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FINITE ELEMENT ANALYSIS OF MICROSTRUCTURE FOR THE
CUBIC TO TETRAGONAL TRANSFORMATION *

BO LI ' AND MITCHELL LUSKIN

Abstract. Martensitic crystals which can undergo a cubic to tetragonal phase transformation
have a non-convex energy density with three symmetry-related, rotationally invariant energy wells.
We give estimates for the numerical approximation of a first-order laminate for such martensitic
crystals. We give bounds for the L? convergence of directional derivatives in the “twin” plane, for
the L2 convergence of the deformation, for the weak convergence of the deformation gradient, for the
convergence of the microstructure, and for the convergence of nonlinear integrals of the deformation
gradient.
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1. Introduction. Martensitic crystals have a high temperature, symmetric solid
phase known as austenite, and a lower temperature, less symmetric solid phase known
as martensite. The austenitic phase exists in one variant, but the martensitic phase
can exist in several symmetry-related variants. For some boundary conditions, the
elastic energy of a martensitic crystal can be lowered as much as possible only by
the fine scale mixing of the martensitic variants to form a microstructure. A simple
and common example of such a microstructure is a first-order laminate in which the
deformation gradient oscillates in parallel layers between two stress-free homogeneous
states.

Based on the assumption that the crystal structure is determined by the prin-
ciple of energy minimization, the recently developed geometrically nonlinear theory
of thermoelasticity describes the martensitic microstructure as the limit of energy-
minimizing sequences of deformations, see [2, 3, 13, 16, 19, 20] and the references
therein. In this theory, the elastic energy density for the crystal below the transfor-
mation temperature is non-convex and is minimized on a set of deformation gradients
SO(3)U1U...USO(3)Uy for M > 1, where SO(3) is the set of proper rotations, that
is,

SOB)={QeR?:Q"=Q " and detQ =1},

where R3*3 is the set of all 3 x 3 real matrices, and the U; € R3*3 represent the
symmetry-related martensitic variants. Martensitic crystals that can undergo a cubic

to tetragonal phase transformation have three martensitic energy wells, so M = 3
[2, 3, 20].
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We present in this paper a numerical analysis of the approximation of an energy-
minimizing first-order laminate for the cubic to tetragonal transformation. Ball and
James have shown for boundary conditions that are consistent with such a first-order
laminate that no energy-minimizing microstructure other than the first-order lami-
nate can exist [3]. We establish in this paper an approximation theory for the cubic to
tetragonal transformation with bounds for the L? convergence of directional deriva-
tives in the “twin plane,” for the L? convergence of the deformation, for the weak
convergence of the deformation gradient, for the convergence of the microstructure,
and for the convergence of nonlinear integrals of the deformation gradient. These
bounds are then used to give error estimates for conforming finite element approxi-
mations. Three-dimensional numerical computations for the cubic to tetragonal phase
transformation have been reported in [11, 17, 18] and the numerical analysis presented
in this paper gives a rigorous validation for some of the reported numerical experi-
ments.

A theory of numerical analysis for the microstructure in non-convex variational
problems was developed in [10, 12], and has been extended in [4, 6, 7, 8, 15, 22, 23].
Analyses of the approximation of relaxed variational problems have been given in
[5, 14, 24, 25, 26, 28, 29]. Our work relies most directly on the analysis given in [21]
for the numerical approximation of microstructure for a rotationally invariant, double
well energy density. We note that the analysis given in [21] covers the orthorhombic
to monoclinic transformation which can be modeled by a double well energy density
[3, 20]. We refer to the recent paper [20] for a more extensive survey on the numerical
computation and analysis of martensitic microstructure.

In §2 we first describe the underlying continuum model for the cubic to tetragonal
martensitic transformation. We prove in §3 the convergence in L? for the directional
derivatives in the “twin plane” of energy-minimizing sequences of deformations, and
we prove in §4 the convergence in L? of the deformation and the weak convergence
of the deformation gradient. In §5 we prove the convergence of the microstructure
for energy-minimizing sequences of deformations. More precisely, we give bounds
for the volume fractions of the oscillating deformation gradients, and we prove the
convergence of nonlinear integrals of the deformation gradient. Finally, in §6 we
present, error estimates for conforming finite element approximations.

2. The Continuum Model. We denote by (2 the reference configuration of the
crystal, which is taken to be the homogeneous austenitic state at the transforma-
tion temperature. We assume that Q@ C R® is a bounded domain with a Lipschitz
continuous boundary. We denote deformations by y : © — R® and corresponding
deformation gradients by Vy : © — R3*3, We denote the elastic energy density at a
fixed temperature below the transformation temperature by the continuous function
¢ : R3*3 — R. We consider the variational problem to minimize the elastic energy

(2.1) Ey) = /Q (Vy(c))de

over all deformations y which satisfy given boundary conditions.
The variants of the tetragonal phase for the cubic to tetragonal transformation
can be given by [2, 3, 20]

Ur=ml+ (n2—m)er e, Us=mI+ (12 —m)es ® ea,
(2.2) Us =mI+ (n2 —m)es @ es,
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where {ei, ea, e3 } is an orthonormal basis for R® and where 7; and 7y are positive
constants such that 1, # 12. We recall that v @ w € R3*3 for v, w € R® is the tensor
product defined by (v ® w)u = (w - u)v for u € R, or equivalently, (v ® w)g = viw;.

We note that the variants of the tetragonal phase are symmetry-related since we
have for i, j € {1, 2,3}, i # j, that

(23) QUlQT = Uj forQ=-1+ (ei + 6]') ® (ei + Ej),

where Q = —I+ (e; +¢;) ® (e; +€;) is the rotation of 7 radians about the axis e; +e;.
We also note that

(24) QUlQT =U; for @ =—-1+ 2e; ® e;

for i, j € {1, 2, 3}. The symmetry group of the cube [2, 20],

g:{Qh"':Q24}7

is generated by the set of rotations Q = —I+(e;+e;)®(e;+ej) fori, j € {1,2,3}, i #
Jyand Q@ = —I +2e;®e; for j € {1, 2,3}, so we have that

{QUIQT :Qi€G}={U, Us, Us}.

To model the cubic to tetragonal martensitic transformation, we assume that the
energy density ¢ is minimized on the energy wells

U; =SO0B)U; ={QU; : Q €SO(3) }
for ¢ =1, 2, 3, so we may assume after rescaling the energy density that

P(F) >0, VF € R**?,
(2.5) $(F)=0 ifandonlyif FeU = Ul Uls.

We shall also assume that the energy density ¢ grows quadratically away from the
energy wells, that is,

(2.6) ¢(F) > k||[F —=(F)|?,  VFeR™,

where £ > 0 is a constant and 7 : R3*3 — If is a Borel measurable projection such
that

|F — #(F)|| = min [|F — G|, VF € R¥*3.
Geu

In the above and in the following we use the matrix norm defined by

3
|F||* = trace (FTF) = Z Ffj, VF = (F;) € R3%3.

ij=1

The projection 7(F) exists for any F € R3*3, since U is compact, although the
projection may not be unique. It is unique, however, if ||F' — 7w(F)|| is small enough
[20].

Two matrices Fy, F; € R3*3 are rank-one connected [3, 20] if there exist a € R3
and n € R, |n| = 1, such that

(2.7) Fi=F+a®n.
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We shall assume in what follows that Fy and Fj are rank-one connected as in (2.7) and

that Fp € U and F; € U. We can then construct the continuous, energy-minimizing,
first-order laminate w. (z) : R® — R® with layer thickness v > 0 by

(25) (@) = (2).
where
w(z) = For + Mn X (5) ds} a

and where x(s) : R — R is the characteristic function with period 1 defined for
0<A<1by

(s) = 0 forall 0<s<1-—),
XBI=V 1 forall 1-A<s<l.

Now by the scaling properties of w.,(z) we have that

w1 () - ()| -

(2.9) <A1 =Nlaly,

z-n

R CER Y

where
F)‘ = (].—A)F[)-f-)\Fl :F0+)\a®n

We also have
x-n
Vw,(z) = Fy + x (T) a®n for almost all z € Q,

SO

[ F djy<z-n<(G+1-XNy for some j € Z,
(2.10) wa(m)—{ F if(G+1-Ny<z-n<(j+1)y forsomeje€Z.

Hence, it follows from (2.5) and (2.10) that

[ 6T @) dz =0
Q

since Fp, F1 € U. We see by (2.9) that the deformations w, (x) converge uniformly to
Fyz as v — 0, but by (2.10) the deformation gradients oscillate between Fj in layers
of thickness (1 — A)y and F} in layers of thickness Avy.

We consider in this paper the approximation of the energy-minimizing microstruc-
ture subject to the boundary conditions

y(z) = Fxe = [(1 = \)Fy + A\Fi] , Vr € 69

for 0 < A <1 and Fp, Fy € U. Thus, we will consider the minimization of the energy
(2.1) with respect to the set of admissible deformations given by

Wi (G R) = {y € WH(R?) : y(x) = Faz for z € 90} .
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The following two lemmas [2, 3, 20] show that for the cubic to tetragonal trans-
formation (2.2) each Fy € U; is not rank-one connected to any Fy € U; with Fy # Fi,
but that every Fy € U; is rank-one connected to two distinct Fy € U; for all j # 1,
je{1,2,3}.

LeEmMA 2.1. If Fy € U; for some i € {1, 2, 3}, then there does not exist Fy € U;
with Fy # F1, such that Fy and F| are rank-one connected.

LEMMA 2.2. If Fy € U; for somei € {1,2,3}, then foranyj #i,j€{1,2,3},
there exist two distinct Fy € U; such that Fy and Fy are rank-one connected. Further,
if Fo € U; and F1 € U; are rank-one connected so that

(2.11) Fr=F+a®n

fora € R® and n € R®, |n| = 1, then
(2.12) ne {ii(e»+e-) + (e —e-)}
. \/i 3 1/ \/i 3 J .

We note that n and —n give the same rank-one connections for Fy and F} in
(2.11) since

Fi=Fy+a®n=F+(—a)® (—n).

The planes with normal vectors n given by (2.12) are known as the “twin planes”
in the crystallographical literature. The continuous, energy-minimizing, first-order
laminate w~(z) given by (2.8) has distinct constant gradients in layers which are
parallel to the twin planes. It can be easily shown by Lemma 2.2 that there exists a
continuous energy-minimizing deformation with a distinct constant gradient on each
side of a smooth interface if and only if the interface is a twin plane [2, 3, 20].

3. Estimates for Directional Derivatives in the Twin Plane. We recall
that

Fy = (1—\)Fy + \Fy,
where 0 < A < 1 and where Fy € U and F} € U are rank-one connected so that
Fi=F+a®n,
and we recall that
WX (R = {y e Who(R?) : y(z) = Faz for 2 € 90}

It follows from Lemma 2.2 that Fy € Uy, and Fy € UY;, for some k, [ € {1, 2,3} such
that k # L.
LEMMA 3.1. For anyy € W};OO(Q;]RB), we have

/Q IVy(@) -7 (Vy@)|? de < 5 ().

Proof. The inequality follows directly from the quadratic growth rate of the energy
density ¢ away from the energy wells (2.6). d

The next lemma gives an estimate for the convergence of the directional deriva-
tives in the twin plane for energy-minimizing sequences of deformations. In the
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following, C will denote a generic positive constant which is independent of y €
WES (R,

LEMMA 3.2. Ifw € R?® satisfies w-n = 0, then there exists a positive constant C
such that

61 [ l(Ty@) - BluP ds <CEW?, Yy e WET(OE).

Proof. We may assume without loss of generality by the symmetry relations (2.3)
and (2.4) and by Lemma 2.2 that Fy € Uy, Fy € Us,

1
n= —2(61 + e2),

and

(3.2) Fi=Fy+a®n

for some a € R®. We define

(3.3) w; —e; —es +e3 and Wy = e — ey — e3.

It is easy to check that

(3.4) Uiw;| =/ 20i + 3
forallie {1,2,3}and j € {1,2}. We also have for any i € {1, 2, 3} that
(3.5) QUb| = Uib|,  YQ € SO(3), Vib € R,

We can thus conclude by (3.4) and (3.5) that

(3.6) Uw;| = /207 +n3, YU €U, Vje{l,2}

since U = Uy UlUy UUs and U; = SO(3)U;.
Since { e1, ea, e3 } is an orthonormal basis for R?, we have that w; -n = ws-n = 0.
Thus, it follows that we have for j € {1, 2} by the rank-one connection (3.2) that

(3.7) Fiw; = Fow; = Fwy,
SO
(3.8) |Fiwj| = [Fow;| = |Fxw;|.

Since m(F) € U for all F € R**3 and Fy, F; € U we can obtain from (3.6) and (3.8)
that for j € {1, 2} we have

(3.9 |7 (Fw;| = |Faw;l, VF € R3*3.

We have that

(3.10) F\ = mLVy(x) dz
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since y(z) = Fyz for x € 0Q. It then follows from (3.9), (3.10), the Cauchy-Schwarz
inequality, and Lemma 3.1 that for j € {1, 2}

[ 1Ty - B, s
Q
= 2F\w; - /Q [Fy — 7(Vy(2))] wid
= 2F\wj - /Q Vy(z) — m(Vy(z))] widz

<c / IVy(z) — (Vy ()| de
1/2

<c { /Q IVy(@) — n(Vy(@)|? de
< CE(y)=.

Finally, since {w,w-} is a basis for the two-dimensional subspace defined by w-n = 0,
we have that (3.1) holds for any w € R® such that w-n = 0. O

The following theorem giving bounds on the directional derivatives orthogonal to
n is a consequence of the above two lemmas and the triangle inequality and will play
a key role in establishing all of the other bounds.

THEOREM 3.3. If w € R? satisfies w-n = 0, then there exists a positive constant
C such that

/ IVy(z) — F\w|?dz < C |E(y)® + E)], Vy € Wg (4 R?).
Q

4. Estimates for Deformations and Deformation Gradients. We now
give bounds on the convergence of energy-minimizing sequences of deformations in
W}’;’O(Q; R?) to the homogeneous deformation Fyz.

THEOREM 4.1. There exists a positive constant C' such that

/ ly(z) — Fre|* dz < C [g(y)% +EW)|, Yy e WRe(%RY).
Q

Proof. If y € W};OO(Q;H@), then y(z) — Fhx = 0 for all x € 99Q. Thus, for any
w € R? there exists a positive constant C' by the Poincaré inequality [21, 30] so that

/Q ly(x) — Frz|*dr < C’/Q IVy(z) — Fr]w|® de, Yy € W};OO(Q;H@).

Our assertion follows from Theorem 3.3 with w € R® so chosen that w -n = 0. 0

Our next theorem gives an estimate for the weak convergence of the gradients of
energy-minimizing sequences of deformations. The proof follows from Lemma 3.1 and
Theorem 4.1.

THEOREM 4.2. For any Lipschitz domain w C €, there exists a positive constant
C such that

\ [ ¥ote) - Bl

SC[S(y)%JrE(y)% . Yy e WRP (R
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Proof. 1f follows from the divergence theorem and the Cauchy-Schwarz inequality
that

< [ @) - Pl as
ow
1/2
(4.1) < meaS2(8w)1/2 (/ ly(z) — Fre|” dS) ,
Ow

/Bu) y(z) — Frz] ® I/dSH

/ [Vy(z) — Fy] dz

where v is the unit exterior normal to Ow and where meas,(0w) is the surface area of
Ow. We can obtain by the trace theorem [1, 30] that

|y(a:) - F)\HZ|2 ds
Ow

vte) = Fual?do+ [ [Vlya) - Fw|2|dx}

w

‘ol

SC{Iww—ﬂﬂ”w+/W@%JWMWVM@—FWN%}

w

< C’{ ly(x) — Frz|? dx

w

(42) +( [ wte) —FAwIZdw>1/2 ([ 171 - £l ||2dw)1/2].

We have by the triangle inequality and Lemma 3.1 that

e —FﬂPdm)m

1/2 1/2
< ( [ 195 ~ 7 (¥t ||2dx) n ( P —FAHQdZU)
(4.3)  <k&V2EW)V? 420207 + n§)1/2meas(w)1/2.

It follows by using Theorem 4.1 and (4.3) in (4.2) that

2
| Jy(e) ~ Bl ds < C €)' + )+ £()
(4.4) <ClewrHew)], vy e W R),
since 31/2 < B + Y4 for B > 0. We finally obtain the result of Theorem 4.2 by
substituting (4.4) into (4.1). O

We recall that Fy € Uy, Fy € Uj, for k, 1 € {1, 2,3} such that k # [. We define
the projection operator my; : R3*3 — U, Ul by

min ||[F—G|, VFeR>3.

F—mu(F)|| =
IF = mua(F)ll = ,min
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We also define the operators R : R3*3 — SO(3) and II : R®*® — {F,, F1} by the
relation
(4.5) mu(F) = R(F)I(F),  VF € B3,

The proof of the following lemma shows that the measure of the set of points
in which the gradient of energy-minimizing sequences of deformations is near U,, for
m € {1, 2, 3} such that m # k and m # [ converges to zero.

LEMMA 4.3. If Fp € Uy, and Fy € U for k, 1 € {1,2,3}, k #1, then there exists
a positive constant C such that

L I93@) = (VoI de < € [e)F +E@)] . Vo e WEE@E),

Proof. We can again assume without loss of generality that Fy € Uy, Fy € Us,

n=—(e; + e2),

V2

and
Fi=Fy+a®n
for some a € R?. We have for any @ € SO(3) that
QUses # Fies
since
|QUses| = |Uses| =n2 and |Fhes| = |Foes| = |Ures| = m.
Thus, we have by the triangle inequality that

Flgbf{3 |Fxes — Fes| > |n2 — m.

Denoting
D ={zeQ:n(Vy(z)) € Us},
we then obtain by Lemma 3.2 that

meas(Q3) = dx
Q3
<l —mi|2 / [7(Vy(@)) - Fy] es| de
(4.6) < CE(y)*

since e3 - n = 0. Consequently, we have by Lemma 3.1 that (recall that we have
assumed that k =1 and [ = 2)

/Q IVy(@) — ma(Vy ()| de
<2 / IVy(@) — 7(Vy(e))||? dz +2 / 7 (Vy(@)) — ma(Vy(@) |2 de
<2 / IVy(z) — 7(Vy (@)’ d + 8(2i2 + n2) meas(Ds)
Q
<

<Clewt +ew).
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O

The following theorem gives estimates for the convergence of gradients of energy-
minimizing sequences of deformations to the set {Fp, Fi}.
THEOREM 4.4. There exists a positive constant C' such that

/Q IVy(@) —T(Vy(@)|*dz < C |EW)7 +EW)|, Yy e WRE (R,

Proof. We again assume without loss of generality that Fy € U, F1 € Us, and

n=—(e1 + e2).

V2
We define as in (3.3)

w; =e; — ez +e3 and wy = €1 — ey — e3.
Since w; -n =0 for j =1, 2, we have by (3.7) that

(F)w; = Flw; = Fyw; = Fyxw;,  VF € R**3.
Thus, it follows from (4.5) with k¥ =1 and [ = 2 that

[R(F) — 1] Fow; = [R(F) — Il Il(F)w; = [m1> (F) — FA\]w,
(4.7) = [m12 (F) — n(F) w; + [7(F) — F\] w;, VF € R¥*3.

We can then apply the triangle inequality to (4.7) with F' = Vy(z) and estimate the
two terms by (4.6) and Lemma 3.2 to obtain

/QI[R(Vy(a:)) — I Fyw;|” dz

< 2/Q [mi2(Vy(2)) = 7 (Vy ()] w;|* da + 2/Q |7 (Vy(z)) = Fx]w; | do
(48) < CE(y)*, forj=1,2.
We have for
m = Fowi X Fyws
that
Qm = QFyw; X QFpws, V@ € SO(3).
Thus, we have the identity

[R (F) — I]m = {R (F) F[)U)l X R(F) F()U)Q} — {F()’LUl X F()UJQ}
= {[R (F) — I] F0w1 X R(F) FO'LU2} — {F0w1 X [I — R(F)] FO'LU2}

for all F € R3*3. We can then obtain from using the above identity with F' = Vy(z)
and the estimates (4.8) that

(49) IR (Fy(@) = 1jm? do < CE) 2,
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Now { Fow:, Fows, m } is a basis for R*, so we have from (4.8) and (4.9) that
@10) [ JIR(Vy@) - D do < C 6@+ @), Wy WEE@E).
Q

We can then prove Theorem 4.4 by applying the triangle inequality to the identity

F —TI(F)= [F — m2(F)] + [m12(F) — II(F)]
= [F —m2(F)] + [R(F) - IJII(F),  VFeR>®

with F' = Vy(z) and by estimating the two terms by Lemma 4.3 and (4.10). O

5. Estimates for the Volume Fractions and Nonlinear Integrals of the
Deformation Gradients. For any subset w C Q, p >0, and y € WF1|;OO(Q; R3), we
define the sets

wp(y) = {z € w : I(Vy(z)) = Fy and ||Fy — Vy(2)]| < p},
wp(y) = {z € w: (Vy(z)) = Fy and ||Fy - Vy()|| < p} .

The following theorem states that for any Lipschitz domain w C 2 and for any energy-
minimizing sequence {y;} in W}’;’O(Q; R3) the volume fraction that Vy;, is near Fy
converges to 1 — A and the volume fraction that Vyy, is near F; converges to \. We
note that the uniqueness of the Young measure for the minimization of the energy
(2.1) for the cubic to tetragonal transformation with respect to the set W}’AOO(Q; R?)
[3] is a consequence of the following theorem [20].

THEOREM 5.1. For any Lipschitz domain w C Q and any p > 0, there exists a
positive constant C' such that

=N+

meas w

meas w)(y)
meas w

‘meas wy(y) B

for all y € W;OO(Q R3).

Proof. 1t follows from the definition of w =l

i (y) and w

= w,(y) that
2 — A)meas w] Fy + [measw — Ameas w] Fi

/ — F\] dx —/ II(Vy(z)) dz
w w—{wluwl}

We have by the triangle inequality, the Cauchy-Schwarz inequality, Theorem 4.4, and
Theorem 4.2 that

/ 0 (Vy()) — Fy] da

S ‘

/ T (Vy(2)) - Vy()] de

[Vy(z) — Fy\] dz

< meas(w)"/? { [ vy - vy dx} L ‘

(5.1)  <ClEW'F+EW'?], vy e WET (R,

/ [Vy(z) — F)\] dz
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Next, we have by the definition of w9 and w} that

(52)  meas(w— {wdUW!}) < % / T (Vy(x)) — Vy(o)|| da.

w—{wjuwl}

Since [|II(F)|| = v/2n? + n3 for all F € R3*3 | we can conclude from (5.2) and Theo-
rem 4.4 that

< Cmeas(w — {w) Uw,})

/ I(Vy(a)) de
w—{wluwl}
C
<¢ / L (Vy(2)) — V()| de
p w—{wluwl}

< e T i o) - vyt o]

(5.3) <C et +ew) .
Hence, we have from (5.1) and (5.3) that
| [measw) — (1 — A)meas w] Fy + [measw,, — Ameasw] F |
(5.4) <C oW ).
Our assertion now follows from the linear independence of Fy and F;. a
For linear transformations £ : R3*3 — R we define the operator norm

L] = max |[L(A4)],
Il = max |£(4)

so for Lipschitz functions g(A4) : R3*3 — R we can define the function norm

g dg
Ha—A a—A<B>H |

We obtain estimates for the Sobolev space V of measurable functions f(z, A) : Q x
R3*3 — R such that

I = [

= €8s SupBeRSXZZ
LOO

2
+ |VG(z)n|* + G(z)?| dx < o,
L()O

of
|

where
G(CE) = f(val) - f(CE,F())

We observe that if f(z, A) € V, then f(x, A) is Lipschitz continuous as a function of
A € R3*3 for almost all z € 0.
THEOREM 5.2. There exists a positive constant C' such that

(5.5)

/Q {F (2, Vy(@)) — (1= N (2, Fo) + Af(, Fy)]} do

<Clflv [ewF +w)],  VieV, e WP (R,
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Proof. Tt is convenient to divide the integral (5.5) into two terms by
/ {f (@ Vy(e — N, Fo) + A (z, F)]} de
- /Q [f (@, Vy(@)) — f (2,1 (Vy(2))] de

+ [ A7 @ITy(@) = (1= VS Fo) + A, ) de
=7+ .
The term J; can be estimated by Theorem 4.4 as follows:

|J1|</\

_IVy(z) =L (Vy(@))l] dz

2

<[ gg ] [ Ivue e ]
2 1/2
(5.6) <cC gfx( )| da:] [ew/t + e ]

We have for G(z) = f(z, F1) — f(z, Fp) the identity
£ (@ T0(A)) = (1= A (e, Fo) + Af(z, )
- ﬁ {a-[(4) — F\n} [f(z, Fy) — f(z, Fy)]
(5.7) - ﬁ {a-[TI(4) — F\Jn} G(a),

s0 it follows from (5.7) and integration by parts that
o= [ {F @ (Vy(a) = [0 = Vo o) + Ao )} do
= [ {e - [(Vy(@) ~ B} Gla) de
:#/{a- I (Vy(2)) — Vy(z)]n} G(z) da
| |2/{a Vy(@) - Filn} G() dao
:W/{a. (2)) — Vy(2)]n} G(x) da
|a|2/{a ~ P} {VG(x) - n} da.

We can thus conclude from the Cauchy-Schwarz inequality, Lemma 4.2, and The-
orem 4.4 that

(5.8) || gC’{/QWG(QJ)-n|2da:+/QG(a:)2da:}1/2 [£w) 7 + )]

We can then obtain the result (5.5) of Theorem 5.2 from (5.6) and (5.8). O
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6. Finite Element Approximations. We now define the properties of the
conforming finite element spaces required for our numerical analysis of microstructure.
We assume that 7, for 0 < h < hg, where hg is a positive constant, is a family of
decompositions of €2 into polyhedra {K} such that [9, 27] :

1. Q@ =Uker K;

2. interior K Ninterior Ky = () if Ky # K, for Ky, Ko € 7p;

3.if S = K NKy # 0 for Ki # Ky, K1, K> € 13,, then S is a common face,
edge, or vertex of K and Ko;

4. diam K < h for all K € 73,.

Our family of conforming finite element spaces, Ay, defined for mesh diameters
in the range 0 < h < hg, satisfies

Ap C W2 (Q; R?) for 0 < h < hy.

We assume that there exists an interpolation operator Z : W (€; R®) — A; such
that

(6.1) esssup, cq || VZny (x)|| < Cess sup,eq||Vy (@)l

for all y € W1°°(Q; R?), where the constant C in (6.1) and below will always denote
a generic positive constant independent of h. We also assume for y € W1 (Q; R?)
that

(6.2)  Zny(z)|k =y(z)|k for any K € 7, such that y(z)|x € {P' (K)}3 ,

where { P! (K)}3 = PY(K) x PY(K) x P}(K) and P*(K) denotes the space of linear
polynomials defined on K.

We denote the finite element space of admissible functions satisfying the boundary
condition

yn(z) = Frz, Yz € 01,
by
Anp, = Ap N W};OO(Q;H@) ={yn € A : yn(z) = Frz for z € 00 },
and we further assume that the interpolation operator Z, satisfies the property that
(6.3) Thy € Anp,  if  y e WEP(GRY).

The most widely used conforming finite element methods based on continuous,
piecewise polynomial spaces have interpolation operators Zy, satisfying (6.1) (for quasi-
regular meshes), (6.2), and (6.3) (see [9, 27]). In particular, (6.1)—(6.3) are valid for
trilinear elements defined on rectangular parallelepipeds as well as for linear elements
defined on tetrahedra.

The following theorem gives the existence of finite element energy-minimizers as
well as the error estimate of the corresponding minimum energy.

THEOREM 6.1. There exist a positive constant C and y, € Ap,r, such that

(6.4) Eyp) = min  E(zp) < ChY2.

2R EAR,Fy
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Proof. We have by the quadratic growth rate of the energy density (2.6) that

IVyllz2irzxs) < VY = 7(VY)ll L2 @mrsxs) + 17 (Vy)llL2(oirexs)
(6.5) <KTVPE@W)Y 4\ o} 4 0d (meas ), Wy € WP (R,

and we have by the Poincaré inequality [1, 30] since y(x) = Fhz for all z € 99 for
y € Wi (;R?) that

(6.6) lyllwr2@ms) < ClIVyll2@rexs) + C, Vy € Wi (O R?).
We thus obtain from (6.5) and (6.6) the growth property that
(6.7) [yllwr2@rs < CEWV?+C, Yy e W™ (O R?).

The existence of an finite element energy minimizer y;, € Ay, r, now follows by com-
pactness from the continuity of £ restricted to the finite-dimensional affine space Ay, r,
and the growth property of the energy (6.7).

To finish the proof, we refer to [8, 21] for the construction of a finite element
deformation z;, € Ay, r, such that

E(zn) < Ch?,  0<h< he.
O
The number of local minima, of the problem

inf  E(vp)

v EAR, Fy
grows arbitrarily large as the mesh size h — 0 [20]. Many of these local minima
are approximations on different length scales to the same optimal microstructure
[20]. Thus, it is reasonable to give error estimates for finite element approximations
yn € Ap,r, satisfying the quasi-optimality condition
(6.8) E(yn) <a  inf  E(zp)

2n €EAR,Fy

for some constant a > 1 independent of h.

It follows directly from the above theorem and the bounds established in §3, §4,
and §5 that we can obtain the following error estimates for a quasi-optimal finite
element deformation y;, € A, F, .

COROLLARY 6.2. Ifw € R? satisfies w-n = 0, then there exists a positive constant
C such that

[ 19 - Bxluf dr < ont
Q

for any yn, € Ap p, which satisfies the quasi-optimality condition (6.8).
COROLLARY 6.3. There exists a positive constant C' such that

/ lyn(z) — Fae)? de < Chi
Q

for any yn, € Ap p, which satisfies the quasi-optimality condition (6.8).
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COROLLARY 6.4. If w C Q is a Lipschitz domain, then there exists a positive
constant C' such that

for any yn, € Ap r, which satisfies the quasi-optimality condition (6.8).
COROLLARY 6.5. There exists a positive constant C' such that

< Ch's

/ [Vyn(z) — Fa\]dz

[ 19 0) = ) s < cn

for any yn, € Ap r, which satisfies the quasi-optimality condition (6.8).
COROLLARY 6.6. If w C Q is a Lipschitz domain and p > 0, then there exists a
positive constant C' such that

meas w) (y) meas w ()

—(1-)) — A < Chis

meas w meas w

for any yn, € Ap r, which satisfies the quasi-optimality condition (6.8).
COROLLARY 6.7. There exists a positive constant C such that

[0 @ V(@) = [0 = Nf @, Fo) + 7 (o )l do| < Cllvi
for any f € V and any yn, € Ap r, which satisfies the quasi-optimality condition (6.8).
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