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Introduction

Elastic Shells

S C R3is a 2d surface and A(x) is its unit normal vector at x:

- h h
Sh:{z:x+tn(x);x68,—2 <t<2}

Figure: The shell 8" of midsurface S and small thickness h.
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Introduction

Incompressibility

m Characterization

shis incompressible, u" is its deformation
I3
det(Vu") =1

m Some example: Rubber
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Introduction

Question

What is the corresponding von Karman theory for
incompressible shells?
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Introduction

Von Karman Equations for Plates (S C R?)

A system of equations for out-of-plane displacement w and Airy stress
potential ¢:

DA2w = h[®, w] +f,
A%® = —1E[w,w],

where

0°ud®v  d%ud3v °u v

Airy bracket:  [u,v] = 32 + 3232 ~ 23x9y 33y

Young modulus: E >0,
1
Poisson ratio: v € (—1 , 2) )

ER®

Flexural rigidity: D= ————.
gty 12(1-2)
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Justification and Generalization of von Karman Theory

m Formal justification
m Basic tool: Formal asymptotic expansions
P.G. Ciarlet and P. Destuynder (1979).
m The formal justification: P.G. Ciarlet (1980), Fox, Raoult and Simo
(1993).
m In the framework of growth: Ben Amar, Dervaux (2008).
m Rigorous justification
m Basic tool: I'-convergence
First to justify the 2d theories from 3d: Le Dret and Raoult (1993).
m An important rigidity result: Friesecke, James and Mdller (2002).
m The rigorous justification: Friesecke, James and Miiller (2006).
m Generalization to shells of arbitrary geometry: Lewicka, Mora and
Pakzad (2010).
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Scaled Elastic Energy

m Scaled elastic energy of deformation u” of S"
1
M=~ w(vu"
h s
where W : R3*3 — [0, +oo] obeys:
wiF)— [ WelF). if detF =1,
oo, otherwise.

W, : R3*® — [0, +o0] satisfies:

(i) We(RF)= W.(F), VR € SO(3), Frame invariance

i) Wq(ld 0, Normalization

(i) We(ld) = (W-H)
(i) Wo(F) > cdist?(F, SO(3)) for ¢ > 0, Growth
(iv) W, is C?in a neighborhood of SO(3). Regularity

Hui Li

von Karman Theory for Incompressible Shells



Introduction Main Theorem Key Point of the Proof

['-convergence

Definition of ['-convergence
FhoF xS RFN T i
(i) Lower bound: For each x" — x in X: Ii/rpig\ffh(xh) > F(x).

(i) Recovery sequence: For every x € X, there exists x” — x, such
that: lim Fx" = F(x).

Metatheorem

Fh x, F + Compactness = The global minimizers of F" converge
to the global minimizers of F.
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Two Important Spaces

m Space of first order infinitesimal isometries V-

V={V e W??(S,R% symVV =0}.

m Letu,=id+eV, [d:uef>—|t|>=0(e) VieT,S.
m Finite strain space B:

B = cl2{symVw;w € W'?(S,R?)}.
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The Generalized von Karman Functional on S

1 1 1 .
](VvBtan):*/QZ XaBtan_*(Az)tan +7/Q2(X7(V(An)_An)tan)a
2 /s 2 24 s
where
Qg(X,GTan):;ngs{%(Gtan—l-d@ﬁ—‘rﬁ@d);Tr(Gtan—l-d@?H-ﬁ@d)20},
c

Q&(G) = VPW,(1d)(G, G),
Ais a skew symmetric matrix field on S, s.t. d;V = At foreach t € T, S.

. 1, 5
m Stretching: Bian — E(A )tan-
m Bending: (V(An) — Al)an.
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Main Theorem

Surface S

S is a smooth compact connected oriented 2d surface embedded in
IR3, enjoying the approximation property (H).

The space 1 = C3(S,R%) N ¥/ is dense in ¥ with respect

H
to the W22(S,R3) topology. (H)

Surfaces enjoying condition (H) include:
m flat surfaces S C R?. (Easily seen by Korn’s inequality)
m smooth rotationally invariant surfaces. (Direct check)
m strictly convex C>* surfaces. (Lewicka, Mora and Pakzad)

m developable C*' surfaces without flat parts. (Hornung, Lewicka
and Pakzad)
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Introduction Main Theorem Key Point of the Proof

Theorem (Compactness and Lower Bound)

Let a sequence of deformations u” € W'2(S") satisfy:
M < ch.
Then 3Q" € SO(3) and 3c" € R® such that for
y'(x+tA(x)) = (Q" T u" (x + th/ hoBi) — " : S — R3

the following hold:
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Introduction Main Theorem Key Point of the Proof

Theorem (Compactness and Lower Bound)

Let a sequence of deformations u” € W'2(S") satisfy:
M < ch.
Then 3Q" € SO(3) and 3c" € R® such that for
y'(x+tA(x)) = (Q" T u" (x + th/ hoBi) — " : S — R3

the following hold:
(i) y"(x+1th(x)) — x in W'2(SM),
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Introduction Main Theorem Key Point of the Proof

Theorem (Compactness and Lower Bound)

Let a sequence of deformations u” € W'2(S") satisfy:
M < ch.
Then 3Q" € SO(3) and 3c" € R® such that for
y'(x+tA(x)) = (Q" T u" (x + th/ hoBi) — " : S — R3

the following hold:
(i) y"(x+1th(x)) — x in W'2(SM),

(i) VP = %ff%?z (Yr(x+ti) —x)dt — V € Vin W'2(S),

Hui Li

von Karman Theory for Incompressible Shells



Introduction Main Theorem Key Point of the Proof

Theorem (Compactness and Lower Bound)

Let a sequence of deformations u” € W'2(S") satisfy:
M < ch.
Then 3Q" € SO(3) and 3c" € R® such that for
y'(x+tA(x)) = (Q" T u" (x + th/ hoBi) — " : S — R3

the following hold:

(i) y"(x+tA(x)) — x in W'2(8Mh),

(i) V=1 F™% (y"(x+17) —x)dt — V € Vin W'2(S),
(i) +symV V" — By, € Bin L3(S),
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Introduction Main Theorem

Key Point of the Proof

Theorem (Compactness and Lower Bound)

Let a sequence of deformations u” € W'2(S") satisfy:

M < ch.

Then 3Q" € SO(3) and 3c" € R® such that for

y'(x+tA(x)) = (Q" T u" (x + th/ hoBi) — " : S — R3

the following hold:
(i) y"(x+tA(x)) — x in W'2(8Mh),
(i) Vh=1 M/
)
)

Thor2 VOx+10) —x)dt — V € Vin W'2(S),
(iii %syvah — Byan € Bin LZ(S),
(iv

liminfs_o 2 1"(u") > I(V, Ban).
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Theorem (Recovery Sequence)

For each V € v, By, € B, there exists u” € C'(S",R?) such that:
(i) y"(x+tA(x)) = u" (x + th/hoR) — x in W'2(SM).
(i) The scaled average displacements V" — V in W'2(S).

1
(iii) EsymVVh — Bian in L2(S).

. . 1 heo by
(iv) /!inoﬁl (u") = I(V, Bian)-

where the definition for each quantity is exactly the same as in
previous theorem.
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Main Theorem

Incompressible Plates (S C R?)

Two spaces for plane:
B = {symVw;w € W'?(S,R?)},
V= { V= (aX2 + by, —axy + bo, V3)T; a,by,br €R,v3 € W2’2(S,R)} .
The von Karman functional for incompressible plates:
1 1 1 -
I(w,v)== [ Q(symVw+_-VvaVv |+ — [ Q (V).
2 /s 2 24 /g

where v is the scaled out-plane displacement, w is the scaled in-plane
displacement.
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Main Theorem

Incompressible Plates (S C R?)
Euler-Lagrange equations of I for isotropic plates

A?v = 6[v, D],
A%O = —2[v,v].

The Airy stress potential ® € W?2(Q, R) satisfies:
1 1
cofVZd = symVw + SVvevv+ <divw+ 2|Vv]2) Id.
Isotropic material:

Q&(G) = 2ulsymG[* + M| TrGP?,

thus,
QZ(Gtan) =2u (’SymGtan|2 + ‘TrGtanlz) .
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Key Point of the Proof

The Recovery Sequence

Combination of arguments in :
Lewicka-Mora-Pakzad, Conti-Dolzmann

Density Results:

m (H) = 7%= C3S,R*) N7 isdensein V.

m By = {symVw;w € C(S,R®)} is dense in B.
= Diagonal argument.
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Key Point of the Proof

The Recovery Sequence

Combination of arguments in :
Lewicka-Mora-Pakzad, Conti-Dolzmann

Density Results:

m (H) = % = C%(5,R% N7 isdensein V.

m By = {symVw;w € C(S,R®)} is dense in B.
= Diagonal argument.

Lemma

ForVV € V), VBian € By, Ju" € C1(S",R3), such that (i), (ii), (iii) and
(iv) of Theorem (Recovery Sequence) hold.
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Key Point of the Proof

The Recovery Sequence

Key points of the proof of Lemma:
m Scaled recovery sequence for V and Bian: y7(x + th),
m Modified sequence y"(x + tA) = yf(x + ¢"(x, t)A), or
ul'(x + sn) = ul(x + h/ho®"(x, hos/h)A),
m detVu" = 1 = ODE satisfied by ¢"(x, 1),
m ODE + bounds for det Vu!! = essential bounds for ¢":

00" —1| <ch®, |o"—t| <Ch, |9:9"| < CH,

m Main obstacle: Establishing the bounds.
Solution: When analyzing detVu[,’, instead of considering it
directly, we consider det[(Vu)T(VuM)], followed by a Taylor
expansion.
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Key Point of the Proof

Further Consideration

m Hierarchy of 2d theories for incompressible elastic plates/shells.
m Varying thickness

h h
<_2a2> - (_gfagg)

for some general function g, gj.
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Thank you!
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