Marta Lewicka, Math 8801, Fall 2007
Homework 3

1. Given a Banach space E, consider the hyperplane H = ¢~ ({a}) C E*, for some
¢ € E**\ {0} and a € K. Prove that H is weak* closed if and only if ¢ = Evy, for
some T € E*.

2. Let E be a complex normed space and let E” be the real normed space, obtained
from E by restricting multiplication of vectors by scalars to R x E. Prove that F
is reflexive iff E" is reflexive.

3. Recall homework 1 problem 5. Using the hints from the lecture, prove that T
is Schur’s oparator with type:
n—m(n—a) ifm<n/(n—a),
Q=14 € for any € > 0, if m =n/(n — a),
0 ifm>n/(n—a),

4. Let X be a topological space. Recall that a function ¢ : X — [—o0, +0o0] is
called lowersemicontinuous (l.s.c.) iff:

Ve e X ¢(z) <liminf ¢(y).
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Let E be a Banach space.

(i) Prove that for a convex function ¢ : E — (—o00, +00], being l.s.c. with
respect to strong topology on E implies being l.s.c. with respect to the
weak topology o(F, E*). Deduce then that ¢(z) < liminf ¢(z,,), whenever
., converges weakly to x. Is the converse implication true?

(ii) Let E be in addition reflexive, and let A be its closed and convex subset. Let
¢: A — (—00,400] be convex, ls.c., such that ¢ £ +oo and satisfying:

lim T) = +o00.
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Prove that:

dege A d(xzo) = 2116121 o(z).

5. Let E be a Banach space. Recall that a sequence {e, }52, is called a Schauder
basis of E iff:

o0
Vee B Wa,}, CcK Z Qape, = T.
n=1

Given is a sequence of continuous projections P, : E — FE with finite dimensional
ranges, and satisfying:
(i) Ve € E lim P, (x) ==,
(i) Vn,m  PoPm = Pyin (4,m)-
Define Q,, = P, — P,—1 (we set Py = 0).
(i) Prove that for all n,m one has: Qn,Qm = 0n,m@n. Here d, ,, denotes the
Kronecker delta.
(ii) Let {en; ¢ =1...d,} be any basis of Range (Q,). Check if the sequence:
€1,1,€1,2+--€1,d,,€2,1---€2 d,,€3,1 -..€tc
is a Schauder basis of E. If not, give a sufficient condition that it is so.
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