Marta Lewicka, Math 8802, Spring 2008
Homework 5

1. Consider the problem on an open set 2 C R”, with sufficiently smooth and

bounded boundary:
ou

E—AUJ—O in (0,00) x €,

(1) w=0 in (0,00) x HQ,
u(z,0) = up(x) in Q.
Using the maximal monotone operator theory, prove the following.
(i) Assume that ug € H}(Q). Prove that the solution u(t,x) to (1) satisfies
w € C([0, 00), HA(®)) N L((0, 00), HA(2)) and 2¢ & L2((0,00), I*(2)).
(ii) Assume that ug € H>NHE (). Prove that the solution u(t, x) to (1) satisfies
u € C([0,00), H(2)) N L?((0,00), H3(Q)) and &% € L?((0, 00), H(R)).
2. Find an explicit solution to the wave equation:
az—u—Au—O in (0,00) x Q
ot? ’ ’
u=0 1in (0,00) x O,
u(z,0) = up(x) in Q,

881; (,0) = vo(z) in Q,

in 2 = R and conclude that the related semigroup has no smoothing effect.

(2)

In all problems below assume that F is a separable Banach space.

3. Let {S(t)}s>0 be a CO%-semigroup on E. Prove that:
(i) The function [0,00) 3t — ||S(t)]| is Borel.
(ii) The limit:
1 t
o0 = i SIS0
is well defined. It is called “the type” of the semigroup S.
(iii) Yw >wo 3IM, Vt>0 1S < M,e*t.

€ [—O0,00)

4. Let E be a Hilbert space and {S(¢)}+>0 a C’-semigroup on E.

(i) Prove that for every fixed ¢ > 0 and = € F the function s — S(t — s)*z is
Bochner integrable on any interval (0,~) where v € (0,1).

(ii) Prove that for a Bochner integrable function f : (o, 8 + hg) — E there
holds:

B
mn/\U@+M—f@H&:O
(iii) Deduce from (i) and (ii) that for every x € E and ¢ > 0 there holds:
}lllr%S(t +h)*x=5()" (x).

(iv) Prove that {S(t)*}¢>0 is a C%-semigroup on E* (which we identify with F).
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5. Let A be the infinitesimal generator of a C%-semigroup {S(¢)}+>0 on E. Let wy
be the type of S (see problem 3).
(i) Prove that the resolvent R(\) is well defined at each A > wy and, for a fixed
x € E, find the derivative of the function A\ — R(\)(z).
(ii) Prove that 4= R(\) = (=1)"n!R()).

axm
(i) Deduce the inverse of the Hille-Yoshida theorem, that is:
n Mw

6. Prove that a necessary and sufficient condition for a closed densely defined
operator A (on E) to generate a C° contractive semigroup S (that is || S(¢)|| < 1 for
all ¢ > 0) is that:

YA>0 JAd—A)telL(E,E) and ||(AId—A)7Y <

> =

[Hint: use the definition of the type of S from problem 3.]



