Marta Lewicka, Math 8801, Fall 2007
Homework 2

1. Let Ey be a subspace of a Banach space, such that Fy is complemented in E.
Determine if the following statement must be true. For every normed space F' and
every Ty € L(Ey, F), there exists T' € L(E, F) such that Tjp, =T

2. Let T : E — K be linear. Prove that:

(i) T is bounded iff its kernel is closed.
(ii) If T is unbounded then its kernel is a proper dense subspace of E.

3. Let (X,d) be metric space and define A to be the family of its nonempty,
bounded and closed subsets. For A, A € A define the Hausdorf distance:

dH(A17A2) = inf{e > O, A1 C Be(Ag) and AQ C Be(Al)},
where we denote Bc(A) = {x; inf,cad(z,y) < €}.

(i) Prove that dy is a metric on A.
(ii) Let X = R™. Prove that the set:

{AeA; AcC Br(0)}
is compact in the metric space (A, dg).

4. Let © be an open and bounded subset of R™. Let 0 < 8 < a < 1. Prove that
the operator:
Id:C%(Q) — C%A(Q)
is well defined and compact.
Can the same be said about Id : C*(Q) — C%(Q)?

5. Let 2 be an open subset of R™. Let K € L?(Q2xQ,K) and let T € L(L*(Q), L*(Q))
be the integral Hilbert-Schmidt operator (compare problem 4 in homework 1):
T = [ K f) du
Prove that | T|| = || K|z if and only if:
K(x7y):K1(x)K2(y) v a.e. x,yEQ,
for some K1, K» € L%(Q).



