Marta Lewicka, Math 8602, Spring 2007
Homework 18

1. For p € (0,1), define LP[0,1] and || - ||r» by the standard formula. Show that
[| - ||» is not a norm.

2. Let f € LP(R™), g € LYR"), p,q € [1,00] and 1/p+1/¢g—1 =1/r > 0. Prove
that f g€ L"(R") and |[f * gllr < [[f][zrllgllza-
3. Let Q be an open, bounded subset of R™. Prove that for every f € L*°():

£l = lm [|£]|ze-
p—0Q0

4. Let p,q € [1,00]. For which functions f the operator of multiplication by f is
continuous from LP[0,1] to L7]0, 1]?

5. Let T be a linear function between two Banach spaces E; and Fs. Assume that
T takes every strongly convergent sequence into a weakly convergent sequence.

Prove that T € L(E4, Es).

6. Prove that every Banach space E' is linearly isometric to a closed subspace of
C(X), where X is a compact topological space. When E is separable, prove that
X may be taken as the interval [0, 1].

[Hint: If X is a compact metric space which can be seen as a convex subset of
some linear space, then show that there exists a continuous function f from [0, 1]
onto X. ]



