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Abstract

We give error estimates for the approximation of a laminated mi-
crostructure which minimizes the energy fﬂ ¢(Vu(x)) dz for a rotationally
invariant, double well energy density ¢(A). We present error estimates for
the convergence of the deformation in L?, the convergence of directional
derivatives of the deformation in the “twin planes,” the weak convergence
of the deformation gradient, the convergence of the microstructure (or
Young measure) of the deformation gradients, and the convergence of
nonlinear integrals of the deformation gradient.

1 Introduction

Martensitic crystals are often found in nature and in the laboratory in a simple
laminated state where the crystal structure alternates between two symmetry-
related variants (Burkart and Reid (1953) and Basinski and Christian (1954)).
These observations are now well explained by a continuum theory for marten-
sitic crystals based on energy minimization for an energy density which attains
a minimum value at several symmetry-related deformation gradients (Ericksen
(1986, 1987) and Ball and James (1987, 1992)). It is usually also desired that
such an energy density be rotationally invariant or frame-indifferent (Ball and
James (1987, 1992)), so the energy density attains its minimum value on mul-
tiple, rotationally invariant energy wells. The simple laminated state found in
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nature is modeled in the continuum theory by energy minimizing sequences of
deformations which have layers (with width converging to zero) in which the de-
formation gradient is nearly constant and across which the deformation gradient
oscillates between the energy wells so that the effective energy density becomes
the relaxed energy density (see, for example, Kinderlehrer and Pedregal (1991)
and Kohn (1991)).

We consider in this paper an energy density with two rotationally invariant
energy wells (Kohn (1991) and Ball and James (1992)). The resulting math-
ematical model gives the laminated microstructure described above. For pre-
scribed boundary conditions which are compatible with this simple laminate, it
has been proven by Ball and James (1992) that the limiting microstructure (or
Young measure) of the deformation gradients for energy minimizing sequences
is unique. Although this problem has been widely utilized as a test problem for
the numerical approximation of microstructure (see, for example, Collins and
Luskin (1989), Collins, Luskin, and Riordan (1991, 1993), and Collins (1993)),
there has not previously been given a proof of convergence or error estimates
for any approximation method.

We denote the reference domain for our crystal by 2, which is assumed to
be a polygonal domain in R?>. We will consider deformations v : O — R? and
corresponding deformation gradients Vo(z) : © — R3*® where R**3 denotes
the space of 3 x 3 matrices.

We assume that the energy density ¢ : R®*® — R is a continuous, nonneg-
ative function. For energy minimizing deformation gradients F* € R**3 and
F~ € R3%3, we define rotationally invariant energy wells by

UT =SO0B)FT and U™ =SO(3)F~

where SO(3) denotes the space of proper rotations. We then assume that ¢
attains its minimum value only on the rotationally invariant set

U=Uuruvu-,
so that

$p(A) >0  forall A € R**3,
$(A) =0 if and only if A e€U.

Since F+ and F'~ represent symmetry-related states (Ball and James (1987,
1992)), we assume that they satisfy the condition

det F* =det F~ >0 (1)

and the Hadamard condition that there exist a € R* and n € R3, a, n # 0 such
that
Ft=F +a®n (2)



where a®@n € R3*3 is the tensor product of a and n defined by (a®n);; = a;n;.
We will assume without loss of generality (by rescaling a) that

|n| = 1.

We shall see in § 3 that the Hadamard condition (2) allows the existence of a
continuous deformation with planar interfaces with normal n (which are called
“twin planes” in the physical theory) separating layers in which the deformation
gradient is either F'* or F—.

We wish to approximate the microstructure for a simple laminate. Boundary
conditions that are compatible for a simple laminate (which is described in more
detail in § 3 ) are given by

v(z) = Fx for all x € 092,

where
F=)\Fr 4+ X\ F~

for AT, A~ € R satisfying
AT+A" =1 and 0<XF <1l
Thus, we seek to approximate the problem
inf { E(v) : v € WH2 (G R*) NCF (G R?) }

where the bulk energy of the crystal, £(v), is defined by
£ = [ #(Volw)) do. g

and where the affine space of continuous functions, C*'(€; R?), is defined by
CF (R = {v(z) € O(R?) 1 v(x) = Fx for z € 09} .

A theory for the numerical analysis of microstructure was first given by
Collins, Kinderlerher, and Luskin (1991) and Collins and Luskin (1991) to an-
alyze the minimization of the energy

£(v) :/0 [6(' (@) + [o(z) — Fel?] da

where ¢(s) : R = R is a double well energy density (see also Luskin (1991)). This
theory has been used to analyze the three-dimensional microstructure in micro-
magnetics (Luskin and Ma (1992)) and extended to some multi-dimensional
problems for energy densities which have point energy wells (and so are not
rotationally invariant) by Chipot (1991) and by Chipot and Collins (1992).



A two-dimensional, rotationally invariant, double well model with bulk en-
ergy

f(v)Z/Q[¢(W(ﬂf))+lv(ﬂf)—Fﬂfl"] dx (4)

for @ C R? and 1 < ¢ < oo has been analyzed by Gremaud (1994) and by
Chipot, Collins, and Kinderlehrer (1995). The term |v(z) — Fz|? in the inte-
grand of (4) is not part of the physical elastic energy density, but is a “penalty
term” which has been added as in the one-dimensional case for mathematical
convenience to force the convergence of v(x) — Fz in L(Q; R?) for energy min-
imizing sequences of deformations. However, in contrast to the one-dimensional
case, for the multi-dimensional problem the microstructure (or Young measure)
for minimizing sequences for the energy (3) is unique even if the elastic energy
density does not include the term |v(z) — Fz|? (Ball and James (1992)). The re-
sults that we prove in this paper do not utilize a term |v(z) — Fz|? in the energy
density, but rather show that the convergence of v(z) — Fz in L?(Q;R?) and
the convergence of the microstructure depend only on minimizing the elastic
energy (3).

The statements of our theorems and lemmas are given in § 2. The remain-
ing sections give the proofs of the theorems and lemmas. An estimate for the
minimization of the energy (Theorem 1) is given in § 3. The proofs of the L2
convergence of the directional derivatives in the plane orthogonal to n (Theo-
rem 2) and of the L? convergence of the deformation (Lemma 2) are given in § 4,
the estimate for the weak convergence of the deformation gradient (Theorem 3)
is given in § 5, the estimate for the convergence of the deformation gradient to
the set { F*, F~} (Theorem 4) is given in § 6, the estimate for the convergence
of the microstructure (Theorem 5) is given in § 7, and the estimate for the
convergence of nonlinear integrals of the deformation gradient (Theorem 6) is
given in § 8.

2 Definitions and Main Results

We shall assume that ¢ grows quadratically away from the energy wells. To
describe this precisely, we let 7 : R3*3 — I/ be a Borel measurable projection
defined by
|4 = ()] = min |4 - B|.
eu

We note that such a projection exists since ¢/ is compact, although the projection
is not uniquely defined at A € R3*3 where the minimum above is attained at
more than one B € U. We shall assume that there exists x > 0 such that

H(A) > k||A - 7(A)|? for all A € R**3 (5)



where we use the matrix norm

3
JAIP= > A% for Ae RS,

ij=1

It will also be useful to define the operators R(4) : R**® — SO(3) and
IT: R3*3 — { F* F~} by the relation

m(A) = R(A)II(4)  forall A € R**3. (6)

The operators R(A) and II(A) are easily seen to be uniquely defined by the
relation (6).

We shall define the properties required for our finite element spaces ab-
stractly so that they can be applied to the different finite element spaces which
have been used to compute microstructure. We assume that 7, for 0 < h < hyg
is a family of decompositions of €2 into polyhedra {K} such that (Quarteroni
and Valli (1994)):

1. Q == UKGThK;
2. interior K; Ninterior Ky = () if Ky # K5 for K1, Ko € Tp;

3. if S=K NKy #£0 for K1 # Ko, K1, K3 € 13, then S is a common face,
edge, or vertex of K7 and Ko;

4. diam K < h for all K € 3.

We denote our family of finite element spaces by
MEcoF(@Q:R)NWhH2(@;R®)  for 0 < h < ho.

We assume that there exists an interpolation operator Zj, : CF((; R?) — MF
such that
essSup,cql|VZv(z)|| < Cess sup,cqlVo(2)]] (7)

for all v € Wh(Q;R*) N CF(Q;R?), where the constant C in (7) and below
will always denote a generic positive constant which is independent of h. We
also assume that

Inv(x)| kg = v(z)|x for K € 73, such that v(z)|x € {PI(K)}3

(8)
where { P! (K)}3 = PYK) x P}(K) x P1(K) and P'(K) denotes the space of
linear polynomials defined on K.

The most widely-used finite element methods based on continuous, piece-
wise polynomial spaces have Lagrange interpolation operators 7 which satisfy
(7) (for quasi-regular meshes) and (8) (Ciarlet (1978) and Quarteroni and Valli
(1994)). In particular, (7) and (8) are valid for the trilinear elements defined



on rectangular parellelepipeds which have been extensively used to compute
laminated microstructure (Collins and Luskin (1989), Collins, Luskin, and Ri-
ordan (1991, 1993), and Collins (1993)), as well as for linear elements defined
on tetrahedra.

For completeness, we will give in § 3 an extension of the proof by Chipot,
Collins and Kinderlehrer (1995) for the minimization of the energy £(v) over
continuous, piecewise linear functions to the minimization of the energy & (v)
over the more general family of finite element spaces M? .

Theorem 1 There exists an optimal approximate deformation, uy, € Mf, such
that

Eup) = nél}\l/llpé'(vh) < Ch'/?, (9)
Vh h

The following results will be given for an arbitrary v, (z) € M} . This allows
the applicability of the results to the local minima with small energy which are
typically computed rather than a global minimum (Collins (1993)). We also
note that the results hold for arbitrary v(z) € W1 (Q; R*)NC¥ (Q; R?), so the
results are also applicable to more general approximation procedures.

The following lemma shows that the deformation gradients of minimizing
sequences converge to the union of the energy wells 4 = Ut UU~. It follows
trivially from (5).

Lemma 1 We have the estimate

/ Vo (@) — 7(Vou (2))])” dz < k1€ (o) for all v, € MY,
Q

The next theorem demonstrates that the directional derivatives orthogonal
to n of sequences of energy minimizing deformations converge strongly.

Theorem 2 For all vy, € /\/lg and for all w € R® such that
w-n=0 and |lw| =1,
we have that

/Q |(Von(z) — F)w|? dz < CE(vp)'? + CE(vp).

The convergence of the deformation in L? will then follow from the Poincaré
inequality and Theorem 2 (see § 4).

Lemma 2 The deformations vy, (z) € ML can be approzimated by Fx at a rate
given by

/Q lon () = Fa do < CE(on)"/ + CE(un). (10)



It follows directly from the inequality (10) in Lemma 2 that we can give error
estimates for the convergence of vy (z) — Fz in L?>(Q;R?) for finite element
approximations to the minimization of elastic energies (3) which do not include
the term |v(z) — Fz|? in the energy density.

The next theorem demonstrates that Vop, () converges weakly to F. We will
consider w C 2 to be a smooth domain if it has a sufficiently smooth boundary
Ow so that the divergence theorem and trace theorem used in its proof are valid.

Theorem 3 For any smooth domain w C ), we have for all v, € Mﬁ that

The proof of Theorem 3 shows that the constants C' in Theorem 3 are indepen-
dent of h and converge to zero as the diameter of w converges to zero if, for
example, w is obtained by scaling and translating a reference domain.

The following theorem shows that the deformation gradients of minimizing
sequences converge to the set { F*, F~} .

< CE(up)Y® + CE(vp) 2.

/w (Von(z) — F) dz

Theorem 4 For all vy, € /\/lg, we have the estimate
/ IV () — (Vo (@)|” de < CE(wR)'? + CE(vp).
Q

Next, for any smooth domain w C €, p > 0, and v, € Mf, we define the
sets
T(vn) ={z € w: (Vo (x)) = F" and [|F* — Vuu(z)]| < p},
o () ={z €w:(Vuy(z)) = F~ and [|F'~ — Vup(z)|| < p} .
We will then use Theorem 3 and Theorem 4 to prove the following theorem
which describes the convergence of the microstructure (or Young measure) of
the deformation gradients of energy minimizing sequences. Theorem 5 states
that in any smooth domain w C 2 and for any energy minimizing sequence

the volume fraction that Vup(z) is near F'™ converges to AT and the volume
fraction that Vuy(z) is near F~ converges to A~ =1 — AT,

Theorem 5 We have for any smooth domain w C Q, p > 0, and v, € ML
that

u.)+ v
‘%s(f,))) = AT < CEwa)® + CEwn)?, (11)
‘w — )\_‘ < Cg(vh)l/s + Cg(vh)l/Q_ (12)

meas(w)



It can be seen from the proof of Theorem 5 that the constants C in the estimates
(11) and (12) are independent of h, but depend on w and p.

We note that Gremaud (1994) and Chipot, Collins, and Kinderlehrer (1995)
do not give estimates for the sets w;t(vh), but rather give estimates (for the
problem [, [¢(Vv(z)) + |v(z) — Fz|?] de with @ C R?) for the sets

Wi (vp) ={z € w:n(Vup(z)) € UT and ||7(Vun(z)) — Vor(z)|l < p},

@y (vp) ={z € w:m(Vur(z)) € U™ and ||7(Vup(z)) — Vor (@)l < p}

Thus, their estimates give the volume fraction that Vup(z) is near the wells
Ut =SO(3)F*+ and U~ = SO(3)F~, whereas Theorem 5 gives an estimate for
the approximation of the Young measure since it gives the volume fraction that
Vop(z) is near F™ and F~. It is easy to see from Theorem 5 that

meas (cbpi (vn))

| < 1/8 1/2
— AE| < C&(vp)Y® + CE(vy)

since AT+ A~ = 1 and since by the definition of 7 we have that w¥(v,) C & (vp)
and &f (vy) NW, (vy) = 0.

We next use the analysis introduced in Collins and Luskin (1991) to show
that nonlinear integrals of Vv, (z) (which approximate macroscopic thermody-
namic variables) can be estimated. For linear transformations £ : R3*3 — R
we define the operator norm

L) = L(A)),
Il = m 1£()

so for Lipschitz functions g(A) : R3*3 — R we can define the function norm

H dg dg

34|

We obtain estimates for the Sobolev space V of measurable functions f(z, A) :
Q x R3*3 — R such that

J

= €8S SUPpcR3x3
Loo

A

+|VG(z) -n|* + G(z)?| dr < o

2
L

of
|55

where

G(l‘) = f(:L’,F+) _f(va_)'

We observe that if f(x, A) € V, then f(z, A) is Lipschitz continuous as a function
of A € R**3 for almost all z € €.



Theorem 6 For all v, € MF and all functions f(x, A) € V, we have that

/Qf (z, Vo (z)) — [A+f(a:,F+) + )\*f(a:,F*)] dx

SC{A

where

1/2
+ VG (@)  n|? + G(z)? da:} (S(Uh)1/4+5(vh)1/2)

2
L

of
Joe

G(z) = f(z, F") = f(z, F ).

Finally, it follows directly from using the estimate in Theorem 1 that we can
obtain the following error estimates for an optimal approximate deformation
up, € MY satisfying (9).

Lemma 3 For deformations uy(x) which minimize the energy £(v) in ML and
for all w € R® such that

w-n=0 and |w|=1,
we have that

/ |(Vup(z) — F)w|? dz < Ch/4,
Q

Lemma 4 Any deformation uy(x) € MY which minimizes the energy £(v) in
ME is approzimated by Fx at a rate given by

/ lun(z) — Fa|? de < ChY/*,
Q

Lemma 5 We have for any smooth domain w C Q that if the deformation
up () minimizes the energy E(v) in MY then

meas(w, (up))
meas(w)

&

—at —\|<Ch

meas (wf (up))
meas(w)

< ChTs, ‘

Lemma 6 If the deformation up(z) minimizes the energy £(v) in MY and
f(z, A) € V, then we have that

/Qf (z, Vup(x)) — [A+f(a:,F+) + )\*f(a:,F*)] dx

SC{L

1/2
+|VG(z) -n|* + G(a:)2] da:} n'/8

2
[,

of
|55

where

G(z) = f(z, F") = f(z, F ).



3 Estimates for the Energy

Proof of Theorem 1. We will now describe a construction of vy (z) € MF such

that
E(vn) :/ d(Vop(x)) dz < Ch'/2,
Q

We first define the deformation wy(z) : @ — R® by

wn(z) = Fa + [/Onx (ﬁ) ds] a

where x(s) : R — R is a characteristic function with period 1 such that

1 forall 0 <s <A,
x(s) =

0 forall \T <s<1.
Note that
lwp(z) — Fz| < Ch'Y?  for all z € Q.

We also have that

th(x):F_+x(ai;—/Z)a®n, x €1,
S0

Ft if jat/? <2 -n < (j + A1)h/? for some j € Z,

Vwy(z) = { F~ if(j+ )\Jr)hl/2 <z-n<(j+ 1)h1/2 for some j € Z.

Next, we define the subset
Q) = {a: € Q0 : dist(z,00) > hl/z} ,
and we define the function ¢, (z) : @ — R by

() = 1 for all z € O},
WP = h2dist(z, 00) for all 2 € )\ Q.

The function v, (z) is easily seen to satisfy the following properties:

0<yYp(x) <1 for all z € Q,
Yp(z) =1 for all 2 € O},
Yp(x) =0 for all z € 09,

|V ()] < Ch='/? for all z € Q.

We then define the deformation oy, (z) : Q — R® by

Op(x) = Yp(x)wp(z) + (1 — Yp(x))Fx for all z € Q,

10

(15)



so we have for € Q that
Viop(z) = (wp(z) — Fz) @ Vou(x) + Yp(x) Vwp (z) + (1 — Yp()) F.
It then follows from (14), (15), and (16) that

Vin(z) = Vwp(z) €U, = €Q,
IVor(2)|| < C, T €Q,
Op(z) = Fu, x € 0f.

Finally, we define the deformation v, (z) € M} by
o () = Ip, (0 (7)) -
It follows from the definition of the interpolation operator Z, that
vp(x) = Op(z) = wp(z) for all z € Qp, (17)

for (recalling that |n|=1)
Q=D \,

where
02 = {z € Q:dist(z,00) > h'/? + h} ,
v =Ujez{z €} |z n—jht2 <horlz-n—(j+X")h/? < h} .

Now meas(Q2\ Q2) < Ch'/? since Q\ Q2 is a layer of width h'/? + h around the
boundary of 2, and meas(, ) < Ch'/? since , j, is the union of O(h~'/?) planar
layers of thickness h. (Note that only O(h~'/2) of the sets in the definition of
, » are non-empty.) So, since Q\ Q, = {Q\ Q7} U, 5, we have that

meas (Q\ Q) < Ch'/?, (18)
and we have by (7), (15), and (17) that

Vop(z) €U, € Qy,
[Vor(2)| <O, z €. (19)

Since ¢ is continuous, it is bounded on bounded sets in R**3. Thus, it follows
from (18) and (19) that

o 8 (Von () da| = |fo, & (Von(@)) da + forq, ¢ (Von(2) de
= Jora, ¢ (Von(2)) dz < Ch'/2.

11



4 Strong Convergence of the Directional Deriva-
tives in the Plane Orthogonal to n.

Proof of Theorem 2. We first observe that
1
= meas() /Q Vo (z) dx for all v, € MY

since vp(z) = Fz for x € 0Q. Since F* = F~ + a ® n, we have for w € R3
orthogonal to n that
Ftw=F w= Fuw,
|7 (A)w| = |Frw| = |F~w| for all A € R3*?. (20)

Hence, we have for any w € R? satisfying w-n = 0 and |w| = 1 and any u > 0
that

/ |(Vop(z) — F)w|* dz
meas((2
1 2
= |Vvh de — —— | |Fw|” dz
meas meas(Q) Jq

:m/ |Vor(z)w|* do — |FTw]?

= 7meas / [[Von(z) — 7 (Vou(2)]w + 7 (Vo (@) w]|” dz — |FHw]?
1 1 )
< meas() /Q (1 + p) [Von (@) =7 (Vou(2))] w]” dz
: T \VuplT u)2 r — |FTwl?
+meas(Q)/Q(1+:“)| (Von(2)) w]” de — [FFwl

w41 2 +.012
—_— - d F
< [ I90@ == (Tu @) do+ Ftul
(b +1)E ( n) >
< Frw|?.
— pkmeas(Q) ]
The result now follows by setting u = £(vy)'/2. O
We now show that the convergence of the deformation in L? follows directly
from the Poincaré inequality (Wloka(1987)) and Theorem 2.
Proof of Lemma 2. Since v, € MZF, we have that v,(z) — Fx = 0 for
x € 09. So, for w € R? such that |w| = 1 we have by integration by parts and
the Cauchy-Schwarz inequality that

/Q|vh(:n) — Fz*dx = —/Q (V lon () — Fa|? -w) (w-z) dr

< leggm-ﬂ {/Q lop (z) —Fa:|2da:}1/2 {/Q |(Vop(z) — F)w|2da:}l/2.

12



Hence, we have the Poincaré inequality that for w € R® such that |w| = 1
/ |vp(2) — Fx|* dr < C/ |(Von(z) — F)w|* dx. (21)
Q Q

The result of Lemma 2 follows from Theorem 2 and (21) with w choosen so that
w-n=0and |w|=1. O

5 Weak Convergence of the Deformation Gra-
dient

Proof of Theorem 3. We have by the divergence theorem and the Cauchy-
Schwarz inequality that

I, (Vou(a) - F) de H/ (on(z) - Fa) @VdsH
g/ lon(z) — Fa| dS
Ow

< meass (9w)? ( /8 Jona) = Faf dS) " o

where v is the unit exterior normal to Ow and where meass(0w) is the surface
area of dw. We then use the trace theorem (Adams (1975)) to obtain the estimate

|vh(w) —FCU|2dS
Ow
<C {/ v (z) — Fz|? da:+/|V|vh(a:) —F:r|2|da:}
<0 | [t - FaPdo+ [ fonto) = Pal IV (on(0) - F) ]
C’{ lop(z) — Fz|* do

+</w |Uh(w)—Fw|2dm>1/2 (/w||V(Uh(x)—Fa:)||2dg;>1/2]_ (23)

By the triangle inequality and Lemma 1, we have that

([ 1wente) - F||2dm)1/2
: (/w IVun(x) — 7 (Vo (z)) || dm>1/2 + </w Ir (Von (2)) — FI? dm>1/2

< kY28 (wp)Y? + C’meaus(w)l/2 (24)

13



since ||7r(A)]] < C for all A € R**3 by the compactness of SO(3).
Hence, by using Lemma 2 and (24) in (23) we obtain

|vn(z) — F313|2 < CE(vp)Y* + C&(vn) for all v, € MY, (25)
Ow

The result of Theorem 3 now follows from using (25) in (22). O

6 Convergence of the Deformation Gradient to
{F* P}
We have by (20) that for w € R® satisfying w-n = 0
M(A)w=Ftw=F w=Fw forall AecR>3. (26)
Thus, it follows from (6) and (26) that for w-n =0

[R(A) —I|Ftw=[R(A) — [|II(A)w = [7 (A) — Flw
=[r(A) — Alw+[A - Flw for all A € R3*3. (27)

We then obtain by applying the triangle inequality to (27) with A = Vuy(z)
and estimating the two terms by Lemma 1 and Theorem 2 that

/Q IR (Von(2)) — [ FHul’ do
< 2/ 17 (Von () = Vou ()] w]? dm+2/Q|[Vvh(:v) ~ Flulde

< CE(vp) +C’E(vh)% forw-n =0. (28)

Next, since F'* is nonsingular by (1), we can choose w; € R® and wy € R?
to satisfy

wy-n=wy -n =0, Frw, - Ftwy =0,
|Frw| = |[Ftws| = 1. (29)
Now, for
m = F+w1 X F+w2, (30)
we have that
Qm = QF " wi x QFtw, for all @ € SO(3).

So, for all A € R**3 we have the identity

[R(A)—I]m: {R(A)Ferl XR(A)F+U)2} —{Ferl XF+IU2}
= {[R(A)—I]F+’LU1 XR(A)F+U)2} —{F+w1 X [I—R(A)]F+w2}

14



Hence, it follows from the above identity with A = Vv, (z) and the estimates
(28) that

/Q IR (Von(z)) — ml? dz < CE(vn)"/? + CE(up). (31)

Since { Ftwy, Frwy, m} is a basis for R? by (29) and (30), we have from (28)
and (31) that

/Q IR (Von(2)) — 1]||> dz < CE(wp)"? + CE(vy) for all v, € MY . (32)

Theorem 4 is now proven by applying the triangle inequality to the identity

A-T(4) =[A-n(A)] +[r(4) - TI(4)]
=[A—7(A)] + [R(A) — I|TI(A) for all A € R¥*3

with A = Vo (z) and by estimating the two terms by Lemma 1 and (32). O

7 Convergence of the Microstructure
Proof of Theorem 5. We have that
[meas(w)) — ATmeas(w)] F* + [meas(w, ) — A meas(w)] F~

_ /(n (Vou (&) — F) dm—/ I (Vop () de.

wf{u);'Uw‘,—}

Now by the triangle inequality, the Cauchy-Schwarz inequality, Theorem 3, and
Theorem 4, we have that

/(H (Vop(z)) — F)dz

S ‘

/ (II (Vup(x)) — Vop(z)) dx

"

/w (Vop(z) — F) dz

1/2
< meas(w)'/? U I (Vop(x)) — Vo (2)]]? dm] + CE(vp)Y® + CE(vp)'/?
< CE(vp)'/® + CEMWR)Y?  for all v, € ME. (33)

Also, we observe that by the definition of wpi (vn),

1
m w—{wlUw; — vp(x)) — Vop(x T.
caslo— g ) S 5 [ I - Vel e (39
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Hence, since ||[TI(A)]| = |[|F*|| or ||[F~|| for all A € R3*3 we can obtain from
(34) and Theorem 4 that

I (Vup(z)) de| < Cmeas(w — {w) Uw; })

{Wp Uw, }

/ I (Vo (2)) — Vou ()] de
{w‘, Uw, }

Cmeas(w) 1/2 9
S / L (Vo () — Von ()| de

< CE(up) Y™ + CE(vp) 2. (35)

1/2

Hence, we have from (33) and (35) that

| [meas(w;) — ATmeas(w)] F™ + [meas(w; ) — A meas(w)] F~ ||
< CE(op)V/® + CE(vn) /2. (36)

The result of Theorem 5 now follows from the linear independence of F'* and

F—. O

8 Convergence of Nonlinear Integrals of the De-
formation Gradient

Proof of Theorem 6. We have that
/Q{f(x,Vvh(w — AN f(@, FY) + X f(z, F7)]} da
= [ 1 @.ou(e) = f (@11 (Von (@) da

+/Q{f(:v,H(Vvh(a:))) N f (e, ) + A f(e, F)]) de
=N+ T

We estimate the term 73 by Theorem 4 as follows:

0
|J1] < /Q Ha—fl(

_IVon(@) =T (Von(z) || de

(2 | ] [ 190 -1 @nn ae]
2 1/2
<C /Q g—fl( ) - da:] (E(vh)1/4+5(vh)1/2). (37)
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Now we have for G(z) = f(z, FT) — f(z, F~) that
f(z,I0(A) = [XT f@, FF) + A~ f(z, F7)]

- # {a-[I(A4) = F]n} [f(z, F*) — £, F)]
1
ol

a-[II(4) — Fln} G(z), (38)
so we have from (38) and integration by parts that
%= [ {F @0(Tun@) = V£ ) + X7 f o, PN} do
|a|2/{a (Von(2)) — F]n} G(z) da
|a|2/{a (Von(@)) — Vo(@)] n} G(x) da
+W / {a-[Von(e) — Fn} G(z) do
|a|2/{a (Von(@)) — Vo(@)] n} G(x) da
o /Q {a- [on(&) — Fa]} {VG(x) - n} da.

We thus obtain from the Cauchy-Schwarz inequality, Lemma 2, and Theo-
rem 4 that

KARS c{/Q VG () -n|2da:+/QG(a:)2da:}l/2 (5(vh)1/4 +5(uh)1/2). (39)

The result of Theorem 6 now follows from (37) and (39). O
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