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Abstract. We describe a general theory for the stability of the laminated mi-
crostructure for martensitic crystals. Our theory has been applied to the orthorhom-
bic to monoclinic transformation, the cubic to tetragonal transformation, the tetrag-
onal to monoclinic transformation, and the cubic to orthorhombic transformation.

1 Introduction

We describe recent results for the stability of laminated microstructure for
crystals that undergo a symmetry reducing solid-solid phase transformation.
In the geometrically nonlinear theory of martensite [2,3,11,25], the energy
density is minimized on multiple energy wells SO(3)U; U...USO(3)Un where
Ui, ..., Uy € R**® for N > 1 are symmetry-related transformation strains
(variants) and SO(3) is the set of all 3 x 3 real orthogonal matrices with
determinant equal to one.

An early version of the stability theory for crystal microstructure was first
developed for some one-dimensional models in [13,14]. Results allowing the
theory to be extended to the multi-dimensional geometrically nonlinear the-
ory of crystals were first given for a rotationally invariant double well energy
density (N = 2) in [24]. These results apply directly to the orthorhombic
to monoclinic transformation. The theory has since been applied to the cu-
bic to tetragonal transformation (N = 3) [20], the tetragonal to monoclinic
transformation (N = 4) [5], and the cubic to orthorhombic transformation
(N = 6) [4]. In general, the analysis of stability becomes more difficult for
larger N since the additional wells give the crystal more freedom to deform
without the cost of additional energy. In fact, for the tetragonal to mono-
clinic transformation (N = 4) and the cubic to orthorhombic transformation
(N = 6) we have shown that there are special lattice constants for which the
laminated microstructure is not stable.

The stability theory can also be used to analyze laminates with vary-
ing volume fraction [21] and conforming and nonconforming finite element
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approximations [22,24]. We also note that the stability theory was used to
analyze the microstructure in ferromagnetic crystals [26]. Related results on
the numerical analysis of nonconvex variational problems can be found, for
example, in [6-10,12,16-19,23,27-29].

In Sect. 2, we describe the geometrically nonlinear theory of martensite.
We refer the reader to [2,3] and to the introductory article by [25] for a
more detailed discussion of the geometrically nonlinear theory of martensite.
In Sect. 3, we prove a condition that allows a reduction to an approximate
mixture of two strains. In Sect. 4, we show how this condition can be verified
for the cubic to tetragonal transformation. In Sect. 5, give results for the
stability and uniqueness of the microstructure that follows from the estimate
for the reduction to an approximate mixture to two strains. Finally, in Sect.,
we give convergence results for finite element methods that following directly
from an approximation result and the results in Sect. 5.

2 The Continuum Model

We denote deformations by functions y : 2 — IR® and corresponding defor-
mation gradients by Vy : 2 — IR**® where 2 is a bounded domain with
a Lipschitz continuous boundary 9f2. We consider the minimization of the
total energy

Ey) = /Q B(Vy(2)) de

over an admissible class A of deformations where ¢(F) : R**® — TR is the
energy density at a fixed temperature. Following the geometrically nonlinear
theory of elasticity, we assume that the free energy density is frame-indifferent

¢(RF) = ¢(F) for all F € IR*** and R € SO(3) . (1)

We specialize the general geometrically nonlinear theory to martensitic
crystals by taking the reference configuration (2 to be the high-symmetry
phase (austenite) of the crystal at the transformation temperature. Following
the geometrically nonlinear theory of martensite [2,3,25], we then have that

¢(RIFR;) = ¢(F)  foral FER*** and R; € G (2)

where G is the symmetry group of the high-symmetry phase.

We consider the deformation of the martensitic crystal at a tempera-
ture below the transformation temperature. The free energy density is then
minimized at a transformation (Bain) strain Uy, so it follows by the frame-
indifference (1) and the symmetry (2) of the energy density that the energy
density is minimized on the union & =U; |J---|JUn of the N energy wells

U =SOB3)U; = {RU; : R€SO(3)}  fori=1,...,N
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where the symmetry-related transformation strains (variants) Uz, ... Uy sat-
isfy

{RTU\R; : R, € G} ={Uy, ... ,Un} . (3)

By adding a constant, we may assume that the minimum value of ¢ is 0. Fi-
nally, we shall assume that ¢ is continuous and satisfies the growth condition

(F) > k||F — =(F)|? for all F € R**? | (4)
where £ > 0 is a constant and 7 : R**® — I{ is a projection defined by
|F — «(F)|| = min ||F — G|| for all F € R*** | (5)
Geu
This projection exists for any F' € IR**3 since the set I is compact.
There exists a continuous deformation y(z) € C(IR*;IR®) such that [2,25]

F for all z such that z-n < s,
Fy for all z such that - n > s,

vyt = {
where n € R?, n # 0, and s € IR, if and only if there exists a € IR® such that

P1:F0+G,®TL. (6)

Thus, if (6) holds for a # 0, then z - n = s is an interface plane with normal
n.

In the following, we will be interested in a simple laminate. We suppose
that for fixed 4,5 € {1, ..., N} with ¢ # j, and for @, a, and n with a, n #0
the interface equation

QUi =U;+a®n (7)
is satisfied. For any fixed A # 0,1, we denote
Fx=XQU;+(1-NU; =U;+Xa®n . (8)

We shall assume that the energy density ¢(F) satisfies the growth condi-
tion

(F) > C1||F||P — Co for all F € R¥*? |

where Cy and C; are positive constants independent of F € IR**® and where
we assume p > 3 to ensure that deformations with finite energy are uniformly

continuous [1]. We can then denote the set of deformations of finite energy
by

W = {y € C(2:R?) : /Q H(Vy(x)) dr < 0} |
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and we can define the set A of admissible deformations as
A={y e W? . y(z) = yo(x) for all z € 82} 9)
where
yo(z) = Fyz forallz e 2 .

We can prove the following lemma by constructing laminates with length
scale converging to zero whose deformation gradients oscillate with volume
fraction A at QU; and 1 — X at U; [10,25].

Lemma 1. Let A be defined as in (9). Then the total energy E(y) satisfies

inf E(y) =0 .
it )

3 Reduction to the Approximate Mixture of Two
Strains

Recall the definitions (5) and (9) of m and A, respectively. For each k €
{1, ...,N} and each y € A, we define

2 (y) ={z € 2 :7(Vy(z)) € Uy}

and the volume fraction with respect to the k-th energy well U}, to be

__meas (2 (y)
me(y) = meas 2
Since every x € 2 is in (2;(y) for some k € {1, ..., N}, we have that
N
ZTk(y) =1 forallye A . (10)
k=1

By the rank-one connection (7) and the definition of Fy (8) we have
Fx=QU; (I = (1=X)(QU) "a®n)) =U;(I+AU; 'a®n) ,
s0
|F\w| = |Uw| = |Ujw| for all w € IR? such that w - n = 0. (11)

Since det(QU;) = detU; = detU; > 0 by (3), we have that U]fla ‘n = 0.
Hence, we have that

Cof Fy = (Cof U;j) (I = An ® U; 'a) (12)
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where the cofactor of a nonsingular matrix A € IR**? is defined by Cof A =
(det A)A~T. We then obtain from (12) that

|(Cof Fy)w| = |(Cof U;)w| = |(Cof U;)w| for all w € R?, w - Uj_la =0 .
(13)

We next recall that since the subdeterminant of the gradient is a null-
Lagrangian [15], we have for y € A that

/Vy(x)da::/ Fy dz,
o} o}

(14)
/ Cof Vy(z) dx :/ Cof Frdz .
2 I7s
We note that it follows from (4) that
/ IVy(z) — 7 (Vy(@)||” de < £E(y) forallye A . (15)
2

Next, for y € A, we set F(z) = Vy(x) for x € 2, so it follows from (14) that
F(x) = (Fu(z)) € L*(2;IR**?). Now 7(Vy(z)) € U for all z € 2, so if we
set P(z) = n(Vy(z)) for z € 2 we have that P(z) = (Py/(z)) is uniformly
bounded in L>®(2;IR**?) for all y € A. We have

Flepq _Pkleq = (Fkl _Pkl)qu +Pkl(qu - qu) + (Fkl _Pkl)(qu _qu)

for any k, [, p, ¢ € {1,2,3}. Hence, we have by the Cauchy-Schwarz inequality
and (15) that

/Q ‘ [Cof Vy(z) — Cof m(Vy(z))] w‘ dz 16)
<C [(/Q IVy(z) — = (Vy(z))|)? dg;>1/2 + /Q IVy(z) — 7 (Vy(@)|] dz
<Clew)' 2 +ew)]

The following result was proven in [4] for the cubic to orthorhombic trans-
formation and in [5] for the tetragonal to monoclinic transformation. In the
estimates below, C' will denote a generic positive constant that is independent
of y € A and is allowed to change from equation to equation.
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Lemma 2. Given i,j € {1,... ,N}, Q € SO3), and a,n € R,a,n # 0
satisfying the interface equation (7), there exists a constant C > 0 such that

pryiw) = D () (IViw]” = [Ugw]?) (17)
ki,
< C’E(y)l/2 for all w € R®, |w| =1, w-n =0,

pa(y;w) = D mi(y) [|(Cof Us)w|* — |(Cof Uy)wl?] (18)
ki, j
<C [5(y)1/2 —l—E(y)] for all w € R?, |w| =1, w - Uj_la =0
for any y € A.

Proof. We have by (10), (11), (13), and (14) that for any w € R? with |w| = 1

N
prlyiw) = 3 m(y) (Ul — |UrwP?) (19)
k=1

7 (y) (|Fawl® — |Upwl?)

I
M) =

B
Il
MR

_ meim /Q [1Eswl® ~ r(Vy(@))wl?] de
= _me;sQ /Q‘ [FA - 7r(Vy(:1:))]w‘2 dx
2

meas {2

/Q [Vy(z) — 7(Vy(z))]w - Fxwdz .

/Q V() — 7(Vy(@)] w - Fxwda

2
— meas {2

We obtain from the Cauchy-Schwarz inequality and the above inequality (15)
that

< CEMW)* .

/Q V(@) — n(Vy(@)]w - Fwd

So, it follows from (19) that for all w € R® with |w| =1

N
puyiw) = 3 7(y) (Uil — Uwwl?) < CEW)Y? . (20)
k=1

The result (18) then follows from the above inequality (20) and (11).
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Next, we obtain similar estimates for the cofactor. We have from (10) and
(14) that for any w € R?, |w| = 1,

N
pa(y;w) =D 7i(y) [|(Cof Uy)w|* —|(Cof U )wl|’]
k=1

N
= Zq(y) [|(Cof Fy)w|? —|(Cof Uk)w|2]
k=1

1
meas 2
1
" meas 2
2
meas {2

/Q [Cof Vy(z) — Cof 7(Vy(z))]w - (Cof Fx)wdzx .

/Q [|(CofF>\)w|2 - |(COf7r(Vy(;r)))w|2] dx

/Q ‘ [Cof F\ — Cof m(Vy(x))] wr dz

/Q [Cof Vy(z) — Cof m(Vy(z))]w - (Cof F\)w dz

2
— meas (2

The result (19) then follows from the above inequality, (13), and (16). O

We can use Lemma 2 to reduce the analysis of the stability of the lam-
inated microstructure to an analysis of the stability of a mixture of two
variants [4,5] by evaluating p; (y;w) and p(y;w) for appropriate w € IR* to
establish the inequality:

ne(y) < C [5@)1/2 n E(y)] forall k € {1,...,NW\{i,j}, y € A . (21)

In the following section, we will show how this can be done for the cubic to
tetragonal transformation [20].

We have also used (18) for p;(y;w) and (19) for p2(y;w) to prove the
estimate (21) for the tetragonal to monoclinic transformation (N = 4) [5] and
the cubic to orthorhombic transformation (N = 6) [4], except for special cases
when the material parameters in the transformation strain satisfy certain
identities, in which case it was shown that the inequality (21) does not hold.

4 An Example: The Cubic to Tetragonal
Transformation

We consider the cubic to tetragonal transformation [20] which has three en-
ergy wells (N = 3) given by
Ur=wvl+ (2 —v)es @ey, Us =il + (v2 —v1)e2 @ ez,
Us =l + (1/2 — 1/1)63 X es

for material parameters 0 < vy, 0 < va, V1 # vo. We assume that {e1, es, e3}
is an orthonormal basis for IR>.
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The following two lemmas [2,3,25] state that for the cubic to tetragonal
transformation each Fy € U; is not rank-one connected to any Fy € U; with
Fy # F1, but that every Fy € U; is rank-one connected to two distinct i € U;
forall j #£1i,j€{1,2,3}.

Lemma 3. If Fy € U; for some i € {1,2,3}, then there does not exist
Fy € U; with Fy # Fy, such that Fy and Fy are rank-one connected.

Lemma 4. If Fy € U; for some i € {1, 2,3}, then for any j # i, j €
{1, 2, 3}, there exist two distinct F\ € U; such that Fy and Fy are rank-one
connected. If QU; € U; and U; € U; are rank-one connected so that

QUi =Uj+a®n (22)
for Q € SO(3), a € R*, and n € R?; then (up to a scalar multiple)
ne{ei+eje;—e;} . (23)
Further, if n = e; £ ej, then
Uj_la € Span(e; Fe;) - (24)

By (23), we have that ey -n =0 for k € {1, 2, 3} such that i # j # k, so
we can take w = ey, in (18) to obtain

Te(y) (Vi — v3) < CEY)?

and we can conclude the inequality (21) if vy > vo. Similary, by (24), we have
that ey, - Uj_la = 0 such that k € {1, 2,3} and i # j # k, so we can take
w = ey, in (19) to obtain

() (Vi — v}) < C [ + @)

Hence, we can also conclude from the above inequality that the inequality
(21) holds if 11 < vs.

We note that the algebra for the proof of the inequality (21) for the tetrag-
onal to monoclinic transformation (N = 4) [5] and the cubic to orthorhombic
transformation (N = 6) [4] is more difficult since multiple choices of w € IR?
must used to obtain (21) from (18) and (19).

5 The Stability of the Microstructure

We assume in what follows that for the laminated microstructure under con-
sideration, the inequalities (18) and (19) imply the estimate

(y) < C E(y)l/2 +&y)| forallke{l,... , N}N\{i,j}, ye A . (25
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We recall that
A={yeW?:y(x) =yo(z) for z € 3N}
where
yo(z) = AQU; + (1 — N)Ujlz forallz € 2 .

The results in this section for the general martensitic transformation can
be deduced from the inequality (25) by the identical arguments used to deduce
the results from (25) for the cubic to orthorhombic case [4] by making the
obvious modifications in the argument to change N = 6 to general N. For
this reason, we state the results given in this section without proof.

We also recall that the energy density ¢ is minimized on the union U of
the N energy wells

U; =SO03)U; ={RU; : R € SO(3)} fori=1,...,N,
and that ¢ is continuous and satisfies the growth condition
¢(F) > k||F —n(F)||>  forall FeR¥>>3 .

The following theorem gives estimates for the derivative of the limiting
macroscopic deformation y in any direction tangential to the parallel layers of
the laminate, for the L? approximation of the limiting macroscopic deforma-
tion, and for the weak convergence of the limiting macroscopic deformation.

Theorem 5. We assume that the inequality (25) holds. Then the following
results hold:
(1) For any w € R? such that w-n =0 and |w| = 1, we have

/Q IVy(z) — Vyo(z)] w|” de < C [5(y)1/2 + S(y)] forally e A .
(2) We have
| @) = n@P & <C[sw)' 2 +e@]  orallyea.

(8) For any Lipschitz domain w C {2, there exists a constant C = C(w) >
0 such that

The following corollary states that the deformation gradients of energy-
minimizing sequences of deformations must oscillate with a length scale that
converges to zero.

<C [5(y)1/8 + 5(y)1/2] forally € A .

/ [Vy(z) — Vyo(x)] dz
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Corollary 6. If the inequality (25) holds, then there does not exist anyy € A
such that

E(y) =min&(z) .

z€EA
For fixed i,j € {1, ... ,N} with ¢ # j, we can define a projection m;; :
R**® — U; UU; by

|F — 7 (F) min |[|[F—G|  forall F e R

= GeU;

We also define the operators @ : R**® — SO(3) and IT : R**® — {QU;, U;}
by the unique decomposition

7;(F) = O(F)II(F)  forall F € R**? .

The next theorem states that the deformation gradients of energy-minimizing
sequences of deformations must oscillate between QU; and Uj.

Theorem 7. For a transformation such that (25) holds, we have
/ IVy(x) — T(Vy(z)||* dz < C |E)? + E(y) forally e A .
7]

For any subset w C 2, p > 0, and y € A, we define the sets

wi(y) = {r € w: I(Vy(x)) = QU; and |Vy(x) — QUi < p},
W) = {r € w: I(Vy(x) = Uj and [Vy(z) ~ Uyl < p} -

The next theorem demonstrates that the deformation gradients of energy-
minimizing sequences of deformations must oscillate with local volume frac-
tion A at QU; and local volume fraction 1 — A at Uj. It also demonstrates
that the Young measure for this problem is unique [3,25] and is given by

V= AéQUi + (1 — A)(SUj .

Theorem 8. We suppose that the reduction (25) is valid. Then for any Lip-
schitz domain w C 2 and any p > 0, there exists a constant C = C(w,p) >0
such that for ally € A

4 14 _ (1 _ )\)
meas w meas w

<C [E(y)l/8 + E(y)1/2]

‘meas wi (y) /\‘ N ‘meas Wl (y)

We now denote by V the Sobolev space of all measurable functions f :
2 x R**® IR such that

2
I = [ {{esssup IIVFf(:r,F)II] +|sz<x>n|2+zf(x>2}dx<oo,
(94 FEIR3X3
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where 2y : {2 — IR is defined by
zr(z) = f(z,QU;) — f(x,U;) forallz € 2 .

The final theorem in this section gives an estimate for the weak conver-
gence of nonlinear functions of the deformation gradient.

Theorem 9. We assume that the inequality (25) holds. Then we have

\ [ 179 = 70 QU) + (1= N, U} o

< CO|lfllv [E@W)MY* + Ey)'/? forall feVandallye A .

6 The Finite Element Approximation of Microstructure

We consider the finite element approximation of the variational problem

)

given by

inf &(v)

vp €EAp

where Ay, is a finite-dimensional subspace of A defined for h € (0, ho] for some
ho > 0. The following approximation theorem for the energy can be proven
for the most widely used Py or @y type conforming finite elements on quasi-
regular meshes, in particular for the P; linear elements defined on tetrahedra
and the @ trilinear elements defined on rectangular parallelepipeds [4,10,20—
22,24,25].

Theorem 10. For each h € (0, ho], there exists yy, € Ap such that

Eyn) = min E(zn) <CAY/? . (26)

For the remainder of this section, we again recall that the energy density
¢ is minimized on the union i/ of the N energy wells

U; =S0O(3)U; = {RU; : R € SO(3)} fori=1,...,N,
and that ¢ is continuous and satisfies the growth condition
o(F) > k||F —n(F)||>  forall FeR¥>>3 .

We also assume that the inequality (25) describing the reduction of low en-
ergy deformation to two energy wells holds. the following corollaries for the
finite element approximation follow directly from the above estimate for the
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approximation of the energy (26). We assume below that y, € Ay, is a finite
element approximation satisfying the quasi-optimality condition

Eyn) < UZhigf E(zn) (27)

h

for some constant o > 1 independent of h.

Corollary 11. If the inequality (25) holds, then we have the following esti-
mates:

(1) There exists of positive constant C such that for any y, € Ay, satisfy-
ing (27) we have

[ (@) = wo(@) de < ch/*
and
/Qllvyh(m) — I(Vyn(x))|)* dz < ChM*
(2) For any w € R? such that w-n =0 and |w| = 1, we have
/Q [[Vyn(z) — Vyo(z)] w|” dz < Ch'/*

for any yn, € Ay satisfying (27).
(8) If w C 12 is a Lipschitz domain, then there exists a constant C =
C(w) > 0 such that for any yn, € Ap satisfying (27) we have

Corollary 12. We assume that the inequality (25) holds. Then we have the
following results:

(1) If w C 12 is a Lipschitz domain and p > 0, then there ezists a constant
C = C(w, p) > 0 such that for any yy, € Ap satisfying (27)

< CRi/16

/ [Vyn(z) — Vyo(z)] dx

meas w meas w/
‘7"(”") — A+ ‘7"(‘%) — (1= <one
meas w meas w
(2) We have

‘/Q {£(2, Vyn(@)) — M (2,QUi) + (1 = N f (2, Uj)]} de| < C|If|lv h/*

for any f €V and any y, € A satisfying (27).
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