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Brief History

Elastic Shells

S C R3 a 2d surface imbedded in R® and 7(x) is its unit normal vector
atx e S.

S"={z=x+1M(x);x € S,—gf(x) < t<gh(x)}
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Brief History

3d Elasticity

m The equations for the balance of linear momentum for u = u(t, x):
Opu—divDW(Vu) =f, Yx€QC R,

where

m v is the deformation on Q
m DW is the Piola-Kirchhoff stress tensor, f is the external force
m W elastic energy density, enjoying physical relevant conditions.

m The equilibrium equations:
—divDW(Vu) =f, ¥xe€QCR3.

m Total energy
J”(u):/ W(Vu)+/f-u.
Q Q
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Brief History

3d Elasticity

m Total energy for shells

1 1
J'(uU") =~ W(Vuh)+/ o
h Sh h sh
m Elastic energy
1
MMy =— [ w(vd")
h Sh

m Scaling of /"(u") at the minimizers of J:

1~ % = 1"(u") ~ hP.
Ef=0qifo<a<2
mf=20—-2ifa>2
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Brief History

Examples of 2d theories and formal justification

m Examples of 2d theories
m Membrane theory
m Bending theory - Kirchhoff theory - Flexural theory
m von Karman theory
m Formal justification
m Main method: Formal asymptotic expansion (Introduced by
Ciarlet, Destuynder)
m Ciarlet, Destuynder, Lods, Fox, Raoult, Simo, Miara and etc.
m Rigorous justification
m Main method: -convergence (Introduced by De Giorgi and
Franzoni)
m LeDret, Raoult, Friesecke, James, Miller, Conti, Maggi, Lewicka,
Mora, Pakzad and etc.
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['-convergence

Definition of ['-convergence

Fo F X — R F = F iff:
(i) Lower Bound For each x, — x in X: liminf Fp(x,) > F ().
n—oo

(i) Recovery Sequence For every x € X, there exists x, — x, such
that: lim Fn(x,) = F(x).
n—oo

Metatheorem

Fh LN F + Compactness = The global minimizers of " converge
to the global minimizers of F

Remark: ¥ is lower semi-continuous.
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[-convergence

Metatheorem in Details

Assume F, LN F, then we have the following two properties.

1. 3d — 2d:

Jlnm{Fn(xn) —inf Fn} =0

} = F(x) < F(y), Yy e X.

Xp — X
2. 2d — 3d:

F(x)< F(y),VyeX
n 2 X nIim F”(X”) = F(X) = |lim {Fn(Xn) —iQan} =0.
o n—oo
Fn(yn) is bounded = y,, — yo € X
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Rigorous Passage from 3d to 2d

Rigorous Justifications

m Plate theories, S C R?, g'(x) = gf(x) = h/2
m =0 - Membrane theory - LeDret and Raoult (1995)
m [ > 2 - Bending theory and von Karman theory - Friesecke,
James and Mdller (2002, 2006)
m 0< B <5/3- Conti and Maggi (2008)
m 5/3 < B < 2 Open, crumpling of elastic sheets
m Shell theories, general S C R3, gf(x) = gfi(x) = h/2
m [} =0 - Membrane theory - LeDret and Roult (1996)
m [ =2 - Bending theory - Friesecke, James, Mora and Mller
(2003)
m [ > 4 Lewicka, Mora and Pakzad (2009)

] g1h = hg1,g£’ = hgo, B =4 - von Karman theory - Lewicka, Mora
and Pakzad (2009)
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Rigorous Passage from 3d to 2d

von Karman Theory for varying thickness Shells

Sh: {z:X+tﬁ;X€ S, te (_gfagg)}’
m g7, g§ are C' sit. 3 C" functions g1,02: S — Ry sit.

o
= =g in C'(S) for i=1,2.

Theorem 1 (Compactness and lower bound)

Let a sequence of deformations u” € W'-2(S") satisfying:
M < cht.

Then 3Q" € SO(3) and 3¢ € R? such that for
i"(z) = (Q")Tu"(z) + ¢" the following hold:
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von Karman Theory for varying thickness Shells

Theorem 1 (Compactness and lower bound)

Let a sequence of deformations u” € W'2(S") satisfying:
(") < ch*.

Then 3Q" € SO(3) and 3¢ € R3 such that for
i"(z) = (Q")Tu"(z) + c" the following hold:
(i) (G"os")(x+tn) — xin W'?(S*),as h— 0,
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von Karman Theory for varying thickness Shells

Theorem 1 (Compactness and lower bound)
Let a sequence of deformations u” € W'2(S") satisfying:
(") < ch*.

Then 3Q" € SO(3) and 3¢ € R3 such that for
i"(z) = (Q")Tu"(z) + c" the following hold:

(i) (G"os")(x+tn) — xin W'?(S*),as h— 0,

(iy VI —VvevVinW"3(S),ash—0,

1 ho/2
v 7][ (& — id) o " (x + t(x))dt,

hJ _pys2
m 7 consists of all first order isometries, i.e.:

foreach V € 9, symVV =0
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von Karman Theory for varying thickness Shells

Theorem 1 (Compactness and lower bound)
Let a sequence of deformations u” € W'2(S") satisfying:
M < ch.
Then 3Q" € SO(3) and 3¢ € R3 such that for
i"(z) = (QMTu"(2) + c" the following hold:
(i) (G"os")(x+tn) — xin W'2(S*),as h— 0,
(i) VI —VvevinW'?S),ash—0,
(i) +symV V" — By, € Bin L3(S),as h— 0,

m the space of finite strains B = cl2{symVw; w € W'?(S,R®)}.
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von Karman Theory for varying thickness Shells

Theorem 1 (Compactness and lower bound)
Let a sequence of deformations u” € W'2(S") satisfying:
"(u") < ch*.
Then 3Q" € SO(3) and 3¢ € R3 such that for
i"(z) = (@Q")Tu"(z) + c the following hold:
(i) (Ghos™)(x+tA) — xin W'2(S*),as h— 0,
(iy VI —VvevVinW'?(S),ash—0,
(i) +symVVH" — By, € Bin L3(S),as h— 0,

o (o U fi £
(iv) I|,r7n_!51fﬁl (u™) > I(V,Bian)
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Rigorous Passage from 3d to 2d

The generalized von Karman functional on S

(VB = 3 [ 1+ 02) (B 3 (4~ oy (A9((02 - 1))

+or [ (014 82)° @ (x,(V(AT) — AM)an)
S

where

Q(x, Fian) = min{ Q3 (F); (F — F)tan = 0}, Q3(F) = D W(Id)(F, F)

m Stretching: Bian — 3(A%)an — 38ym (AV((g2 — g1)7))
m Bending: (V(AR) — AM)an
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von Karman Theory for varying thickness Shells

Theorem 2 (Recovery Sequence)

For each V € Y, By, € B, there exists u”” € W'2(S", R®) such that:
(i) (u"os")(x+tn) — xin W'?(S*),as h— 0,

(iy VI —VvevVinW'3S),ash—0,

(i) +symV V" — By, € Bin L3(S), as h— 0,

o
(iv) Jim -2 1"(u") = (V. Bian).

where the definition for each quantity is exactly the same as in

previous theorem, with &I = u”.
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Key point of the proof

Rigidity Estimate (Friesecke, James and Miiller 2002)

Yu e W'2(Q,R3),3R € SO(3) such that

/ Vu—R[* < c/ dist?(Vu, SO(3))
Q Q

and C = C(Q).

Remark: C(S") is of order h™2.

Based on the Rigidity Estimate, we obtain compactness of the
sequence u with controlled energy. The lower bound by /(V, Bia,)
follows through formal Taylor expansion of W(Vu) around Id.
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Geometric Rigidity Theorem

More on Rigidity Theorem

m Liouville Theorem: If a smooth mapping v : Q — R", Q C R”,
satisfies Vv € SO(3), then it is affine, i.e. there exist R € SO(n)
and ¢ € R" such that v(x) = Rx+c.

m Korn’s inequality: Assume 2 C R" is an open bounded domain
with Lipschitz boundary, then for every u € W'2(Q,R"), there
exists a skew symmetric matrix A and a vector b € R”, such that

HU (AX—!—b)”Wm < CQHsymVuHLz

m Poincaré’s inequality: Let Q C R” bounded, connected open with
C' boundary. Assume 1 < p < . Then there exists a constant
C, depending only on n, p and €2, such that

u—][ udy
Q

for each u € W'P(Q).
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Thank you!
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