
Marta Lewicka, Math 8801, Fall 2007

Homework 4

Let E,F, G denote Banach spaces.
1. Let T ∈ L(E) be a linear continuous operator on a complex Banach space E.
By R : ρ(T ) −→ L(E) we denote the resolvent function of T . Prove that:

(i) R(λ1)−R(λ2) = (λ1 − λ2)R(λ1)R(λ1), ∀λ1, λ2 ∈ ρ(T )
(ii) R is differentiable on ρ(T ) (find its derivative)
(iii) lim|λ|→∞R(λ) = 0
(iv) the spectrum σ(T ) is always nonempty
(v) if λ ∈ σ(T ) then λn ∈ σ(Tn)
(vi) the spectral radius: max{|λ|; λ ∈ σ(T )} = limn→∞ ‖Tn‖1/n.

2. Let T ∈ K(E). Is Range (T ) always separable?

3. Prove that T ∈ L(E,F ) is compact iff

T ∗ : (B̄F∗ , weak∗) −→ E∗

is continuous.

4. (i) Let T ∈ K(E,F ) and let S ∈ L(F,G) be injective. Prove that for every ε > 0
there exists C > 0 so that:

‖Tx‖ ≤ ε‖x‖+ C‖STx‖ ∀x ∈ E.

(ii) Let Ω be a ball in Rn. Prove that for every ε > 0 there exists C > 0 so that:

‖∇u‖ ≤ ε‖D2u‖+ C‖u‖ ∀u ∈ C2(Ω̄),

where ‖ · ‖ denotes the C0(Ω̄) norm of a given function.
(iii) Prove that in (ii) one can take C = 4(min(ε, 1/R))−1, where R is the radius

of the ball Ω.

5. Give an example of a compact operator on l2, whose point spectrum is empty.

6. Let T be the integral Hilbert-Schmidt operator, as in Problem 5 Homework 2.
Prove that:

dim Ker(Id− T ) ≤ ‖K‖2
L2(Ω×Ω).
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