ON THE GENERICITY OF THE MULTIPLICITY RESULTS FOR
FORCED OSCILLATIONS ON COMPACT MANIFOLDS

MARTA LEWICKA AND MARCO SPADINI

1. Introduction

In [3], some multiplicity results for the forced oscillations of a mass point con-
strained on a sphere have been obtained. In particular, it wa proved that a small
periodic perturbation of a gravitation-like tangent vector eld induces at least two
forced oscillations. Such results depend strictly on the sbng geometric properties
of the sphere and cannot be (easily) extended to the generaketting of a second
order ODE on an arbitrary compact manifold. However, we will show that such
multiplicity results are, in some sense, \generic".

Let M Rk be a compact, boundarylesam-dimesional smooth manifold. Let
h:TM ! RK be continuous and tangent toM (i.e. h(p;v) 2 T,M for any p2 M
andv 2 TyM), and let T be a xed positive real number.

We will be concerned with periodic solutions of the equation

(1) x =hxx)+ ftExx; 0
where the perturbing function f :R TM | R has the following properties:
(P1) (Caratheodory, T-periodicity in t)
for any (p;v) 2 TM, f(;p;v) : R ! R¥ is measurable andT -
periodic,

foraa.t2R,f(t;): TM ! RKis continuous,
(P2) (tangency)
forany (p;v) 2 TM fora.a.t2 R, f(t;p;v) 2 ToM,
(P3) (admissibility)
for any compactK ~ TM there exists a function ¢ 2 L([0;T];R)
such that for a.a.t 2 [0; T], for any (p;V) 2 K,

fEpvi< «(@):

Following [4], where (1) was studied forf continuous, we rst establish a result
on existence of an unbounded branch of the set ofT(-periodic) solution pairs ( ;X )
for (1) (Theorem 3.3 below). Then, by introducing the notion of second order
non-T -resonancy, we study the equation

2) x =g(x)+ f(txx)

and we prove that the set of C" (r  0), autonomous vector elds g, having the
property that any \small enough" perturbation f induces at leastj (M)j forced
oscillations (that is, T-periodic solutions of (2)), is open and dense in the space of
C' tangent vector elds on M (Theorem 5.2).
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Finally, we restrict our attention to the gradient vector e Ids on M and prove
a corresponding \qualitative" multiplicity result with a s harper estimate of the
number of forced oscillations (Theorem 5.5).

The key step of our proof is Theorem 4.3 below. Although a simar result could
be gained (in the case ofC! perturbing funtions) by an appropriate use of the
implicit function theorem, we prefer to use a more topologi@l approach, based on
a continuation principle (Corollary 3.4), which stresses the geometrical aspects of
the problem and allows a greater generality.

2. Preliminaries and notation

Throughout all the paper M; h; T; f will be as in the introduction, and by TM
we will mean the tangent bundle to the manifold M , that is the set

TM = (p;vV)2R¥ R¥:p2M;v2T,M

In what follows, the symbol C1 (M) will denote the metric subspace of the Banach
space C}(RK); kk, , wherekk, is the usual C* norm, of all the T-periodic, C*
functions x : R ! M and, analogously, byCt (TM) we mean the metric space
of T-periodic, continuous functionsx : R !~ TM, with the metric inherited from
the Banach spaceCr (RX RX) (the \sup" norm).

Given a subspaceA of a topological spaceS and a subsetB of A, we denote by

Fra(B) and B" respectively, the boundary and the closure oB relative to A.

As in [4], we tacitly assume some natural identi cations; for example we identify a
point p2 M with the constant function t 7! pin C¥(M), or a function x 2 C(M)
with (x;x) 2 C;(TM). Also, we regard each of the above spaces as the zero-
slices of the space obtained as the Cartesian product of J@ ) and the space under
consideration. In this manner, M becomes a subset of @ ) CX(M) and of
[0;1) Cq(TM) as well, and so on.

In the same spirit, by hjy : M !  RX we understand the function given by
him (p) = h(p;0).

Finally, by E we denote the topological vector space of all functiond : R
TM ! RK having the properties (P1) { (P3), endowed with the topology given
by the following fundamental system of neighbourhoods of O:

Uk~ : K is a compact subset offM ; "> O ;
where
Ugr = f2E: foraa. t2[0;T]; forall (p;v) 2 K; jf(tp;v)j<"ao:

Remark 2.1. If we restrict our attention to the space of continuous pertubing
functions E\ C° [0;T] TM; RK , the above topology orE induces the compact-
open topology.

Let us recall an important de nition from [2]. We will say tha t ( ;x ) is a solution
pair of (1) if:
01
x 2 C}(M) and x is absolutely continuous,
foraa.t2 R, 1, ,mX()= h(x(t);x(t)+ f (&x(t);x(1)),
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where, for a xed subspaceE RX, g :RX ! E is the orthogonal projection
of R onto E. From now on, X will denote the subset of [@1 ) C1(M) of all the
solution pairs of (1).

We quote an important known result (see e.g. [1]):

Theorem 2.2. Let T2M = f(p;v;u) 2 Rk Rk Rk:p2 M; v;u2 T,Mg.
There exists exactly one smooth function : T2M | R¥, such that:

(i) forany (p;v;u) 2 T2M, (p;v;u) 2 (T,M)?,
(i) foranyp2 M, (p;;):ToM TpM ! (T,M)? is bilinear and symmet-
ric,
(i) (u;w) 2 TpyyTM if and only if u2 ToM and (1, m)> (W) = (p;V;U).

De ne
B:TM 1 RY RK;B(p;v)=(vir(p;v) + h(p;V));

f:R TM ! RK RK:f(p;v)= Of(tp;Vv) ;

wherer : TM | RK is given by: r(p;v) = (p;Vv;V). Since, by Theorem 2.2
and f are tangent to TM, we may consider a rst order ODE on TM

(3) —=hO)+ ft); o

where we put (t) =( 1(t) ; 2(t)), with 1(t)2 M and »(t) 2T M.
We say that (; ) is a solution pair of (3), if:
01
2 Cr(TM) and is absolutely continuous,
foraa.t2 R, {t)= B( () + f(t ().

We denote the set of all solution pairs of (3) by)b. Notice that ( ;x ) 2 X if and
only if (; (x;x)) 2 X.

Let U be an open subset of a smooth, boundaryless manifoll R!, and
v:N ! R!' be a continuous tangent vector eld which is admissible on U,i.e.
such that the setv %(0)\ U is compact. Then, one can associate to the pain(; U)
an integer number, called the degree of the vector eldv in U, and denoted by
deg(v; U) which, roughly speaking, counts (algebraically) the numbker of zeros of
v in U (see e.g. [8], and references therein). Given an isolated reep of v, it is
convenient to introduce the index i(v; p) of v at p as follows: ilv;p) = deg(v;U),
where U is any open neighborhood o such that v 1(0)\ U = fpg.

Inthe at case, namely if U is an open subset oR¥, deg(v; U) is just the Brouwer
degree (with respect to zero) ofv in any bounded open setV containing v 1(0)
and such thatV  U. One can see that all the standard properties of the Brouwer
degree on open subsets of Euclidean spaces, such as homotapyariance, excision,
additivity, existence, etc. are still valid in the more general context of di erentiable
manifolds.

Now we recall the notion of T-resonancy for rst order ODE's on manifolds,
introduced in [3]. Let N R' be as above, andg: N | R! be a continuous
tangent vector eld. We say that a point p2 g (0) is T-resonant for g if:

g is C! in a neighbourhood ofp,
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the linear equation on TyN (note that g¥p) 2 End(T,N))

x = gAp)x
admits nontrivial (i.e. nonzero) T-periodic solutions.
Correspondingly,p 2 g *(0) is non-T-resonant for g, if g is C! in a neighbourhood

of p and the only T-periodic solution of the above equation is the trivial one.

Notice that p is non-T-resonant for g if and only if the spectrum spec g%(p) of

g9p) contains no eigenvalues of the form%, with n 2 Z. Thus, in particular, if

p is non-T-resonant for g, then p is an isolated zero ofg, with index 1.

3. Branches of solution pairs

We quote two results, which will be usefull in the sequel.

Theorem 3.1 ([10]). Let N R! be a boundaryless, smooth manifoldg : N !

R' be a continuous tangent vector eld, and : R N ! R! be such that the
mapping 1 : R TN ! R! given by (t;p;v) = ( t;p) satises (P1){(P3)
(with M replaced byN). Denote by Y the set of solution pairs of the following rst
order ODE on N:

(4) x=gx)+ (tx); 0

(de ned as the set ¥, with N instead of TM) and let be an open subset of
[0;1) Ct(N) such that the degreadeg(@; \ N) is well de ned and nonzero (note
that \ N makes sense by the identi cations introduced in the precedg section).
Then there exists a set , satisfying:

® Y ng %(0) (i.e. contains only \nontrivial* solution pairs of (4)),
(i)  is connected,

iy 0P TNy g 10) 6,
(iv) s not contained in any compact subset of .
If, additionally, N is closed inR' and =[0 ;1) Ct(N), then is unbounded.

Theorem 3.2 ([4]). Let U be an open subset of M. Then h;y is admissible (for

the topological degree) onU \ M if and only if B is admissible onU, and in the
case of admissibility we have

deg(®; U) = deg( hjm ;U\ M):
Now we adapt Theorem 3.1 to the case of second order ODE's a¥ .

Theorem 3.3. (M need not be compact.) Let be an open subset of0;1 )
Ci(M) such thatdeg(hjuw; \ M) is well de ned and nonzero. Then there exists
a set , satisfying:

® X n(hjm) L) (i.e. contains only \nontrivial" solution pairs of

1),

(i)  is connected,
- 1
iy ~H TNy () 10 65,
(iv) s not contained in any compact subset of .
If, additionally, M is closed inR* and =[0 ;1) C}(M), then is unbounded.
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Proof. (Compare the proof of Theorem 4.2 in [4].) Let bbe an open subset of
[0;1) Cr(TM)suchthat B\ ([0;1) Ci(M))=.Since P\ M = \ M, by
Theorem 3.2 we have

deg®; P\ TM)=deg( hju; \ M)=( 1)™deghju; \M)60

(here m is the dimension of the manifoldM ).

Thus, by Theorem 3.1, there exists a connected seG, contained in b\ Yn

B 1(0) such that got) My 1(0) & ; and Gis not contained in any

compact subset of® The proof is completed de ning equal to the above set G
regarded as a subset of [ ) Ci(M). |

Corollary 3.4 (A continuation principle) . (M need not be compact, only closed in
RX.) Let o be an open bounded subset @} (M) such that:

(i) deg(hjm: o\ M) is well de ned and nonzero,
(i) [01] Fecimy o \ X =3,

Then (f1g o)\ X 6 ; (in other words, there exists aT -periodic solution of (1)
for =1, which is an element of o).

Proof. Dene =[0 ;1) 0. Since
deghjm; \ M)=deg(hju; o\ M)60;

there exists a set \' X n(hjm) 1(0) as in Theorem 3.3. The connected

_ - 1
set = 1) STMM) g contained in X (@s X is closed in [1) Ci(M)), so

1\ ([0; ] Freaw) 0) = ;. On the other hand, Ascoli's theorem together with
the closedness oM implies that bounded and closed subset ofX are actually
compact. Then, using the connectedness of we have \ flg o 6 ;. |

4. T-resonancy revisited

We will say that a point p 2 (hjv) 1(0) is second orderT-resonant for h, if
(p;0) 2 TM is T-resonant for R.

Assuming h to be C! in a neighbourhood of @;0) in TM, we see thatp 2
(hjm) 1(0) is second order nonT -resonant, if and only if (H)O(p;O) does not have
eigenvalues of the form% with n 2 Z.

Since

Tip;pTM = TpoM - TpM;
the linear operator (h)o(p;O) Ty TM I Tp.0)TM is represented by the block
matrix:
0 I .
D1ih(p;0) D2h(p;0)
wherel is the identity on T,M . This immediately gives a description of the second
order non-T-resonancy ofp, namely the unique T-periodic solution of the linear
equation (on ToM)
y = D2h(p;0)y + (hjm )Ap)Y
is the trivial one.
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By the Schur formulas (see e.g. [5])

| |
Dih(p;0) Dzh(p;0) |

det  Dih(p;0) D zh(p;0)+ 21 ;

det((R)%p;0) 1)

det

where| is the identity on T(,.0)TM. Hence 28 2 spec(®)%(p;0)), for somen 2 Z,

if and only if
!

2 ni 2n ?
5) det D3h(p;0)+ %Dzh(p;O) + ?” | =o0:
In the particular case whenD;h(p;0) = 0, the formula (5) implies that p is second
order non-T -resonant if and only if

n 2
(6) = 2 spec(tju)P):;
foranyn 2 Z.

Another interesting particular case is whenh is the sum of a positional vector
eld and a friction, that is h is of the form: h(p;v) = g(p) v with > 0. In this
case, formula (5) yields thatp 2 g *(0) is second order nonT -resonant if and only
if

2n *? 2ni

(7) _ + ?2SPEC@O(I3))§

foranyn 2 Z.

We need a sharpened version of Lemma 3.3 from [3]

Lemma 4.1. Let N; g be as in Theorem 3.1. Letp 2 g 1(0) be nonT-resonant
for g. Fix a compact neighbourhoodk N of p and a number"x > 0. Then for

any su ciently small neighbourhood V of p in Ct(N) there exists a real number
v > 0 such that the set[0; v] Frc, (n)V does not contain any solution pair of
(4), whenever is as in Theorem 3.1 and

(8) j(tx)j<"k foraa. t2]0;T]; forall x 2 K:

Proof. Let W be an open neighbourhood op in Ct(N) such that f0g wer )
does not contain any solution pair of (4) di erent from (0 ; p). The existence of such
a set was shown in the proof of Lemma 3.3 in [3]. De ne

Wi =fx2W: x(t)2intyK forallt2 Rg:

W3 is an open neighbourhood op in Ct(N).

Take an open subset/ of Wy, containing p. Assume by contradiction that there is
no number  as in the assertion. Then, there exist three sequencds ,g [0;1 ),
fxng Fre, )V andf g, with , asin Theorem 3.1, such that:

(i) f ngconvergesto 0,
(i) each x, is absolutely continuous,
(iif) each |, satis es (8),
(iv) xn(t)=9g xn(t) + , n t;xp(t) ; fora.a.t2 R and all n:
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By Ascoli's theorem, we may without loss of generality assura that f x, g converges

in Cr(N) to some xg 2 Fre,(n)V, and xo(t) = g xo(t) foraa.t 2 R. Since

Xo 2 WCT (N) and xo 6 p, we obtain the desired contradiction. [ |

Now we specialize the above lemma for the second order case.

Corollary 4.2. Letp 2 thl(O) be second order norf-resonant for h. Fix a
compact neighbourhoodK of (p;0) in TM and "¢ > 0. Then for any su ciently
small neighbourhoodV of p in Ci(M) there exists a real number y > 0 such
that the set[0; v] Freaan)V does not contain any solution pair of (1), whenever
f 2 Uk -

Proof. By the de nition of second order non-T -resonancy, we know that the point
(p;0) 2 TM is non-T-resonant for R. For a xed set V, as in the assertion, let
¥ be an open subset ofCt (TM) such that V = 'R Ci(M). Note thatif V is
small enough,‘@ can be chosen as small as required in Lemma 4.1, so there exist
the corresponding number , > 0. Since Feim)V  Freram )V, one can de ne
vV = ' [ |

We are now in a position to give a multiplicity result for the f ollowing second
order di erential equation:

9 x = hxx+ f(txx);
whereh and f are as in (1).

Theorem 4.3. (M need not be compact.) Letps;:::;pn 2 (hjm) 1(0) be second
order non-T -resonant for h. Then there exists an open neighbourhoot! E of 0
such that for everyf 2 U equation (9) has at leastn geometrically distinct (more
precisely, with pairwise disjoint images) T -periodic solutions.

Proof. We claim that if p is a second order norF-resonant zero ofh;y then,
given a su ciently small compact neighborhood C of p in M, there exists an open
neighborhoodU,, of 0 in E such that for everyf 2 U, equation (9) has aT -periodic
solution whose image is contained irC.

To see this, take a compact subseK of TM suchthat K\ M = C and let V
be an open subset ofct (T M) containing (p;0). Shrinking V if necessary, we can
assume that:

(i) the image of any x 2 V' \ C1(M) is contained in C,
(i) (Byvitv) 10 = f(p;0)g,
(iii) there exists > 0 such that [0; ] Frc%(M)(V\ C1(M)) does not contain
any solution pair of (1) for any f 2 Uk. 1.
Since
(VN CE(MP\ M =(VN TM)\ M =V\ M;
by (ii) and Theorem 3.2 we get

deg hju; V\ CE(M) \ M

deg hjy; VA TM \' M

( 1)™deg R;V\ TM = 1:

Thus, by Corollary 3.4, one can see thatU, = Uk, fulls our claim.
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borhoodsC; of p; as above. By the rst part of the proof, to each of the C; it cor-
responds an open neighborhootl,, of 0 in E such that for every f 2 Uy, -pquation
(9) has aT -periodic solution whose image is contained irC;. HenceU = ?:1 Up,
is an open neighborhood of 0 irE which has the desired properties.

In order to illustrate Theorem 4.3, let us consider the secod order di erential
equation

(20) x = (grad G)(x) X+ f(t; % x);

whereG : M | R is aC? function with nondegenerate critical points (i.e. a Morse

function), and > 0. By standard computations, using the fact that the frictio nal

coe cient is nonzero, one can show that the critical points of G are second order
non-T -resonant zeros ofh(p;v) = (grad G)(p) v . Furthermore, from the weak

Morse inequality (see e.g. [7]) it follows thath;y has at least

xo
bM)= h(M)
i=1
critical points, where b (M) denotes the i-th Betti number of M. Hence Theo-

rem 4.3 implies that (10) has at leastb(M ) geometrically independent T -periodic
solutions, for everyf belonging to a suitable neighbourhood of O inE.

5. Genericity and multiplicity

In this section we will consider a particular case of equatia (1),

(11) x =g(x)+ f (X x); 0;

whereg:M |  RKisaC' (r 1), tangent vector eld. An easy but important

result is the following:

Lemma5.1. Letg:M ! RK be aC? tangent vector eld on M. Let pi;:::;pn
be nondegenerate zeros aj. There exists aCl function :M ! R such that
p1;:::;pn are second order nonT -resonant zeros ofg+ grad for any 2 (0;1]

Proof. Let us introduce the notation: S=f (2n=T )?: n2 Zg.

For a given nondegenerate zerqp 2 M of g we choose , > 0 such that
spec@qp) + pl)\S = ; for every 2 (0;1] (here| stands for the identity
on T,M); for instance we may take , = minf2 2=T?; d=2g, where

d=min js €:s2S;e2specgqp) nS > O

ToM. Dene a C! function E :RX! R by

X
E(@= % M p;wi®; g2RS
i=1

Fix an open, relatively compact neighbourhoodU of pin M and a C' function
M [0; 1] such that supp( ) Uandp 2 inty ( 1(1). If we dene

w:M !  Rbyw(qg= (q) E(g),weget: suppfv) U and, since (gracw)(p) =0,

(g+ gradw)qp) = gAp)+ ,l. Hence spec(g+ gradw)¥p) \S = ; for every
2 (0;1]. Thus, by (6), p is second order nonf -resonant for g + gradw.
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Using the procedure described above, we construg® functionsw; : M ! R,
for each point p;. Without Io§,s of generality we may have supp(vi) \ supp(w;) = ;
fori 6 j. The function =, w;, fulls the requirements. n

Denote by X"(M), r 0, the subspace of the Banach spacg" (M; R¥) made up
of the C' tangent vector elds on M. Let us consider the setX’. (M) of all functions
g 2 X"(M) having the property that there exists an open setU E , containing
0, such that the equation (2) has at leastj (M )j geometrically distinct T-periodic
solutions (i.e. functions x 2 C} (M) with (1 ;x) beeing a solution pair for (11)), for
everyf 2 U. As a consequence, whenevey2 X} (M), for every f 2 E there exists
a positive number such that for every 2 [0; ) the equation (11) has at least
i (M)j geometrically distinct T-periodic solutions.

We will show that X% (M) is \generic" in X" (M ).

Theorem 5.2. The setX}7 (M), r 0, is open and dense inX"(M).

Proof. Let us prove rst the openess ofX} (M) in X"(M). Take g2 X} (M) and
an open neighbourhoodJ of 0 in E, such that (2) has at leastj (M )j geometrically
distinct solutions. Without loss of generality, we may assune U = Ux. for some

> 0 and a compact subsetK of TM. Let B'_,(0) denote the ball centered at 0,
of radius =2 in the spaceX'(M). Then g+ B'_,(0) is an open neighbourhood of
gin X"(M) such that g+ B_,(0) X} (M).

We now prove the density. Consider rst the caser 1. It is a well known
consequence of the Thom transversality theorem that the sebf the C" tangent
vector elds on M whose zeros are nondegenerate is denseXfi(M ) (see e.g. [9]).
By the Poincae-Hopf theorem, such vector elds have at leastj (M )j zeros, hence,
by Lemma 5.1, also the setA} of the vector elds in X"(M) which have at least
i (M)j second order nont -resonant zeros is dense iX"(M). HenceX}: (M) A}
is, in turn, dense.

Let us now take r = 0. Since the setAl is dense inX1(M), it is also dense in
X%(M), so X% (M) is dense inX°(M ) and the proof is complete. [ |

Remark 5.3. We have already observed that, given a Morse functio®, equation
(10) admits at least b(M ) geometrically distinct T -periodic solutions provided that
> 0. In the case whengradG is replaced by a functiong with only nondegenerate

zeros, the situation becomes slightly more complicated. A the proof of Theorem
5.2, we have# g '(0) j (M)j. Let pi;:::iipj (m)j be nondegenerate zeros
of g 1(0). By (7), in order p; to be second order nor¥ -resonant for h(p;v) =
g(p) v, we must have

n 2 2n i 0

T + —5 Zspecg(p)
for any n 2 Z. Obviously this condition is ful led for any but a nite numb er of
values of > 0. Hence, giveng with only nondegenerate zeros, for all but a nite
number of values > 0 there existsU E such that the equation

12) x =9(x) x+f(txx)
admits at leastj (M )j geometrically distinct T-periodic solutions wheneverf 2 U.

Remark 5.4. Letus x > 0in (12) and consider the setX}. (M) of all the
functions g 2 X"(M) with the property that there exists an open neighbourhood
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U E of 0, such that (12) has at leastj (M)j geometrically distinct T-periodic
solutions for any f 2 U. With the same argument used in the proof of Lemma 5.1
and Theorem 5.2, it can be shown tha’}. (M) is open and dense inX" (M ).

If we restrict our attention to a less general class of vectorelds, we are able to
give a result sharper than Theorem 5.2. Consider the followig equation:

(13) x =(grad G)(x) + f (t;x; X);

whereG:M | RisofclassC" (r 1).

Denote by G; (M) the subspace ofC" (M; R) of all the C" functions G having the
property that there exists an open setU E , containing O, such that (13) has at
least b(M ) geometrically distinct T-periodic solutions. We will show that G; (M)
is \generic" in C"(M; R).

Theorem 5.5. The setG;(M), r 1, is open and dense inC"(M; R).

Proof. For the openess ofG; (M) in C"(M; R) we proceed as in the rst part of
the proof of Theorem 5.2.

Let us prove the density. Assume rstr 2. It is well known (see e.g. [6]) that
Morse functions of classC" constitute a dense, open subset o' (M; R). Let G be
a Morse function. By the weak Morsr(]e inequality (seg e.g. [7])

M) # (gradG) *(0)

Lemma 5.1 yields the density inC"(M; R) of the set Dt of the functions G 2
C"(M; R) with b(M) non-T-resonant zeros of grac.

In the caser = 1, we proceed as in the last part of the proof of Theorem 5.2,
showing that G} (M) is open and dense inC*(M; R). [ |

Let us compare, by an example, the kind of information carriel by Theorem
5.2 and Theorem 5.5. For instance, in the case wheM is the two-dimensional
sphere S?, we have (S?) = 2 = B(S?) hence the two theorems assert, respec-
tively, that equations (2) and (13) have \generically” two T -periodic solutions for
small T-periodic perturbations. On the other hand, when the manifdd is the two-
dimensional torus T2, we have (T?2) =0 while b(T?) = 4. Hence, in this case,
no useful information follows from the former theorem whilethe latter guarantees
that on T2 the equation (13) has \generically" four T-periodic solutions for any
T -periodic perturbations, small enough.
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