A STUDY OF THE KIRCHHOFF THEORY OF
ELASTIC PRE-STRAINED SHELLS

HUI LI

ABSTRACT. Applying methods of I'-convergence, we introduce and justify a variant of Kirchhoff
theory for thin 3d shells, valid in the setting of Riemannian geometry and corresponding to the
prestrained elastic materials. The effective 2d energy represents bending, relative to the prestrain
tensor. We also take into account the incompressibility of the reference shell in view of the
Riemannian metric.

1. INTRODUCTION

Shells are thin objects with one dimension very small compared to the other two and they
naturally occur in a variety of scales: from thin graphene to petals of flowers to the atmospheric
layer of the earth. Mathematically, a thin shell is represented by:

h h
where S is a 2d surface embedded in R3, 7i(z) is the unit normal vector to S at the point x, and

h > 0 is the thickness of the shell. When S C R?, S" is referred to as a plate.
In this paper, we will consider the asymptotic behavior of the energy functional:

(1.1) I"wh) = i/Sh W <Vuh (\/97)_1> ,

defined on the set of deformations u® € W12(S" R3). Here, ¢g" is a given Riemannian metric on
Shand W : R3*3 — R, is a general elastic energy density. We assume that I”(u”) is comparable
to:

(1.2) I (uh) = lll/sh dist? (Vuh (\/971) ,SO(S)) ,

and hence it measures how well the metric g" is realized by the deformation u". Above, SO(3)
denotes the special orthogonal group in R3. The energy functional I{}V(uh) arises from studies of
shells with residual stress [6, 7, 12, 15], and the metric g describes the prescribed strain in the
shell S”.

In this paper, we adopt the I'-convergence [4] from calculus of variations as the main approach.
Such method has roots in classical plate/shell theory, where different scalings of the energy func-
tional I"(u) in terms of h result in different 2d elastic theories [3, 8, 9, 13]. In classical plate/shell
theory, I'-convergence becomes a natural analytic tool, because it guarantees that the global min-
imizers of the 3d energy functionals converge to the global minimizers of the 2d limiting energy.
Applying a similar approach, in [15] Lewicka and Pakzad studied pre-strained plates, i.e. S C R?
with metric ¢” independent of thickness h, in the energy scaling regime given by I"(u") < Ch2.
The obtained result is a variant of a widely accepted theory in elasticity—Kirchhoff plate theory.
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Our paper first extends the discussion in [15] to shells and then includes a parallel discussion
for the incompressible case. To be more specific, our first result is that for general surface S, with
the same scaling of energy functionals and the same condition of metric g" as in [15], the rescaled
energy functional h~2I"(u") T-converges, as the thickness h — 0, to the functional:

I(y) = 214/5% (w( [ga6]>1 ((Vy)T VN = [gag] H) < [gaﬁ]>1> dz.

Here, the term (Vy)'VN — [9a8]I1 measures the relative bending with respect to the desired
metric. The detailed explanation of this fact and the exact meaning of each term in Z(y) will be
provided in the next section. Furthermore, taking into account the incompressibility of reference

shell with respect to metric ¢”, i.e. det (Vuh(\/gh)*l) = 1, we prove that the I'-limit of rescaled

energy functional h~2I"(u") has the form:

Tm(y) = 214/SQ§” (m (\/@) R ((Vy)TVN— [9a5] H) ( [gaﬂOl) ,

where:

Qé”(x,an) = CIZH%RI%{Q:;(Ftan + d®ﬁ—|—ﬁ®d>7'1‘r(Ftan +d®ﬁ+ﬁ®d> — 0}7
€

while in Z(y):
Qo (z, Fian) = min {Qs (F>  Fian = Ftan} :

The organization of the paper is as follows: In section 2, an overview of the main results will
be presented. Section 3 and 4 focus on the proof of the theory for shells. In section 5, we mainly
discuss the proof for incompressible shells.

At last, it is also necessary to mention that Mahadevan, Lewicka and Pakzad applied a sim-
ilar approach in [12] and rigourously justified the von Karmén-like equations for plates. These
equations were first obtained via asymptotic expansion by Liang and Mahadevan [11].

Acknowledgement. This research was partially supported by Professor Marta Lewicka’s NSF
grants DMS-0707275 and DMS-0846996 and by her Polish MN grant N N201 547438. I also want
to thank Professor Marta Lewicka for her advice and guidance during the work.

2. OVERVIEW OF THE MAIN RESULTS

Consider a 2-dimensional surface S embedded in R®, which is compact, connected, oriented,
and of class C'"', and whose boundary 9 is the union of finitely many (possibly none) Lipschitz
continuous curves. For any xz € S, let 7 be the unit normal vector at x, T,.S the tangent space of
S at x and II(z) = V7i(x) the shape operator of S at z.

Assume a family of thin shells S” around S have the following form:

(2.1) Sh:{z:m+tﬁ(x);x65,—g<t<;}.

Let u” be the deformation of S”. Define the scaled elastic energy functional of u” as:

(2.2) M) = i/sh W (Vuh (\/Zh)_l) ,
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where the energy density functional W : R3*3 — R satisfies frame indifference, normalization,
growth and regularity as following:
(i) W(RF)=W(F) VF cR¥>3 VR e SO(3),
(ii) W(Id) = 0,
(iii) W(F) > ¢ dist?(F, SO(3)), with some constant ¢ > 0 independent of F,
(iv) W is C? in a neighborhood of the special orthogonal group SO(3).

(HW)

In accordance with [15], we assume that the metric

[0s@)] ¢ hoh

(2.3) J@+ti)=glz+ti)=| 9] 0 |, vaes te <—> .

00 1 22

where [gqg] is a smooth Riemann metric on S, defined up to the boundary. In particular, g does
not depend on the thickness variable t.

The question we are interested in is the asymptotic behavior of rescaled energy functional
h=2I"(u") as the thickness h vanishes. Here, we investigate the situation when I"(u") scales like
h2. Thus, it is necessary for us to scale the shells S” to a common domain S0, where 0 < hg < 1
is a positive number such that:

272
and so that the projection 7 : S — S given by 7(2) = z is well defined for any z = z 4 tii(z) €
Sho. Notice that when h is sufficiently small, such projection is also well defined for any z € S™.
Now, we also adopt the following notation: For a 3 x 3 matrix field M : S — R3*3, we denote
its tangential minor as My, which is a bilinear form given by Mg, (7,n) = 7T Mn, for each
7,n € T,S. We shall also point out that when calculations in coordinate system are necessary,
they are performed in some orthonormal basis {71 (z), 72(z), 7(x)}, where 7i(x), T2(x) € TS and
the basis satisfies the right-hand rule.
After introducing all these preliminaries, we are ready to state our first main result:

1 3 1 3 ha h
(24) 5 <det(ld+MM(@) <5, 5 <[M+M@)| <5 Vres, Vte<— 0 0),

Theorem 2.1. (a) (Compactness and lower bound) For a given sequence of deformations
ul € WH2(S" R3) satisfying:

(2.5) "wuhy < on?,

where C' > 0 is a uniform constant, there exists a sequence of translations ¢ € R3, such
that the following properties hold for the normalized deformation:

h ho h
(2.6) g 4 tid) = u” (x + tﬁ(:r)) — " vzeS vte (—0, 0> .
ho 2772
(i) There exists y € W22(S,R3) such that y"* — yom in WH2(S" R3) up to a subse-
quence.
(i) Define Q = [0ny Ony N, where N = 08 >X0nY " pon o 61 € 50(3).
le Tgy ) ‘8 a g
le X 7'2?/

| )
Consequently, y realizes the midsurface metric i.e. (Vy)T(
(iii) Define the following quadratic forms:

Qy(F) = VAW (Id)(F, F),  Qa(, Fian) = min { Qs (F ) Fian = Fian } .
we then have the lower bound:

lizn_i(r)lf %Ih(uh) > Z(y).

Vy) = [gas) a.e. in S.
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where:

(2.7) I(y) = 214/592 <ﬂf( [gaﬁ}>_1 <(Vy)TVJ\7— [9as] H) < [gaﬁ]>_l> da.

(b) (Recovery Sequence) For every isometric immersion y € W%2(S,R3) of [gagl, there exists
a sequence of “recovery” deformations u® € WH2(Sh R3) such that the rescaled sequence
y"(z + t7) = u(z + th/hofi(x)) converges in W12(SM R3) to y and
1
2. lim —I"(u") =7
(28) lim (") = Z(y),
where T is defined as in (2.7).

Both Qy(z,-) and Qs in Theorem 2.1 are quadratic forms, and Q3 is defined for F' € R3%3 while
Qo (x,-) is defined on tangential minors Fy,, of such matrices for a given z € S. Note also that
Q3 and Qa(x,-) are positive definite and depend only on the symmetric parts of their arguments
[8]. Let 7,n € T,.S, and observe that the corresponding push-forward vectors by y is given by 0,y
and 0,y. Thus, we can calculate the relative bending as the difference between the action of the
new bending function Il,., and the old bending function Il,;; with respect to the desired metric
[9as]:

Hnew(a‘ry» any) - [gaﬁ] Hold(Ta "7) = <87'ya Hnewany> - <7‘, [gocﬁ]nn>
= (Vyr, VN0 — (7, [gap] ) = (7. [ (V9) VN = [gug]TT| ).

Thus, the term (Vy)TV]\_f — gapll represents the relative bending and 7 represents the relative
bending energy with the existence of the prestrained metric [gqs].

We proceed to introduce the result for the incompressible analogue. With the presence of
the desired metric g, being incompressible means shells perform deformations in accordance with
the metric, i.e. det Vu" = det \/g or det(Vu" (\/g)‘l) = 1. The energy density functional
Wiy : R33 — [0, 00] is defined as:

(2.9) Win(F) = {

where W satisfies (HW), and the scaled energy functional is thus defined as:

(2.10) I (uh) = % /S Wi (Vuh (\/g)—l).

With such settings, we can derive our second main result.

W(F), ifdetF = 1,

oo, otherwise,

Theorem 2.2. Assume furthermore that S is of class C* and satisfies:

The set of C3 isometric immersions of [9a8] on S is dense in the space of W22

H
(H) isometric immersions of [gag] with respect to the W22(S,R3) topology.

Then Theorem 2.1 part (a) holds with I;Ln replacing 1" and the limiting energy functional

eI Inw -5 [ o (x (Vises)) (90795 gl [gaﬁ]>_l) ,

where:

(2.12) Q4 (%, Fran) = min{ Q3(Fran +d © 71+ d); Tr(Fian +d © 7 + 71 © d) = 0},

replacing Z(y) defined in (2.7). With the same replacements Theorem 2.1 part (b) also holds.
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Generally, it is difficult to characterize surface S and metric [gog] satisfying (H). Even when [g44]
is a flat metric, this question has not been fully explored and the only results, valid for S C R?,
are due to Pakzad and Hornung in [17] and [10] respectively. We conjecture that if S C R? is
convex and [gqg] has strictly positive Gaussian curvature, condition (H) will be satisfied, with
every W22 isometric immersion being effectively smooth at the interior points of S.

Finally, let us formulate Theorem 2.1 in the language of I'-convergence. Recall that a sequence
of functionals F"* : X — R defined on a metric space X, is said to I'-converge, as h — 0, to
F : X — R provided that the following two conditions hold:

(i) For any converging sequence {z"} in X:
lim inf F7(z") > F <lim xh> .
h—0 —0
(ii) For every x € X, there exists a sequence {z"} converging to z and such that:
lim F"(z") = F(z).
h—0
In view of this definition, Theorem 2.1 implies:

Corollary 2.3. The sequence of functions F" : W12(Sh0 R3) — R, given by:

1
fh(yh) = ﬁfh(yh)y
I'-converges, as h — 0, to:

(2.13)

Fly) = I(y), if y is a W22 isometric immersion of [gas],
v = 400, otherwise .

Consequently, the (global) approzimate minimizers of F" converge to a global minimizer of F.

3. COMPACTNESS AND LOWER BOUND - PROOF OF THEOREM 2.1 PART (A)
The proof of Theorem 2.1 part (a) relies on the following lemma:

Lemma 3.1. For each u € W12(S" R3), there exists a matriz field Q" € W12(S,R3*3) such
that:

(3.1) i/gh

(32) [Iver| <o (ienran).

with constant C' independent of h.

Vi - Q"o W’2dz <C <h2 + I’"‘<uh)> ,

The proof of Lemma 3.1 follows the technique developed in Theorem 10 [8] (See also Lemma 4.1
in [15]), and it is based on a equivalent version of the geometric rigidity estimate for Riemannian
metrics proved in [15]:

Lemma 3.2. Assume U C R" is an open bounded Lipschitz domain with a given smooth Rie-
mannian metric g* = [g5;]. Then, for every u € WL2(U,R™) there exists Q € R™ ™ such that:

/u\vu(x) _QPPdz < C (/M dist?(Vu ( g*(x))

where the constant C depends on g* and on the domain U. In particular, C is invariant under
dilation of U and the dependence of C' on U is uniform for a family of domains which are bilipschitz
equivalent with controlled Lipschitz constants.

-1
\SO(3))dz + [Vg* |3 (diam u>2|ur) ,
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With Lemma 3.2, we may proceed to prove Lemma 3.1 as:

Proof of Lemma 3.1. For each z € S, let D, = B(x,h) NS be 2d curvilinear disc in .S of radius
h and centered at a given x. Let B, = W_I(Dx,h) be the corresponding 3d cylinders. Applying
Lemma 3.2 to each B, ; with metric g, we obtain that there exists (), such that:

/;z,h

(3.3) <C (/ dist? (vu (va) " ,50(3)) dz + Va2 (diame,h)QBm)
Bz,h

2
Vuh(z) — Qun| dz

<C [ h?+dist? (vu (va) ! ,50(3)) dz
By,
where the constant C' depends on the metric g and the region B, .

Since S is of class Cb! with boundary S the union of finitely many (possibly none) Lipschitz
continuous curves, then, for all x € S, B, is bilipschitz equivalent to B(0,h) with controlled
Lipschitz constants. Besides the constant C' is invariant under dilation, the constant C' in (3.3) is
uniform in x and h.

Consider now a sequence of functions 7, : S — R defined as:

Y(|mz — x| /h)
Ne(2) = .
Jon O(|my — z[/h)dy
where ¥ € C2°([0,1)) be a nonnegative cut-off function, equal to a positive constant in a neigh-

borhood of 0.
Then n,(z) = 0 for z ¢ B, ), and:

64 [ =L ey SCHL [Vl (87) < OB,

Consider the approximation Q" € W12(S,R3*?) defined as Q" (z) = / ne(2)Vul(2)dz. By (3.3)
Sh
and (3.4), for each z € S, we have:

Q@) = Qs = | [ ) (V) = @u) < / I [ [V ) - Qua s
< COh® / h? + dist? (vuh (va) " ,50(3)) dz,
By.n
and:
2
‘VQh(x)‘Q _ » Ve (2) (Vuh(z) — QM) dz| < /Bm |Vm77x(z)‘2dz /Bm Vol — Qo 2dz

< Ch? / h? + dist? (Vuh (Va) " ,50(3)) dz.
Bz,h
Similarly, for any & € D, j,, we have:

‘VQ"(@) f<on /B . h? + dist? (vuh (v9) ! ,50(3)) dz

< Ch® / h? + dist? (Vuh (Vo) " ,50(3)) dz.
Bz,Qh
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Thus, in view of boundedness and connectedness of S, the fundamental theorem of calculus implies:

Q'@ - Q| <on [

Ba:,Qh

h? + dist? <Vuh Vo), SO(3)> dz, V&€ Dyp.

Therefore:

/ Val(z) — Q" (n(2))| d
By n

2
<C / dz+/
Bz,h Bz,h

< c/ h? 4 dist? (vuh (v9) ! ,50(3)) dz,
Bm,Qh

/l;z,h

Now cover S by {Dwi,h}i\f:’ll, so that the covering number of the family {Bxi’h}f-v:hl is independent
of h. One may refer to [14] for the existence of such covering. Summing the above inequalities
over i = 1,--- , Nj, we obtain:

(3.5) /S h

‘ 2

Vuh(z) - Qx,h

Qun— Q@) dz+ [

Ba:’,h

Q") Q" (w() | dz)

and:

h? + dist? (Vuh (va) " ,50(3)) dz.

VQh)Q <Ch3 /

By an

Vul(z) - Qh(w(z))r dz < C

K2 + dist? (Vuh (va) " ,50(3)) dz,

Sh

h|? 21 .2 h 1

(3.6) / )VQ ] <C+Ch / dist (vu (\/9) ,50(3)) dz.
s h Jsn

Besides W (F) > cdist?(F, SO(3)) implies:
(3.7) 1 / dist? (Vuh (Vg) " ,50(3)) dz < CIMuM).

h fqn
Therefore, (3.5), (3.6) and (3.7) indicate (3.1) and (3.2). O

Proof of Theorem 2.1 part (a): 1. For " € W2(S" R?), applying Lemma 3.1, we obtain a
sequence of matrix fields Q", which satisfy (3.1) and (3.2). Especially, notice that Q" is bounded in
WL2(S,R3*3) in view of (2.5), (3.1) and (3.2). Together with the compact embedding theorem in
Sobolev spaces, it implies that Q" converges weakly in W12(S, R3*3) and strongly in L?(S, R3*3)
to some matrix field @ € W12(S,R3*3) up to a subsequence. At the meantime, denote the rescaled
deformation y"(z + tii) = u”(x + th/hoii) and Vy"(z + tii) = Vu" (z + th/hoii). Note that:

/ Vhyh —Qom(z)
Sho

< /
Sho

< Ch—l/
Sh

Thus, in view of convergence of Q", (2.5) and (3.1), we obtain:

2
‘dz

Q"o w(2) —Qom(z)| dz

’ 2

Vi (z) — Q" o w(z)f dz + 2/

Sho

2
‘ dzx.

Vul(z) = Q" on(2)| dz 0 /S Q@) - Q)

Viy" = Qom in L2(S"0) as h — 0.
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On the other hand, we have:

Vi (z + ti(x))m = Vi (z + th(z)) (Id + t;l'[(:@) (Id + tIL(z)) "', fori=1,2;
0

Vo' (z + t(2))7i(z) = }thyh(:r )

Hence, there follows:
Vo' (x + tii(x
vyl (x + tii(x

N7 — Q(x)(Id + tI(x)) "t in L2(Sh0) fori=1,2;
))ii(z) — 0 in L2(S").

h
Set ¢ = ][ ul <:1: + thﬁ> dx, by means of Poincaré inequality and Sobolev embedding theory,
Sho 0

the assertion (i) of the Theorem 2.1 part (a) follows. The higher regularity of y comes from the
fact that Q € W12(S,R3*3). Also, we notice 0,y = Q7 for each 7 € T} S.
2. To prove (ii), notice that by (2.5), (3.1) and growth of W:

/S dist? (Qh Vo), 50(3)) dz < % dist? (Qh (\/g)—1 : 50(3))

Sh
¢ .2 h 1 _ 0k
(3.8) < dist (Vu (Vo) ", S0(3 ) vt — @hox|’) az
h Sh
< c W (z, Vu(z))dz + C <h2 + Ih(uh)> —C <h2 + Ih(uh)) < CR2.
Sh
Hence, Q(x)(\/ﬁ) € SO(3) a.e. in S and consequently Ory - Or,;y = [gaplij for i,j = 1,2, that

is y realizes the midsurface metric [g,g]. Thus, we only need to show Q7 = N , in order to do so,
write @ = R,/g for some R € SO(3) and notice that:

Ony X Oy = (Q71) X (QT2) = R(\/gT1 X \/gT2).

Since /g = [ O[gzﬂ]] § L Vg™ X /g2 = (det /)@t = (det \/g)+/gii. Thus:

Ony X Ory = (det \/g)R\/g7i = (det \/g) Q1.
Meanwhile |07,y X Ony| = |R(\/g71 X \/gT2)| = |\/971 X \/gT2| = det /g > 0. Then:

— 8’F1y X 67'23/ 8le X 87—23/
n(x) = =
Qi) det /g |0r,y X Orayl

= N(2),

by which we finishes the proof of (ii).
_ 3. We now modify the sequence Q" to retain its convergence properties and additionally satisfies
Q"(z)(,/9)"t € SO(3) for a.e. x € S. We can define Q"(z) to be the matrix field on S such that:

OM2)(VG) " = { TS0(3) (Qh(:n) (\/‘6)71) Q" (x) (\/§)71 € small neighborhood of SO(3),

Id otherwise.

where mgo(3) denotes the projection onto the compact set SO(3) of its (sufficiently small) neigh-
borhood. In view of (3.8) and the definition of projection, we see:

/‘Qh Qh <c/ ’Qh (\/g)*1 gc/sdist2 Qh(a:)(\/ﬁ)’l,SO(?))) dz < Ch2.

In particular, Q" converge to Q in L2(S).
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Write Q" = R",/g for a matrix field R" € SO(3) and consider the rescaled strain:

(3.9) G + tii(x)) = 5 ((Rh(:r)) Vi (@ + ti()) ( g(gf;))_1 - Id> .

Together with (2.5) and (3.1), such defined G" is uniformly bounded in L?(S"0 R3*3), which
implies that there exists G € L?(S"0, R3*3), such that:

(3.10) lim G" = G weakly in L*(S"0 R3%3).

4. Fix a small s > 0. Extend y" periodically as following:

o Yz +tR), if t € (—ho/2,ho/2),
(3.11) y" (x + 1) —{ zgjh(x—k(t—ho)ﬁ), i£ £ € (ho/2 ho/2 1 ).

Now consider the difference quotients:

11
[+ i) = (yh(ﬂs F(t+8)) — 'z + tﬁ)) e Wh?(gho, R3).
Besides, 05y" = h/hoOzu" (z + th/hoii) gives us:

oy — halj\_f o in L2(Sho).

The above convergence implies:

1 S
hm o0 (x4 ti) = lim - . Oy (z + (t+ T)R)dr = N( ) in L2(S™).

h—0 0 hO

Also, there follows the convergence of the normal derivatives, strongly in L?(S"0):
. . .1 /1 o1 .
’llli% O[3 (@ + ti) = %11% B (h(‘?ﬁyh(x + (t+ s)7) — 7 2y (4 tn)) =0.
Meanwhile, concerning the tangential derivatives, for each 7 € T,.S we have:

Voh (x4 t7) (Id + 1) 7
(3.12) 11
T hs

On the other hand, in view of the definition of y",

(Vy (x4 (t + s)7)(Id + (t + s)IT)T — Vy"(x + t7) (Id + tH)T) .

(3.13) Vi (@ + ti@)1d + tI) 7 = V iy (@ + tid) (Id + t:n) T
0

Based on (3.9) and (3.13), we continue the calculation in (3.12) and obtain:

VoM@ + 1) (Id + 7)1 = hi(gh(x)m + hﬁRh( VG (x4 (t + 5)7)\/g(x)T
(3.14) ] B 10 0 N
+Qh(:z:)< g(:L’)) . (Gh(x+(t+s)ﬁ)—Gh(az+tﬁ)> Va(z )<Id+th0 >T

By the weak convergence of G”, boundedness of V9 and (\/g)—l and the convergence of Q",
there follows that in L2(Sho):

(3.15) Vo (x4 tA)(Id + )T — hlanT + %Q(\/ﬁ)*l (G(z + (t + 8)it) — Gz + tiD)) \/gT
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Consequently, the sequence f*" converges, as h — 0 weakly in W12(5"0) to ho 'Non. Equating
the tangential derivatives, it yields:

—VNT = —QHT + Q(\f) LGz + (t+ s)i) — Gz + tid)) /g7

ho
Therefore,
(3.16) Gz + tii)r = G(a)r + ]fo(\/g)cg—l(vﬁ —QVA)(yg) T
5. We now calculate the lower bound of the rescaled energies. To this end, define:
S0 = {x + i € SM; |Gh (x + ti)| < h—1/2} ,

and their characteristic functions x5 = X0, which by (3.10) converge in L'(S"0) to 1.

Notice that in S?, based on the properties of W, there follows the formal Taylor expansion:

W (Vi 4 5) (V3) ) = 5T (104 hGM (@ + 1)) = 5Q3(GH) + o(DIG" P,

where o(1) is the Landau symbol denoting any quantity uniformly converging to 0, as h — 0.
Thus, we obtain:

h( ho/2 h " -1 h
ﬁj =73 / ][h0/2 (Vhy (x + i) ( g(a:)) ) det <Id + thOH> dtdz
" e+ W (Vi (ot - I
> = ry" (z+ i) (Vg(z) det ( Id + ¢t—1II | d¢tdx
h h0/2 ho

/ ][ho/2 (w + t7) [;Q?, (Gh(ﬂc + tﬁ)) +o(1) ’Gh(x + 1) 2

} det <Id + thH> dtdz.
ho

ho/2
Hence:
li f—Ih
minf 551" (u")
ho/2 h
—1 f t tn) ) det | Id + ¢t—1I1I | dtd
(3.17) 1211161 /][ho/2 (x + n)Qg( Mz + n)) e < + » ) x
h0/2 h0/2
/][ G(x + ti)) dtdx > = /][ G(x + t7))ian) dtdz.
ho /2 ho /2

Above, we used the fact that x,G" converges weakly in L?(S" R3*3) to G, derived from the
convergent properties and boundedness of G* and xj, and the nonnegative definiteness of the
quadratic forms Qs. By (3.16), we have:

Qs (. G + til)an) = ﬁ:%QQ (v (va@™ (VN ~@va) (va) ), )
) (G (V507 (VN - Q97) (V) ),,) + €2 0 Gl

where Lo(x) is the correspondent bilinear form of Qs(x,-). Substituting (3.18) into (3.17), after
dropping the first nonnegative term, there follows:

hﬁnmfiTIh = / QQ <VN QH) Vo) 1)mn)'

—0

(3.18)

tan
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Since Q(,/g)"! € SO(3), 9Q ' = (Q(v9)™H)7T = (V9)'QT. Thus:

-1

-1
(V3Q TN = QD) an = (sl ) (0795 ~ lgoslt) (o)
which ends the proof of Theorem 2.1 part (a).

4. THE RECOVERY SEQUENCE - A PROOF OF THEOREM 2.1 PART (B)

In this section, we will construct a suitable recovery sequence y”". Based on the definition and
properties of Qa(x,-) and Qs, with a little abuse of notation, we may denote:

(4.1) Q2 (2, Fran) = min{ Q3(Fan + ¢ ® 7i(2)); c € R3}.

In view of properties of Qs, it has a unique minimizer ¢(x, Fyay, ), which realizes Qs (x, Fiqp). The
uniqueness implies that c is linear in its second argument.

The proof of Theorem 2.1 part (b): 1. By the argument similar to the one we used in the
proof of (ii) in Theorem 2.1 part (a), first notice that the matrix field @) defined as:

- . N any($) X a’TQy(x)
T) = a_rl 87_2 N Wlth N X)) = )
Q@) = [Pry(e) (@) N()] (@) = Gl
satisfies Q(,/g) "' € SO(3). In view of the definition of ¢, we put:

) 1@ =a0( g(x))‘l-c<x,( gosl ) (909N = lgual 1) W])1>

-1

e L?(S,R3).
Let d" € Wh*°(S,R?) be such that:
P T2 . h _
(4.3) }lzli%d =d in L*(S) and }111_)1% hl|d" [[yr1.00 (s,r8) = 0.

Note that a sequence d” with properties (4.3) can always be derived by reparametrizing (slowing
down) a sequence of smooth approximations of the given vector field d € L?(S).
We now define:

(4.4) b (2 + t7) = §"(z) + NP () + %tzdh(x),

where §" € W2>°(S,R?) and Nh e W1o°(S R3) are approximations of 3 and N respectively and
they enjoy the following properties:

. ~h _ : Vi ' _
lim (|5 = yllw2z2(s) =0, lim [[N" = Nl = 0,
(4.5) B (17" lwaoe(s) + IV lwaoe(s) ) < e,
. 1 . ~h N Y \ _
}l}imoh2 {mES,y (:U)#y(x)}U{l‘ES,N(lU)#N(x)H—O’

for a sufficiently small, fixed number g9 > 0, to be chosen later. The existence of such approxima-
tion follows by partition of unity and a truncation argument, as a special case of the Lusin-type
result for Sobolev functions in [16] (see also Proposition 2 in [9]).
Then, notice that the scaled deformations y” have the following form:
2
(4.6) o'z + tii()) = o (:g + thﬁ(x)> — @)+t @) 1 20 ).
ho ho 2hg

By direct calculation, we can prove y” — y o7 in W12(Sho R3).
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2. We will devote the following to estimate the limit of the scaled energy functional. The
key point is to calculate Vu(x + th/hoii) and we can find it through computation of tangential
derivative and normal derivative respectively. Notice that for each 7 € T,.S,

h h =
(4.7) Vuh (1‘ N ) =0ttt (wvh - vghw) T+ o(h),
ho ho
where o(h) satisfies:
. o(h) )
4. 1 _— = L
(4.8) lim 22 =0 in L3(S),
while concerning the normal derivative, we have:
h -
(4.9) dmul (ﬂs + tn) = N"(z) + tﬁdh( ).
ho ho
Thus,

h ~
Vu (chn):[an.@h 03" N
0

+ t}Z) [0, N" = Vo, 7 0, N* = Vito,ii d"] + o(h).
Denote Q"(z) = (9, §" 8,§" N") and By(x) = (0, N" — V§"o,ii 0,N" —Vi'o,i d").
Let S, = {z € S;7"(z) = y(z) and N"(z) = N(z)}. Performing a similar argument mentioned
in [15], we attain that each map: S 3 2’/ — dist{Q"(z)(/g)"!, SO(3)} vanishes on S and is
Lipschitz in S, with Lipschitz constant of order O(1/h).

For any point & € S\ Sy, there follows dist?(x, S;) < C|S\ Sy,|. Concerning the detailed proof
of the statement, one can refer to Lemma 6.1 in [12]. As a consequence, by (4.5), we obtain
1/h2dist?(x, S,) — 0 and hence:

(4.10)

(4.11) dist (Qh(x)(\/ﬁ)_l, SO(?))) <O <l11> dist(z, Sp) = o(1).

Hence, in view of the boundedness of 3", N" and d", when h and ¢y are sufficiently small,
Vu(z + th/hoii)(/g) ! is in the neighborhood of SO(3), and thus W(Vu"(z + th/hoi)(/g) 1)
is also bounded. We proceed to consider the scaled energy functional:

"why == [ W(vu")dz
Sh

ho/2 h —1 h
r+t—n gz ) det <Id + tVﬁ) dtdz.
/ ][h0/2 < < ho ) ( ( )> ho

From the definition of Sy, (4.5), boundedness of W and the regularity of S, there follows:

ho/2 h -1 h
lim / ][ < <:c + tﬁ) ( g(x)) ) det <Id + tVﬁ) dtde =0
h—0 h2 S\Sh ho/2 h[) ho

Thus, we shall focus our discussion on:

h0/2 h —1 h,
— +t—n det | Id +t— V1l | dtde.
LS (5 k) () e

(4.12)
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Furthermore, the first step is to investigate the energy density functional W evaluated at Vu'(z +
th/hot)(y/g) ! for z+tii € S} = {2z = a+ti;x € Sy, t € (—ho/2,ho/2)}. Since Q(,/9) ! € SO(3),
by frame indifference and the formal Taylor expansion of W, there follows:

W (Vuh <:c + t:o > (\/g)—l>

lim ifh = lim / fhm T +t£n (V)™ ) det 1d+1tﬁ dtdz
h—0 h2 h—0 h2 S, ho/2 ho \/§ ho
ho/2 h h
= hm/ ][ ( Vo) QT B (o)t + O(h)> det (Id—i—thVn) dtdz
h—=0 /g, J—hg/2 0

31 . (Vi) e B(o) (Vata) ) a,

where:
B(z) = [(VN - VyIl)r; (VN —Vyll)rz d] .
Nevertheless, direct calculation shows that:

(Vo@) @@ B@) (V@) = (vaan) " (TN = gast) (y5e5)
+ ¢ (. (vaan) " (V)T IN = 9apViT) (vams) ) @1

-1

Hence:

i 00 = 5 [0 (Vi) e ) (V@) ) as

214 Qs ( < [gaﬁ]>_1 ((Vy)TvN— [9as] H) < [gaﬁ])_1> de.

5. PRESTRAINED INCOMPRESSIBLE SHELLS—PROOF OF THEOREM 2.2

In view of Theorem 2.1 and features of shells, we adopt the method developed in [2] in the
proof.
Proof of Theorem 2.2 Part (a): The compactness and the lower bound follow from a combi-
nation of the corresponding results in Theorem 2.1 and the technique developed for the incom-
pressible Kirchhoff model in [2].

Define, for all & > 0:

Wi (F) = Wo(F) + g(detF 12,

and:
1

IM(uh) = / Wi (Vuh(\/g)*l) dz.
h Jgn
As in [2], consider the quadratic forms associated with Wi:

Qk(F) = VAW, (1d)(F, F) = Q3(F) + k(TrF)?,
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and the corresponding reduced forms:

Ok (x, Fian) = min A (Fpan +d@ii+7®d),  VFa, € RPZ
€
Applying the same argument as in Lemma 2.1 in [2], we obtain for each Fi,,, € R**2 x € S, k > 0:

C
ﬁHF‘t(mH2 < ng(xa Ftan) < Qén(l,’ Ftan)a
where the constant C' is independent of k.

Since I} (u") < Ch?, especially it is bounded, W(Vu"(\/g)™!) is a.e. finite, which implies
det(Vu"(\/g)™') = 1 for a.e. z € S". Thus, WH(Vu"(,/9)") = W(Vu"(,/g)~") a.e.. Hence, for
a fixed k, IM(u") < I"(u") < Ch2. From Theorem 2.1, (i) and (ii) follow and for each k:

(51) Qén(l‘;Ftan) -

1
hmlnf—[h( by > hmlnf h2 IF (u)

B2
2 214 Q5 ( ( [gaﬁ]>_1 ((Vy)TVN— [9as] Vﬁ) ( [gaﬂ]>_1>-

(5.2)

Notice that:

o (x < [gaﬁ]>_l ((Vy)TVN — [9ag] Vﬁ) ( [gaﬁ]>_1>
(5.3) > Q4" <:c ( [goéﬁ]>_1 ((Vy)TvN — [9ag] Vﬁ) < [9aﬁ]>_1>

] (Vo) (ot ()|

- VE
On the other hand, the nonnegative definiteness of Q%(x, -), the bound for energy I"(u") and(5.2)
indicate:

/SH (M) R ((Vy)TvN — [9ap) Vﬁ) < [gaﬁ]>1 2 <c

Passing the limit k& — 400, there follows:

2 )y (< ) (0795 12 97) [m)_l)
/Q ( ,< gaﬁ])_l ((Vy)TvN— [9as] Vﬁ) < [gaﬁ]>_l>.

Therefore, (iii) follows and this complete the proof of part (a).

Proof of Theorem 2.2 part (b): A core assumption for this part: C3(S;R3) isometries are
dense in W22(S;R3) isometries. With this assumption, part (b) will follow through the diagonal
argument and the application of the next two Lemmas.

ale X aTQy

|0ry X Oryy
satisfy that Q(\/9)™' = [0y Ony ]\7] (v9) ™' € SO(3). Assume d € C'(S,R?) enjoys the

Lemma 5.1. Let y € C3(S,R3) with the unit normal to the deformed surface N =
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property:

Tr << [ga,a]> h ((Vy)TVJ\7 — [9as] H) ( [Qaﬁ]>1 +Q"de ﬁ> = 0.

Then there exists a sequence of deformations u € C'(S™, R®) such that:

(i) The rescaled sequence y"(z + tit(z)) = uP(x + th/hefi(x)) — y(z) in W2(Sho).
(ii) The upper limit of the scaled energy functional:

limsup %Ih(uh) < i /S Q3 (( [gaﬁ]>_l ((Vy)TVJ\7 — [9as] H) ( [gaﬂ]>

Proof. Similar to the situation in Theorem 2.1, without taking into account of incompressibility
of S, define the rescaled deformation y” € C'(S%" R3) as:
h 4 2 h2

h —
G+ ) = y(a) + 1N )+ 8 (o).

-1
+QTd® ﬁ) dr.

Thus, we may define the corresponding deformation without rescaling as u”(z + tii) = yl(x +
tho/hit). At the meantime, by chain rule we have:

eyl (x + tid) = Vul (m + t:ﬁ) <Id + t:Vﬁ) Id+tI) ' 7, V1 e TS,
0 0

h h
Oyt (x +1tA) = —Vaul (z +t—7 ).
ho ho

Thus, for each 7 € T,.S:

h h o\
Vaul (:c + thﬁ> T = Vyl(z + ti)(Id + 1) <Id + thH> T
0 0

=V +t£VJ\7+t2h—2Vd Id—tﬁnJro(h) T
YT 2132 ho

=0,y + tﬁ (67]\7 - Vy@Tﬁ> +o(h),

ho
and:
vul [z + 1) i = @aﬁyj;(x +ti) = N(z) + tﬁd(x).
ho h h(]
Hence:
h h h = . = .
Vue (@ +t5-7 ) = Q(x) + 15— [0n N — VyO, it 0y N — Vydp,i d| + o(h).
0 0
Furthermore:

h "
= det (Id +t3- (Vo) QT [0 N = Vyonii 0, N — Vyonii d (Vo) + o(h))
0

=1+ t:oTr << [ga5]>_1 ((Vy)TV]\_f — [9as] H) ( [gag]> - +QTde ﬁ) +o(h) =14 o(h).
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Thus,

+ = o(h).

det (V“h <9«“ +t:0ﬁ> (\/5)‘1> — 1| + |- det <Vuh (ac + t&ﬁ) (\/g)—1>

We shall now consider the restriction of incompressibility and find the rescaled recovery sequence
of deformation:

y' @+ 1) =yl (2 + 6" (. )7

u(z + sit) = ul (2 + ﬁth x,s@ i),
ho h
for some function ¢ : S x (—ho/2, ho/2) — R with ¢*(z,0) = 0 for each z € S. Then, for every
T € T,S we have:

drul(x + sit) = Vul (x + }Z¢h <:1:, sﬁf) fi) (Id + EV (¢h(x, sﬁ?)fi(w))) (Id + sII) 7.

or equivalently:

ho
Meanwhile:
h h h
h ho\ 2\ _ ng hoyo h ho
8T(<z5 <x,sh>n> qﬁ(x,sh)@Tn—i—(?Tgb (x,sh)n.
Therefore:
O-u(zx + si)
h h [ Id+ Lol (2, hes) TI
= Vul (x + h—(i)h (x, }fs> ﬁ) N . :0 ( N 8 )h N (Id + sID) "' 7
0 _,Toam (ac, 705) , ;T0072¢ (x, 703)

b (Id + b gh (x ’Los) 1) (Id + sIT) !
= Vul (m + —o¢" (x, s) ﬁ) :0 g (h : T.

o h [10,0" (0, 505)  50n,0" (i, 0s) | (1 4 511)
For the normal derivative:

Opul(z + sit) = Oy ( @s Vaul [z + ng)h x, @S n(x) ) 7.
h ho h

Consequently:
Vul(z + sit) = Vul x+£¢)h x,@s fi(x) | My,
ho h
where:
h +h h -1
vz | (4 (o) 1) ddsem o
[10n 0" (2, 505)  f0r,0" (2, %5)] (a+sm) " By" (w, %05)

Changing the variable s = t%, we obtain:

h h
(5.4) Vul <x + tﬁ) = Vul (x + —"(x, t)ﬁ(:z)) Mo,
ho ho
where:
(Id + & ph(z, t)H) (Id + 1) 0

Mo =
C[Rondt @t Eondt @ ] ad+Em T o6t
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Therefore:

h
detVau" <:1: + thﬁ> = detVu! (93 + h—th(x, t)ﬁ(:zc))
0

ho
h ho\ "t
(m gbh(m,t)H) (Id+t1‘[>
ho ho

- det 0" (x, 1),

and according to the incompressible condition for the situation with growth, there follows:
1 = det (Vuh (x + t:ﬁ) (\/§)1>
0
h
= 0" (x,t) det <Vu? <x + hczﬁh(x,t)ﬁ) (\/§)_1>
0
-1
Id + iqsh(a:, HIT) (1d + o
ho ho
Hence the modification ¢" obeys the following ODE:

8t¢h(x7t) = f(x7¢h($7t)vt)v
(5:5) { " (x,0) = 0.

- det

Here:

gty = det (Vul (a4 1ot ) (V)
(5.6)
- det

h B\t
Id + —yII Id +t—1I1I
< * hoy > ( * ho >

By theory of families of solutions of parameter dependent ODEs, for each x € S, there exists a
unique solution ¢"(z,t) € C(—hg/2,ho/2) for each x € S, t € (—hg/2,ho/2), and it also satisfies
the following bounds:

(5.7) )¢h(:p, t) — t‘ — o(h), ‘(%gbh _ 1‘ — o(h),

8T¢h(x,t)‘ = o(h), Vre€T,S.

Please refer to Appendix for detailed argument. As we have already seen in the proof of Theorem
2.1, the crucial step to investigate the rescaled energy functional is to find Vu(x + th/hgii).
Observe that:

h h h h
Vul (z+t—7 ) =Vul (z+t—7 ) =Vl (2 + —¢"(x, )7 | My — V' (2 +t-—7
ho ho ho ho
h h n ~ h h h h
=(Vu, 2+ —¢"(z,t)7 ) —Vu, (z+t—7 | | Mo+ Vu, |z +t—7 ) (M —1d).
ho ho ho
On one hand, in view of (5.7), there follows:

Vul <x + hﬁgbh(x, t)ﬁ) — Vaul (:c + thr‘i)
0

ho
h — —
- (¢h . t) = [0n N = Vyonit 0, N - Vyonii d] +o(h) = o(h).
0
On the other hand, notice that:
(Id + b (2, ) H) (Id + tiﬂ)il ~1d 0
My —1d = h hoh ’ h 0 h :
he [0 0" (2,t) 0" (x,1)] Id +I1) 71 9y (w,t) — 1
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Also, in view of (5.7) we obtain |My — Id| = o(h). Hence:

h h
Vul (z+t—7 ) =Vl (2 +t—7 ) +o(h)
ho ho

h o —
=Q+ thio [8T1N - Vyanﬁ 87—2N - Vy87—2ﬁ d] + O(h)

As in the proof of Theorem 2.1 part (b), we may obtain the the upper bound through formal
Taylor expansion. O

Lemma 5.2. For each C3 isometric immersion y of [908], there ezists a sequence of recovery
deformation u € C1(S";R?) such that part (b) in Theorem 2.2 holds.

Proof. By the definition of Q4" and positive definiteness of Qj, there exists L? vector field d :
S — R3 such that:

o <x< [ga5]>_l ((Vy)TVJ\7 — [9as] Vﬁ) ( [9aﬁ]>_1>
— o, <( o)) (0" ~ gl 1) (V)

with Tr <(\/ [9ap]) ™! <(Vy)TV]\7 — [9as] Vﬁ) ( [gaﬁ])_1 +QTd® fi) = 0. From trace zero con-

dition, regularity of S and y, we obtain (Q7d) -7 € C'(S). Let {d"} be a sequence of functions in
C'(S) which converge to d in L?(S,R3) with (Q7d") -7 = (Q*d) - i. Notice that d" satisfies the
trace zero condition as well and:

i S%(( 5ol (9079 ~ g 97) ( [gaﬁ]>1+(QTd")®ﬁ>

- )2 (( [gaﬂol ((V9)"VN ~[50] Vi) ( [m])l + Q) e n> |

Applying Lemma 5.1 to y, d" and taking a diagonal sequence yields the required recovery sequence
h
u’. O

-1

+QTd®ﬁ>,

APPENDIX A. EXISTENCE OF ¢" AND THE BOUNDS (5.7)

Lemma A.1. If h is sufficiently small, then for each x € S the ODE (5.5) has a unique solution
¢"(x,-) : (=ho/2,ho/2) — R and:

ho h
(A.1) ‘qﬁh(x,t)‘ <hy VzeS, Vie (—20 20> .
Moreover, ¢ is C' reqular in x and its tangential gradient Vi, @™ (x,t) is bounded:
ho h
(A.2) &gbh(x,t)’ <Clr|, Vie (—20 ;) VeeS VreTys.

Proof. 1. Recall f : S x (=hg,ho) X (=ho/2,ho/2) — R, defined in (5.6), has the following

expression:
h AN
Id —II) (Id+¢t—1II
< "V )< o ) )

flz,y,t) = (det <qu (x + y:;ﬁ> (\/g)—l) det
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First, we notice that f,V,f and V, f are Lipschitz in y. Note that:
h h\7!
Id+y-—II| | Id+t—II
< " Yho > ( " ho >
Hence:

f®w¢Y1=0+va<L+&@—wﬂﬂﬂ+dm>=1+(y—ﬂﬂﬂD+dM,

det =1+ hﬁ(y —t)TrIl + o(h).

0

which implies:

I -1
(A3) o) = (14 (o = 0T + o))
0
Thus, for sufficiently small h, there follows that:
1 ho h
(A.4) 5 <[flyt)<2,  VeeS Vye(-hohy) Vie (—20 ;) .

2. We now study the derivative V,f(z,y,t) and V,f(x,y,t) of f. On one hand, for each
TeT,S:
o(h)
5

(h))

Vo f (g, 1) = —h/ho(y —t)0- (Tr(II)) +
rAm (14 h/ho(y — t)Tr(IT) + o

On the other hand:
—h/hoTr(I1) + o(h)

Vyf(z,y,t) = .
2 ) (1+ h/ho(y — t)Tr(I1) + o(h))2
Thus, we may choose h so small that:
(A.5) IVaf(,y,t)llco + [IVyf(2,y,1)[loc < 1.

Consider the Banach space B = C(S x (—%, %); (—ho, ho)) equipped with the L* norm and
define the operator T': B — B:

t
(Tu)(z,t) :/ flz,u(z,s),s)ds, Yue€ B.
0
By (A.4), —ho < (Tu)(z,t) < hp and so indeed Tuw € B. By (A.5), for each u,v € B:

[(Tu —Tv)(x,t)| = /Of(:v,u(w,s),s)ds—/of(:v,v(x,s),s)ds

It]
g/ (e u(z, ), 8) — (@0, 5), )] ds
0
1 1
< Shollu = vlleo < 5w = vlec

In view of the Banach fixed point theorem, there exists a unique ¢" € B, such that T'¢" = ¢",
which is equivalent to ¢" solving equation (5.5). Also (A.1) is a direct consequence of the definition
of the space B.

3. Our next goal is to show that ¢" is C! regular in . For a fixed 7 € T,,S, define:

t
S(u,v)(z,t) = / Vaf(z,u(z,s),s)T + Vyf(z,u(z,s), s)v(z, s)ds.
0
Let up(x,t) = 0 and vo(z,t) = drug(z,t) = 0, and define sequences (uy), (vg) iteratively as follows:

g1 = Tug, vgr1 = S(uk, vg),
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so that klirrolo up = ¢". We will now show that:

(A.6) Jim v = -,

Note first that:

(A.7) O (Tu)(z,t) = /Ot Vaf(z,u(z,s),s)T + Vyf(z,u(zx,s),s)0-u(x, s)ds = S(u, 0ru).

In fact, an inductive argument shows that for each k € N, vi(x,t) = 0rug(x,t), because:

(i). For k = 0, this identity holds by the definition of vy.
(ii). If vy = Oruy then, by (A.7): vpr1 = S(uk, vg) = S(ug, Orug) = Or(Tug) = Ortigsq-

Now, for each v € C(S x (—ho/2,ho/2)), define:

(Rv)(z,t) = S((;Sh,v)(:c, t) = /0 Vaf(z, ¢h(x, s5),s)T + V, f(x, (;Sh’(x, s), s)v(x, s) ds.

For any two vy, v9, we have:

|<Rv1—Rv2><:c,t>r=\ /0 Vy (@, 6 (2, 8),8) (01, 2) — val, )] < gllor — valle:

Thus R is a contraction, and hence it has a fixed point z. Furthermore notice that:

V1 — Rog =S (ug, vi) — S(¢", vx)

= /t Vaf(z,ug(z,s),s)T + Vy f(x,up(x,s), s)vg(x, s)ds
0

— /t Vof(z, ¢"(z,s),s)T + Vyf(z, oz, 5), s)v(z, s)dx
0

<Ly|ug, = ¢"|loo + Laluk — ¢"[|oolvklloo-

where L; and Ly are the Lipschitz constants of V, f(z,y,t) and V,f(z,y,t) with respect to y.
Since [|ur — ¢*|loo — 0 as k — oo, we may use Ostrowski’s theorem on approximate iteration [18],
and conclude that vy — 2z uniformly in S x (—hg/2, ho/2). Therefore, there must be z = 0,¢"(z, t)
and (A.6) follows.
4. We devote the following to proving (A.2). This will be a consequence of (A.6) and the
boundedness of the sequence vy. Indeed, by (A.5):
vi(z,1)] =

t
1
[ et o, 5),9)7 + 9y o 5),s)on(a, )| < 5o
0

/t Vaf(z,u(x,s), )T+ Vy f(z,u(z,s), s)vi(z, s)ds
0

¢ 1 1 1. \?2
< 1+ - <= - .
_/0 + 2h0d8_ 2h0+ <2h0)

Inductively, we obtain ||vg|leo < Zle(ho/Q)i. Thus:

o2 (2, 8)] =

[ ——
Vklloo > )
k 2 — ho
and so (A.2) follows. O

Lemma A.2. In the framework of Lemma A.1, the equalities in (5.7) hold.
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Proof. By (A.3), we see that:

(A8) 0,6 (2.1) — 1= 1 (" — 1) Te(1D) + o(h).
ho

which implies:

(Ag) |8t(;5h(l‘,t) - 1| = O(l)a

and:

(A.10) ‘th —t) -

=o(1).

/0 <8tq§h(a:, s) — 1) ds

Using the estimate (A.10) in (A.8), we obtain the second equality in (5.7). We may substitute the
second equality to (A.10) and get the first equality in (5.7). Concerning the tangential derivative
0,¢", observe that:

D" (x,t) = 0, </0tf(x,¢h(x,s),s)ds> = /Ot - (1 + }i‘o(th — 5)Tr(1I) —I—o(h)> - ds

_ /t —h/ho0- " Tr(I1) — h/ho(¢" — s)V (Tr(IT)) + o(h) s
0 (14 h/ho(¢h — s)Tr(I) + o(h))*

Using (A.2), the first equality in (5.7) and a bootstrap argument, we see that indeed:

(1]
2]
8]

[7]
(8]
[9]
[10]

[11]
[12]

[13]

[14]

10-¢"(z,t)| = o(h).
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