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We propose a mathematical model for the deflection of single crystal films of Ni2MnGa 
ferromagnetic shape memory alloys in response to the application of a magnetic field.  We then 
present the results of numerical simulations obtained from the finite element approximation of 
this model to study the deflection of the film due to the application of a magnetic field. 
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INTRODUCTION 
 

The Ni2MnGa ferromagnetic shape memory (FSM) alloy undergoes a cubic to tetragonal 
structural phase transformation that exhibits the shape memory effect, and it is also 
ferromagnetic at temperatures below its structural martensitic transformation temperature [1,2]. 
Because the three tetragonal variants of martensite have orthogonal easy axes of magnetization, 
and the typical rotations of variants are small in a compatible microstructure, a reversible shape 
change can be produced by applying appropriate magnetic fields to rearrange the variants [1].   

Theory indicates that single crystal films will have significant advantages over 
polycrystalline films for producing motion [1], and single crystal films of Ni2MnGa that exhibit 
the ferromagnetic shape memory effect have recently been grown [2].  It has also been 
demonstrated that the transformation temperature of single crystal films of Ni2MnGa can be 
raised above room temperature by slightly varying the composition of Ni2MnGa from its 
stoichiometric composition [2]. 
 We propose a model for the deformation of single crystal ferromagnetic shape memory 
films in response to the application of a magnetic field.  We use this general model to develop a 
model for single crystal Ni2MnGa films at temperatures below its structural transformation 
temperature, and we then present the results of numerical simulations obtained from the finite 
element approximation of this model to study the deflection of the film by the application of a 
magnetic field. 
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BULK MODEL FOR FERROMAGNETIC SHAPE MEMORY CRYSTALS 
 

We denote the reference crystal domain for a ferromagnetic shape memory crystal with 
thickness 1δ <<  by { }1 2 3 1 2 3( , , ) : ( ) 2 2x x x x x S xδ δ δΩ = , ∈ , − ≤ ≤ where 2RS ⊆  is a two 
dimensional region (see Figure 1).  Deformations  of the crystal will be denoted by  3( ) : Ru x δΩ → , the deformed crystal by ( )u δΩ , the magnetization of the crystal by 

3( ) ( ) Rm z u δ: Ω →  , the scalar potential of the associated magnetic field by 3( ) : R Rzζ → , the 
applied magnetic field by 3 3( ) : R Rh z → , and the temperature by θ .  We note that the 
deformation ( )u x is naturally defined in material coordinates; while the magnetization ( )m z , 
scalar potential ( )zζ , and applied magnetic field ( )h z are naturally defined in spatial coordinates. 
 

 
 

Figure 1. Reference crystal domain δΩ and deformed crystal domain ( )u δΩ . 
 

The free energy of a ferromagnetic shape memory crystal with deformation 
3( ) : Ru x δΩ → and magnetization 3( ) ( ) Rm z u δ: Ω →  can be modeled by [3]  
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where κ is the surface energy coefficient, ϕ  is the sum of the elastic and anisotropic free energy 
densities, µ  is the exchange energy coefficient, and ( ) ( )mage u mδ ,  is the magnetostatic energy given 
by 
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with 
 3( ) 0 for z Rmζ∇ ⋅ −∇ + = ∈  
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where the magnetization m  has been extended by zero outside of the crystal domain ( )u δΩ .  
The magnetization satisfies the magnetic saturation condition 
 ( ( )) det ( ) ( ) for ,sm u x u x m x δθ| | ∇ = ∈Ω  
where the saturation magnetization ( ) 0sm θ > for temperatures θ  below the structural 
transformation temperature.  However, we will use the simpler condition  
(2.2) ( ( )) ( ) forsm u x m x δθ= ∈Ω  
without significant loss of accuracy. 

The terms in the free energy (2.1) represent, from left to right, the surface energy, the 
combined elastic and magnetic anisotropy energy, the exchange energy, the interaction energy 
due to the applied magnetic field, and the magnetostatic energy.    
        We will assume that the film is released from the substrate and free on its top and bottom 
lateral surfaces, { }2, 2S δ δ× − , but that it is attached to the substrate on the edges of the film 

( )2, 2S δ δ∂ × −  where S∂  denotes the boundary of the reference domain region S .  More 
general boundary conditions can also be treated by our model.  

The surface energy term above is defined by  
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This “strain gradient” surface energy gives an infinite energy if the deformation gradient is 
discontinuous across an interface.  We have introduced an alternative “total variation” surface 
energy in [3,4,5] that gives a finite surface energy that is proportional to the surface area of 
interfaces across which the deformation gradient is discontinuous.  The total variation of a 
deformation gradient u∇  that is discontinuous across the piecewise smooth surfaces 

 for 1j j … Jσ = , , ,  separating the open sets ω  in the disjoint union 
1

L
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=
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where [[ ]]
j

u σ∇  denotes the jump of the deformation gradient across the interface jσ . 
We will show later in this paper that the formula (2.3) gives the simple expression  (4.2) when 
applied to continuous, piecewise linear finite element functions. 

Not only is the “total variation” surface energy a more accurate model for the energy of 
martensitic crystals with microstructure, but it allows the use of continuous,  piecewise linear 
finite element approximation to the deformation rather than the more complex finite element 
methods needed to approximate a “strain gradient” surface energy [4,5].  We used this more 
accurate “total variation” sharp interface surface energy in the computations presented in this 
paper, but we will use the “strain gradient” surface energy in some of the discussion of this paper 
for simplicity of exposition. 

We will model the elastic and anisotropic free energy density for a ferromagnetic shape 
memory crystal by a continuous and frame-indifferent functionϕ  with the symmetry of the high 
temperature austenitic phase [7,8].  The frame indifference property [7,9] is that 
(2.4) ( ) ( ) for all (3),RF Rm F m R SOϕ θ ϕ θ, , = , , , ∈  
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where (3)SO  is the group of proper rotations, and the crystal symmetry property [7,8,9] is that  
(2.5) ( ) ( ) for all G,FQ m F m Qϕ θ ϕ θ, , = , , , ∈  
where G is the symmetry group of the austenitic phase. For Ni2MnGa, the symmetry group G is 
the cubic symmetry group, the group of proper rotations leaving the cube invariant.  Since the 
energy density is invariant with respect to the direction of the magnetization [3], we also have 
that 
(2.6) ( ) ( ).F m F mϕ θ ϕ θ, , = ,− ,  

At a fixed temperature below the martensitic transformation temperature, the energy 
density ϕ  is minimized at 
(2.7) [ ] [ ]1 1SO(3) ( ) ( ) SO(3) ( ) ( )n nU m … U mθ θ θ θ,± ∪ ∪ ,± ,  
where the iU ’s are the symmetry-related transformation matrices for the martensite and the im 's 
are the corresponding preferred directions of magnetization (the easy axes). 

Crystalline Ni2MnGa transforms from a high temperature phase with cubic symmetry to a 
low temperature phase with tetragonal symmetry [1,2]. If the reference state is taken to be the 
Ni2MnGa crystal in its cubic phase at the martensitic transformation temperature, then the 
martensitic transformation matrices with their associated easy axes of magnetization can be 
given by [1,3]  
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where 1.0163α =  and 0.9555β =  at the martensitic transformation temperature and where sm is 
the saturation magnetization. 

We model the sum of the elastic and anisotropic energy density ( , )F mϕ θ,  for Ni2MnGa 
by 
(2.8) 1 2( , ) ( , ) ( , )F m F F mϕ θ ϕ θ ϕ θ, = + , ,  
where 1( , )Fϕ θ is an elastic energy density for a martensitic crystal that undergoes a cubic to 
tetragonal transformation (see [7]), and  

 2
2 2 2( , ) ,u m BmF m

m m
κϕ θ β

α β
⋅

, = −
− ⋅

 

where TB FF=  is the left Cauchy-Green strain and uκ is the magnetic anisotropic constant [1,3].  
We note that for θ  below the martensitic transformation temperature, 1 ( , )Fϕ θ  is constructed to 
be minimized by the deformation gradients 
 1 2 3SO(3) ( ) SO(3) ( ) SO(3) ( )U U Uθ θ θ∪ ∪  
and that 2 ( , )iU mϕ θ, is minimized at s im m e= ± .  Thus, the energy density ( , )F mϕ θ,  is 
minimized on (2.7). 
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A THIN FILM MODEL FOR FERROMAGNETIC SHAPE MEMORY CRYSTALS 
  

Our thin film model for ferromagnetic shape memory crystals combines the rigorously 
derived thin film model for martensitic crystals of [4,10] with the rigorously derived thin film 
model for ferromagnetic crystals of [11].  Our model is that local minima (stable equilibria) 
( )u m, of the bulk energy ( )( )e u mδ ,  are deformations satisfying 

 1 2 3 1 2 1 2 3 1 2 3( , , ) ( , ) ( , ) (1)   for ( , )  and ( , )2 2u x x x y x x b x x x o x x S x δ δ= + + ∈ ∈ −  

and magnetizations satisfying 
 ( ) ( )1 2 3 1 2 1 2 3( , , ) , (1) for ( , )  and ( , )2 2m u x x x M x x o x x S x δ δ= + ∈ ∈ −  

where the deformations 3
1 2( , ) : Ry x x S→  and 3

1 2( , ) : Rb x x S→ and the 
magnetizations 3

1 2( , ) : RM x x S →  are local minima (stable equilibria) ( )y b M, ,  of the energy 
density per unit thickness  
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We denoted above by  1 2[ ]y y b, ,| |  the deformation gradient matrix constructed from the column 
vectors 1y, , 2y, , and b . We also denoted by ( )y S M∇ the projection of the gradient M∇ onto the 

tangent plane of the surface ( )y S . We note that the magnetization energy ( ) ( , )mage u mδ  has been 

modeled as in [11] by 2
1 2 1 2

1 det
2 nS

M y y b dx dx, , | | ∫  where the component of the magnetization 

normal to the film surface is given by 1 2 1 2 1 2( , ) ( , ) [ ( , )]nM x x M x x n y x x= ⋅  with [ ]1 2( , )n y x x being 

the normal to the film surface ( )y S at 1 2( , )y x x .   
We will present computational results for a film attached to the substrate at two opposite 

edges and free on the other two edges by assuming that  
 { }1 2 3 1 2 3( , , ) : 0 1, 0 1, .2 2x x x x x xδ

δ δΩ = < < < < − < <  

We further assume that the applied magnetic field is in the 1z - 3z  plane 
 ( ) 3

1 1 3 3 1 3( ) ( , ),0, ( , )   for  R ,h z h z z h z z z= ∈  
and we seek energy-minimizing  deformations and magnetizations of the form 
 ( ) ( )1 1 3 2 3 1 3 1 3( ) ( , ), , ( , )   and  ( ( )) ( ( )),0, ( ( )) .u x u x x x u x x m u x m u x m u xα= =  
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Under this constraint, our model is that local minima (stable equilibria) ( )u m, of the bulk energy 

( )( )e u mδ ,  are deformations of the form 

 1 2 3 1 2 1 2 3 1 2 3( , , ) ( , ) ( , ) (1)  for 0 1, 0 1, ,2 2u x x x y x x b x x x o x x xδ δ= + + < < < < − < <  

for   
(3.2) ( ) ( )1 2 1 1 2 3 1 1 2 1 1 3 1 1 2( , ) ( ), , ( )   and  ( , ) ( ),0, ( ) ,  0 1, 0 1,y x x y x x y x b x x b x b x x xα= = < < < <  
and magnetizations of the form 
(3.3) ( ) ( )1 2 3 1 2 1 2 3( , , ) , (1)  for 0 1, 0 1, ,2 2m u x x x M x x o x x xδ δ= + < < < < − < <  

for 
(3.4) ( ) ( )( )1 2 1 1 3 1 1 2( , ) ,0,   for 0 1, 0 1,M x x M x M x x x= < < < <  
where ( )y b M, ,  are local minima (stable equilibria) of the energy density per unit thickness 
given by (3.1). 

We can formulate this problem as a one-dimensional problem by introducing 
 ( ) ( ) ( )1 1 1 3 1 1 1 1 3 1 1 1 1 3 1( ) ( ),0, ( ) , ( ) ( ),0, ( ) , ( ) ( ),0, ( ) ,y x y x y x b x b x b x M x M x M x= = =  
and the free energy   
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We can see that ( , , ) ( , , )E y b M E y b M= by checking that all of the terms in the integrand 
of  (3.1) depend only on 1x  for deformations and magnetizations of the form (3.2) and (3.3).  We 
note that 

(3.6) [ ]
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We recall that the magnetization m is constrained to satisfy the saturation condition (2.2), so 
(3.7) 1 1( )   for 0 1.sM x m x= < <  

For our computations with the thin film energy (3.5), we use the frame-indifferent free 
energy density  
 1 2( , ) ( , ) ( , )F m F F mϕ θ ϕ θ ϕ θ, = + , ,  
with the elastic energy density below the transformation temperature being given for deformation 
gradients (3.6) by 
 ( ) ( ) ( )2 22 2 2 2 2 2

1 1 11 33 13 31 2 11 33 3 13 4 11 33( , ) F F -F F ( ) ,F c c C C c C c C Cϕ θ αβ α β α β= − + + − + + + −  

where 2c , 3c , and 4c  are positive elastic moduli, 1c  is a positive constant chosen to ensure that 
the deformation is orientation preserving [9], and TC F F= is the right Cauchy-Green strain.  
The anisotropic free energy density below the transformation temperature is given as above by 
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We present the results of our computational investigation into the control of the 
deformation of the thin film by the application of a magnetic field.  We start our computation 
with the film in the variant 1U with magnetization 1m m= and attached to the substrate at the 
edges 1 10 and 1x x= = .  More precisely, the initial deformation satisfies  
(3.8) 1 2 1 2 1 2 1 2( , ) ( , ,0)  and  ( , ) (0,0, )  for 0 1 and 0 1,y x x x x b x x x xβ α α= = < < < <  
and the initial magnetization satisfies 
(3.9) 1 2 1 2( , ) (1,0,0)  for  0 1 and 0 1.sM x x m x x= < < < <  
The film is attached to the substrate at the edges 1 10 and 1x x= = , so the deformation 1 2( , )y x x is 
constrained to satisfy the boundary condition 
(3.10) 2 2 2 2 2(0, ) (0, ,0) and (1, ) ( , ,0) for 0 1.y x x y x x xα β α= = < <  

We note that the initial deformation (3.8) and magnetization (3.9) minimize the free 
energy  (3.1) among all deformations and magnetizations satisfying the boundary condition 
(3.10) and the saturation condition (3.7).  We present computational results for the minimization 
of the free energy (3.1) as the applied magnetic field H for 
(3.11) ( ) ( ) 30,0,   for Rh z H z= ∈  
is varied.  Our computational results simulate the field induced tunnel proposed in [12]. 

 

 
 

Figure 2. Field induced tunnel. 
 

  
NUMERICAL APPROXIMATION 
  

     We start the numerical approximation with the applied magnetic field of the form 
(3.11) for field strength 0H =  and the deformation (3.8) and magnetization (3.9).  We then 
increase the field strength H incrementally and at each new value ofH we minimize the free 
energy (3.5) by a nonlinear version of the Polak-Ribiere conjugate gradient method [13] with the 
initial iterate ( , , )y b M  being the local minima obtained at the previous value ofH .  After setting 
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0µ = and the applied magnetic field of the form (3.11) , the energy density ( , , )E y b M takes the 
form  

(4.1) 
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 We approximate ( )1 1 1 3 1( ) ( ),0, ( )y x y x y x= by continuous, piecewise linear finite element 
functions on a uniform mesh that satisfy the boundary conditions  
 1 1 3 3(0) 0, (1) , (0) 0, (0) 0.y y y yβ= = = =  

We approximate ( )1 1 1 3 1( ) ( ),0, ( )b x b x b x=  by piecewise constant finite element functions on the 

same uniform mesh of dimension 1 N , and we approximate ( )1 1 1 3 1( ) ( ),0, ( )M x M x M x=  by 
piecewise constant finite element functions on the same uniform mesh that also satisfy the 
saturation condition (3.7). 

          The “strain gradient” surface energy { }1 2 2
10

| | 2 | |y b dxκ ′′ ′+∫  is not finite for general 

continuous, piecewise linear 1( )y x  and piecewise constant 1( ).b x   In our computations, we use 
the “total variation” surface energy (2.3) which gives for this model 

(4.2) ( )
1

222[[ ]] 2 [[ ]]e e
e

y b′ ′+∑  

where e denotes the nodes of the mesh and where [[ ]]ey′ and [[ ]]eb denote the jump of y and 

b across the mesh node e . 
 
 
RESULTS AND DISCUSSION 
 
 As an initial test that our model can predict qualitative behavior of a ferromagnetic shape 
memory alloy, we used in our computations non-physical dimensionless coefficients.  We set the 
elastic moduli 1 2 3 4 30c c c c= = = = , the magnetic anisotropic constant 40uκ = , the surface 
energy coefficient 22 10κ −= × , and the saturation magnetization 1sm = .  We use the 
transformation matrices given earlier for Ni2MnGa with 1.0163α =  and 0.9555β = . We present 
results in Figure 3 for the deflection of the film by increasing the dimensionless magnetic field 
from 0H =  to 3H = with increments 0.01H∆ = .  Results are presented for a uniform mesh of 
size1 36 . 
             We can observe in Figure 3 that as the applied magnetic field is increased from 0H = , 
the film remains stationary but the magnetization starts to tilt in the direction of the applied field 
so as to reduce the interaction energy.  At a critical applied magnetic field, the film begins to 
deflect.   
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Figure 3. Deflection of the film by increasing the applied magnetic field. 
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     To ensure that the film deflect upwards rather than downward (the free energy is 
symmetric with respect to a reflection of the deformation about the initial deformation), we 
added the penalty term 
 ( ) 2

3
e
y eν

−∑  

to the free energy, where ( )3 0y e
−
=  if ( )3 0y e >  and ( ) ( )3 3y e y e

−
=  if ( )3 0y e < .  This term 

is zero once the film has been deflected upward.  
 
 

 
 

Figure 4. First order convergence of the error in the free energy as the mesh size 1 0N → . 

 
 
CONCLUSIONS 
 
 We have proposed a model for the deformation of single crystal ferromagnetic shape 
memory thin film, and we have developed this model to the fit the transformation matrices of the 
Ni2MnGa alloy.  Our finite element numerical approximation and computation demonstrates that 
the model predicts the deflection of a single crystal ferromagnetic shape memory thin film by the 
application of a magnetic field. 
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