In =1In 2( ),
which for 0 implies that (a.s.)
In =In 2( ) . ( )

(iii) If the stochastic inte ral in ( . ) were a martin ale, its e pectation would e ero,
that is, we would have

In = In : ( )
To et a contradiction, use the hint and for € ? denote
W)= " 112 _ " " _ " 2 "1 ,

n

and notice that



lim ,( )= lim = In
n n n
ence y the dominated conver ence theorem
In = lim R " 2
n
y usin the fact that the density of a sum of independent random varia les is the convo
lution of their densities and that the sum of aussian varia les is aussian we et without

computation that
1 2 ::( ) 1

ence

n n
ln :nhm 1 1 2 ( ) 1
y noticin that
n n
1 1 2 1 ::ln( ) 0
n n
as , we nally conclude
n n
In — lim 1 12 112
n
n n
— lim 112 112 1 12
n
= In 2 In ,
which contradicts ( . ) indeed.
ii e ne
( ) =inf 0: 22
In the proof of emma . . it is noticed that » 1S a martin ale. It is also a nonne ative

su martin ale. y oo sine uality

sup o, (. () o OO

y lettin ,usin  atou and older, we conclude that sup . eare now
done due to the rst part of this e ercise.

Ta e a stoppin time and o serve that, for any € (0, ) and |,

= ') ) C )

where

and



Notice that = ( ! )and is asupermartin ale, so that y orollary . . we have

= . fcourse, one should say that orollary . . was only proved for discrete
time and that in our case one has rst to appro imate with discrete stoppin times and
then pass to the limit on the asis of atou s theorem.

Thus ( . ) implies that
1 1
ep () ’ ep () ’
for any € (0, ) and . Ne t, notice that ( , ) tends to at and
= ( ). Therefore, there e ist € (0, ) and such that (, ) . fter
that it only remains to refer to  ercise . . (ii).

Solutions for HW 7 due Wed e 1 :

y older s ine uality

« ) () ep—o 2 ()

If condition ( ) is satis ed, then

ep—
for small 0 implyin that
2
ep— () °? e p 2
Now  ercise and ( . ) lead to
O ep— P
0 ( ) m () In ep——0m 2
y lettin 0 and usin assumption ( ), we et () . owever, always ()
ence ()=
inally, if e p( ) 2 , then () is satis ed since
In ep——o 2 In ep( ) 2
.1 .1 Ta e a continuous function ( ) on , and solve the e uation
() ) ) O)= ()
on , with ero condition at the endpoints of this interval. To this end denote = and

o serve that



where  are some constants which we nd from the conditions ( ) =

condition ( ) =0yields 5 =0. Ne t we use u inis theorem to et

()= 0 ') 0) () ()

If , then

Thus our solution is iven y the formula in uestion and hence the function it de nes

possesses indeed the asserted properties.

.1 . (i) Ta e the function from the hint and notice that y Itos formula

()= (0 ()C) C)*) () () ()

where the second e uality is true (a.s.) ecause (0) =0 and =
and 0, we conclude ( ) 0 (a.s.). owever, 0. ence ()
implies that (a.s.).

(ii) e have

= () ) )

0. 1ince 0

= 0 (a.s.), which



ince is oundedon , , yta in e pectations we conclude
= () - C )

Now let . Then the ri ht hand side conver es to () y the monotone
conver ence theorem. ince and 0, we see that

() () =lim () o 0) (as.).

Therefore as and y (i) we have = (a.s.). Thus y the dominated
conver ence theorem the left hand side of ( . ) oesto and we are done.
.1 . ea ain use ( . ) and as a ove o tain that () (a.s.) and let

Then we et
()= = rC =) P( =)
ince 0 we conclude ()

.1.1 s usual we may assume that (0) = . win to auchy s criterion we onle need
to chec that

2
— — 0 C )
as .y de nition the left hand side of ( . ) e uals the limit as of
n 2

2 2

imple arithmetical manipulations show that ( . ) is e pressed throu h the correlation
function alone and thus will not chan e if we ta e adi erent process with the same correlation
function. s usual we prefer to deal with = , where the random varia le has the
characteristic function e ual to . e su stitute this into ( . ) and o serve that,
due to the dominated conver ence theorem and the fact that , as , the new
e pressions ( . ) tend to the left hand side of ( . ), where the inte rals are ust
iemann inte rals. fter that we notice that disappears due to and

sin

Then we see that we only have to prove that

sin sin
0 C )
as . owever ( . ) trivially follows from the dominate conver ence theorem
since sin and sin 0 as . This ta e care of the rst part of the

pro lem.
To investi ate when



we rewrite the e pression on the left in terms of = as

sin sin 9

‘=P( =0)

ain the last term tends to ero and we see that ( . ) holds if and only if P( = 0) =0,
which is e actly what we had to show.
To do the last part of the pro lem we use the hint showin that ( 0 ) =0 if and only if

- () 0.

e are iven that () 0as . Therefore, for any 0 there is a such
that () for all . Therefore,
lim — () lim — () lim — () lim —

e et the result we need since is ar itrary.

orollary . . implies that
()yC)= )= )C) (@s) € () )
or ()= thisylelds = . Then ( )= = ?= (0)and
(2 )= (0 2 = (0) ()=0,
so that o = (a.s.) for any asre uired.
Solutions for e o e nldue on e 17:
.1 se the hint. Namely, and A € F, and de ne ( )= if € A and
()= if €A Then : = euals@eF if = |, . owever, if =
then = =AeF,=F,andif = , then = =A eF,CF.
Therefore : = € F forall and is a stoppin time. Iso = and the
ine uality ecomes
n n 1 n 1 n n 1 n 1= n 1-
ence n (n 1F,) and the ar itrariness of A € F, implies that
( n 1 Fn), which is e actly what we need.
.= et () e the correlation function of . ssume without losin  enerality
that (0) = . Then, for any the random varia les () and are uncorrelated

and hence independent. In particular, (a.s.)

( )= ( o ) 0 =0

y addin the ar ov property, we conclude that for |, 0
( )= = ( , ) = ( )= () = () ()
In short, ( )= () (). ne nows that all continuous solutions of this e uation are
e ponential functions. ince (0)= , we have ()= , 0, and since is ounded,

0. inally, isreal, ( )= (),and ()= for all .



= e only need prove the ar ov propery of .  ain we assume that (0) =

Then for any 0 and we have
() = ) () )= =0.
ince the process is aussian, it follows that the random varia le () and the
process are independent. Now use Theorem . . to conclude that for any ounded
orel and | .. » = Wwe have

( ) IEEEE) = ( () () ) PERED = ( )

(a.s.), where is a orel function. inally, y ta in conditional e pectations iven  of
the e treme terms and remem erin Theorem . . (v), we conclude (a.s.)

() = ()
ence (a.s.)
C ) e =0)= ()

and we are almost done. It only remains to invo e standard ar uments allowin one to pass
to eneral is uestion from ounded ones.

se the hint and let e the function o tained from  y replacin all the coe cients

of P and with their con u ate. Ne t, de ne two analytic functions ;( ) = ( ) and
2( )= ( ). Thee uality ( )= ( )forreal meansthat ; = 5 on the real line.
Therefore, 1( ) = o ) for all for which the functions are de ned. In particular, they

coincide on the ima inary a is apart from nitely num er of possi le poles. inally, for real
,0 viously, 1( )= ( ). Thus

()= 0 )

which means that (  )isrealfor € and hence ( ) is real too.

.1 irst, orollary .. with = and such that implies that

, . ( n.)

urthermore, formal multiple di erentiation of 2 with respect to  produces the
e pectation of e pressions li e

P( Y ) 27

where P is a polynomial. ince ounded, such e pressions y ma nitude are less than

1
( ) : (n)
where s and are certain nite nonrandom constants. win to ( n. ) the e pectation

of ( n. ) is alocally ounded function of . This and a well nown rule of di erentiatin
inte rals with respect to parameters proves that indeed we can di erentiate the e uality

rin in all derivatives inside the e pectation si n. Thus,
2

()

? = 0. ( n.)



To transform the left hand side of ( n. ) use the hint to the e ercise. Notice that

— _( )n 2n’

n

which shows that all odd order derivatives of vanish at ero and
2n

ence
2 n 2 n
2 ( ,O) — 2 — Zn’
n Co)r )y .
where
? 2
= p— 0’ =
()
Ne t,
? 2 2 2 2 2
W = (,0( )* = n = n M
n n
e su stitute thisin ( n. ) and et
( 2 1 2 2 2 2 2 ) - O
Now use that for any |, 0 and 0 there e ists a constant  such that for all |, 0
we have

y the way, elow y and we denote small and lar e constants which may chan e from
one appearence to another. This elementary ine uality implies in particular that

2 2n n — 2 2n( _)2n 2
2 2n n 2 ( n. )
Then to estimate 2 we write
2 _ 1 2 2 2 2
= 1 2
_ 2 2 2 2
= 1 2
2 2 2 2 2
1 2
In short, for any 0 there is a constant  such that 2 2 pon
tain = ,we et 2 )
To estimate throu h 2 we use the second ine uality in ( n. ) while startin as

follows



