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Abstract

We present a numerical method for the approximation of mi-
crostructure in martensitic crystals by piecewise laminates, and we
give computational results for several three-dimensional models of

martensitic microstructure by using piecewise second-order lami-
nates.
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1 Introduction

Martensitic crystals are observed in nature and technology to be in meta-
stable states with a complex microstructure mixing the austenitic (high
temperature) phase with multiple symmetry-related variants of the marten-
sitic (low temperature) phase [5,6,26]. Defects and impurities created dur-
ing the formation of the crystal can also influence both microscopic and
macroscopic behavior.

During the past decade, numerical methods have been developed, ana-
lyzed, and utilized to investigate martensitic and magnetic microstructure
at a range of length scales [8,10-15,18,19,21-29,31]. In this paper, we
explore a numerical approach that utilizes second-order laminates within
piecewise linear finite elements to approximate martensitic microstructure.
This method is motivated by an approximation theorem for the rank-one
convexification [20] and by the approach of relaxation [16,17,24,26,32,33].
The corresponding numerical approximation has been given for some two-
dimensional problems in [21,25,31]. In this paper, we present compu-
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tational results for several three-dimensional models of martensitic mi-
crostructure by using piecewise second-order laminates.

2 The geometrically nonlinear theory of
martensite

The elastic energy of a martensitic crystal at a fixed temperature 6 is
modeled in the geometrically nonlinear theory [5,6,26] by

/Q W (Vu(z)) dz,

where ) C R3 is the reference domain of the crystal, u : Q — R? denotes
the deformation, and W : R3*3 — R is the frame-indifferent free energy
density (with the fixed temperature not explicitly denoted).

At temperatures below the transformation temperature, 6, the energy
density W has a multiple well structure in which there are M distinct

matrices, Fi,..., Fy, det F; > 0, with the property (after normalization)
that
M
W >0 and W(F)=0 ifand only if F € | JSO(3)F,
i—1

where SO(3) is the group of proper rotations. We assume that the wells
SO(3)F; are distinct. If there exist R;; € SO(3), 1 <i < j < M, such that
rank (F; — R;; Fj) = 1, then we say that W has rank-one connected wells.
Figure 1 shows a cartoon for W for M = 2.

We also assume that the energy density W (F) is continuous and satisfies
the growth condition for large F' given by

W(F) > Ci||F||F —Cy  for all F e R**?, (2.1)

where |- || is a norm on R3*3 and Cj and C; are positive constants indepen-
dent of F' € R3*3. We also assume that p > 3 to ensure that deformations
with finite energy are uniformly continuous. This growth condition (2.1) is
convenient for the theoretical justification of the approximation, but it is
not required for the utilization of the algorithm.

The bulk energy (up to an additive constant) of a martensitic crystal
acted upon by a body force with density f : 2 — R2 can be modeled by

I(u) = /Q (W(Vu(@)) - f@) - u(z)) de = / (2, u(z), Vu(z)) dz,

Q

where for the sake of simplicity we have introduced

O(z, u(z), Vu(r)) = W(Vu(z)) - f(z) - u(z).



Metastable states of the crystal are characterized as local minima of the
energy I(u) with respect to the space of admissible deformations

W — {u e WhP(Q;R?) : u = ug on T, det Vu > 0},

where T is a non-empty, open subset of 9Q and ug € W»(Q; R?) describes
the boundary constraint. Although the notion of a local minimum is not
uniquely defined for the continuous problem, the notion is well-defined for
the finite-dimensional numerical approximations to be described in the fol-
lowing. We will motivate our numerical method by considering results for
the minimization of the energy I(u), although our methods more gener-
ally compute metastable states by numerical continuation of the loads and
boundary constraints. The metastability of martensite has been explored
for a thin film model by continuation in the loading in [7] and by nucleation
in [9]. Recently, other models have been developed to treat the hysteresis
in martensitic materials [1-4, 30, 35, 36].

3 The rank-one convexification and its ap-
proximations

A function @ : R3%3 — R is rank-one convez if
DA+ (1 = A)B) < AP(A) + (1 — \)®(B)

whenever rank(4A — B) <1 and 0 < A < 1. If a double well energy density
has rank-one connected wells, one can easily see that it is not rank-one
convex since it is clear from Figure 1 that W is not convex on the line
segment [F7, F5] with rank-one connected endpoints.

We can define the rank-one convex envelope R® of ® by (see [16, Sec.1])

R®(x,u,-) = sup{® < ®(z,u,-) : d rank-one convex}

forallz € Qand u € R3, where we use standard function ordering to define
¢ < ®(x,u,-) to mean that

O(F) < &(x,u, F) for all F € R3*3,

Using this envelope, we can consider the (local) minimization of the energy
Ip(u) = / RO (z,u(z), Vu(z)) dz for u € Ay,. (3.1)
Q

The rank-one convex envelope is characterized by the following propo-
sition.



Theorem 3.1 (see [16,20]) Let @ : R**3 — R be bounded below. Then
for every A € R3*3, ) )
RO(A) = lim Rud(A),

k—oo

where Roti =& and

R 1®(A) = inf{ AR, ®(Ag)+(1 — MRp®(A;): 0< A< 1,
A= )\AO + (l - )\)Al, rank(A1 — Ao) S ].}

It follows directly from the definition that
®>RiP>...>R®> R 1P >...> RD.

If W(F1) = W(Fz) = 0 and rank(F} — Fy) < 1, then RW(F) = 0 for
any F' € R3*3 on the line segment with end points F; and F,. Thus,
the dashed line on Figure 1 shows the rank-one convex envelope between
rank-one connected gradients.

Utilizing this characterization of the rank-one convex envelope, we can
consider the variational problem

inf {Ix(u):u € Ay}, (3.2)

where

Ik(u):/Qqu)(sc,u(m),Vu(:r))dz

and Ry ® is the k' order approximation of the rank-one convex envelope
of @ defined in Proposition 3.1. Of course, the minimum of I does not
have to exist because Ry ® is not necessarily quasiconvex [16]. On the other
hand, we will see that finite element discrete solutions to (3.2) always exist
and describe the martensitic microstructure observed in nature [26]. Due
to the relaxation theorem [16], we have that

inf {/Q (. u(z), Vu(z)) de : u € AuO}
— inf {/Q Rid(a, u(z), Vu(e)) de : u € Auo} (3.3)
— inf {/Q R®(w, u(x), Vu(z)) do : u Auo} .

We give below examples of ® for which we obtain solutions to (3.2) for
some k € N. This gives us an estimate of upper bounds for the energy of
a solution to (3.1). The same approach for two-dimensional problems was
investigated in [21].



4 The computation of Ry® and I,

We start by deriving a formula for R;®. If
A=MMo+ (1- N4
where 0 <A <1and A; — Ag = q®r for ¢,7 : Q@ — R3, |r| =1, then
Ag=A—-(1-ANg®r and A=A+ .
We recall that (¢ ® r);; = ¢;r;. Thus, we have that
Ri®(x,u, A) = inf{Wy(z,u, A, N\, q,7) : 0< A< 1, ¢, 7 €R3, |r| =1}
for all z € Q, u € R3, and A € R3*3, where
Uy (zyu, A, N, q, 1) =A@ (z,u, A— (1= N)g®T)
+ (1 =NP(z,u, A+ AgRT).

Therefore, it follows that I (u) for u € A,, can be computed by
I(u) = inf{/ Uy (x,u,Vu, \,q,r)dz : 0 < A< 1,
Q
|r(z)] =1 for almost all. z € Q, ¢ € LP(Q;R3)}.

We can also compute the energy minimization (3.3) using first-order lami-
nates by

inf{l(u):u€ Ay} = inf{/ Uy (z,u, Vu, A\, q,7) dz - u € Ay,
Q

0<A<1, [r(z)| =1 for almost all z € Q, g € LP(Q;RS)}.

We repeat this procedure to obtain formulas for Ro® and I>. For Ag
and A; given as above, we consider the convex combinations

Ag = XAgo + (1 — Xo)Ap and A1 =XMA0+ (1= M)A,

where 0 < )\0, )\1 < 1 with A01 — AOO =qo X To and All — AlO =q1 971
for g;, r; € R3, |r;] =1, i = 0,1. We thus have that

A = MoAgo + M1 — Xo) Aot + (1 — N1 Arg + (1= A)(1 = A)Apr, (4.1)
where
AOO:A—(l—A)q®T_(1_AO)q0®T0a
A01 :A—(l—)\)q®r+)\0(I0®T0,
A10:A+)\q®r—(l—)\1)(h®7“17
A1 = A+ M7+ A1 @11

(4.2)



The representation of (4.1) as a second order laminate is illustrated in
Figure 2. Roughly speaking, it represents a second order laminate with
gradients oscillating among the values Agg, Ao1, A1g9, and A1y with vol-
ume fractions Mg, AM(1 — Ag), (1 = A)A1, and (1 — A)(1 — Aq), respectively.
The thickness of the black and white layers corresponds to A, Mg, and Aq,
whereas the spatial orientation of the layers is given by the normal vectors
to the interfaces r, rg, and r;. The vectors ¢, qg, and ¢; denote the am-
plitudes of the jump of the deformation gradient over the interfaces given
by the normals r, rg, and rq, respectively. The microstructures displayed
below in Figures 4, 6, and 9 are also visualized in this way.

We now have that

RQ@(QE,U, A) = inf{‘lj2(x7 Uu, Aa >‘; )‘07 )\1; 4,490,41,7,T0, ’I"]) :

0 < )\a)\Oa)\l < 17 q,490,91,7,7T0,7T1 € Rgv |T| = |T0| = |’I"]_| = 1}
for x € Q, u € R3, A € R3*3, where

\IIZ(Ia U, Aa)‘a )\05 A17 qd,40,91,7,T0, Tl) = AAO(I)(Ia U, AOO)
+ )\(1 — )\0)(1)(03, u, A(]l) + (1 - )\)Al(I)(f, u, AlO)
+ (1 - )\)(1 - )‘1)@(1:3 u, All)

and the A;; are given by (4.2). Hence, it follows that Iy(u) for u € Ay,
can be computed by

I (u) = inf{‘/Q Uo(x,u, Vu, A,y Aoy A1, 4, o, q1, 7, 70, 71) AT :
0<A Ao, A <1, fr(@)] = [ro()] = |ra(2)] = 1
for almost all z € Q, ¢, qo, q1 € L”(Q;R3)}.
We can thus compute the minimization problem (3.3) by
inf {Iz(u) : u € Ayy}
= inf{‘/Q Uo(x,u, Vu, A\, Aoy A1, ¢, 40, q1,7,70,71) dz : u € Ay,

0 <A Aoy At < 1 r(@)] = [ro(2)] = [ra(2)] =1

(4.3)

for almost all z € Q, ¢, qo, q1 € Lp(Q;R3)}.

5 The finite element discretization

We consider tetrahedral meshes 7, = {K} for Q with the property
1. Q = UKe’]’hK;



2. interior K1 Ninterior Ko = () if Ky # K3 for K1, Ky € Tp;

3. if S= K| NKs #( for K1 # Ky, K1, Ky € Ty, then S is a common
face, edge, or vertex of K; and Ko;

4. diam K < h for all K € 7},.

We then denote the finite element spaces

Uy = {v € C(Q;R?) : v is affine on each K € 7;,} N Ay,
Lyp={N:Q—[0,1] : X is constant on each K € 73},
Vp={v:Q— R3 : v is constant on each K € Th}.

The finite element approximation of the continuous minimization prob-
lem (4.3) is given by

ll’lf{/ \112(.’1'},U,VU,)\,AO,)\l,Q,QO,Ql,T,TO,Tl)d.’I}Z (51)
Q
w€Up, AAo, A1 € L, 7,70,71 € Vi, ¢,q0,¢1 € Vh}-

The proof of the following result on the convergence of the minimizing
energy is given in Proposition 6.4.1 in [34] and [26]. Computational results
for two-dimensional problems have been given in [21,31]. In Sections 6 8,
we will present computational results for three-dimensional problems.

Theorem 5.1 The problem (5.1) has a solution for any h > 0. Moreover,

lim mln{/ \IIQ(LL',U, VU, )\7 )\O,Al,q,qo,Qh'r,T[],'rl)diL' ue uh7
Q

—0
)\7 )\Oa)\l € Eha r,Tro,T1 € Vha 4,490, 1 € Vh}
= lnf{/ \Dg(ﬁ,U,VU,)\,)\0,)\1,Q,(]0,Q1,T,T0,T1)d$ u € Au[)a
Q
0< XA, A\ < Lryrg, 1 € L(R?), ¢,q0,1 € LP(Q;Rg)}
=inf{I(u):u € Ay, }.

In the computations presented in the following sections, we let 2 =
(0,1)%(0,6)x(0,1) and consider the zero displacement boundary constraint

u(z) = up(z) =z forx e ' =T7 UT,
where

Ty =(0,1) x {0} x (0,1)  and Ty =(0,1) x {6} x (0,1).



We use a tetrahedral mesh 7, obtained by subdividing the cubes in Fig-
ure 3. The mesh is symmetric with respect to the plane x5 = 3.

The Fortran sequential quadratic programming routine NLPQLO (see
[37]) was used for the minimization of appropriate functions given by the
discretization of the problem. Since the energy functional arising from the
discretization is non-convex and NLPQLO is designed for local optimization,
we tried about 20-30 initial states for each computation in order to compute
a local minimum with a sufficiently low energy. Those random states were
generated by a (pseudo)random number generator. Figures 7 and 10 were
obtained by successively incrementing the loading.

6 Computational experiment to show the dif-
ference between approximation by first and
second order laminates

We consider the energy density

2

WG(F): C - 0 W 0 C - 0 (1+€)2 0
0 0 1 0 0 1

for € > 0 where we recall that C' = FTF is the right Cauchy-Green strain
and that | - | denotes the Frobenius norm on R3*3,
Here M = 2, the wells are defined by

I+e¢ 0 0 = 0 0
Fr= 0 4 0 and F=|[ 0 1+e 0],
0 0 1 0 0 1

and the wells are rank-one connected. We used ¢ = 0.1 in the computations.
We note that Wg(Id) > 0 where Id € R3*3 is the identity matrix. Further,
it can be checked that RoWs(Id) = 0, but RyWs(Id) > 0. Indeed, as the
problem is essentially two—dimensional we can use a procedure described
in [38] to show how Id can be reached by a second—order laminate while it
cannot be reached by a first—order laminate.

Thus, with load f = 0, we have for the identity mapping u(x) = x that

min [{(%) > min Iy(%) = Ix(u) = 0.
UWE Ay 1( ) UWE Auy 2( ) 2( )
The energy of our approximate solution to the minimization of I; was

3 x 1076, while the energy of our approximate solution to the minimization
of I was 5 x 1026,



We visualize a volume fraction of the variant phase by a shade of gray
on each element that is determined by a function « : 7, — [0, 1]. Let us for
notational SlmpllCltY denote Bl = Ago, B2 = AOl: Bg = A107 B4 = A11
and w1 = )\)\0, Wy = )\(1 — )\0), w3 = (1 — )\))\1, Wy = (1 — /\)(1 — )\1) On
each element K € 7j,, we evaluate [26]

(K) = S wft (BT B — GTGA[?
T MU BRYTBE — GTGLPR + (BF)TBF — GIGa?

(6.1)

where G = Fi, Gy = F, and -¥ denotes the restriction to K. We then
use 7 to interpolate between white (zero) and black (one).

7 Computational experiment for the cubic to
tetragonal transformation

In the second numerical experiment, we utilized the Ericksen-James energy
density (see [26]) which models the cubic (high temperature) to tetragonal
(low temperature) transformation

bO) [ (3Cu . (3C N\ (3Cs |\
F0) =22 1 1 1
Wi(E6) = =5 [ <trC ) +(trC’ ) T e
E 3011 1 3022 1 3033 1
2\ trC trC trC
-I-i 3011_1 2+ 3022_1 2+ 3033_122
36 trC trC tr C

+e(Cy + C3 4+ Ch3) +e(trC — 3),

where b(#) = 0.38+(1.22x1073)(0—0r), ¢ = —29.23, d = 562.13, e = 3.26,

f =5.25, and tr C denotes the trace of C = FTF. These coefficients were

chosen to approximately fit experimentally observed elastic moduli for the

In-20.7 at% TI alloy at the transformation temperature 67 = 70° C [26].
The three wells (M = 3) are defined by Fi, Fs, F3, where

V2 0 0 141 0 O 141 O 0
F1 = 0 141 0 s F2 = 0 1] 0 5 F3 = 0 1 0 s
0 0 141 0 0 1 0 O Vo

with

—3b + /952 — 32a(6
V1 =vV1—g¢, Vo = V1 + 2¢, €= + 3c o )C.



The wells are pairwise rank-one connected.

Computations for § = 60° C (so € = 2.68 x 1072) and the loading
f=(=12x1073,0,0) are shown in Figure 6. The top and middle figures
have the perspective of Figure 3 and show the (x1,z2) plane, and the
bottom figure shows the view from the top. The shade of gray on each
element was obtained from (6.1) with G; = F; and Go = F in the top
figure and G; = F; and Gy = F3 for the middle and bottom figures. In
addition, a microstructure corresponding to the relative volume fractions is
shown for three elements of the top figure. Figure 7 uses the same graphical
format to show the dependence on an increasing load parallel to (—1,0,1).

8 The orthorhombic to monoclinic transfor-
mation

The third stored energy density that we computed models the orthorhombic
to monoclinic transformation (M = 2) and is given by

2 2

14+€ € 0 14+e2 —¢ 0
Ws(F) = |C — € 10 C—| —e 1 0 (8.1)
0 0 1 0 0 1

where ¢ > 0. We set € = 0.1 in our computations.
We see that the wells are given by

1 0 0
Fi=1—-¢ 1 0 and Fy=1¢€
0 0 1 0

O = O
_ o O

A similar density was used in [13,26]. We have that rank(F; — F») =1
for any € > 0, and therefore the wells are rank-one connected. We note
that for f = 0 there is a unique solution u(z) = (0.5F; + 0.5F3)z = z for
z € € to the minimization problem

inf I (a).

i, 1t
Figure 9 shows the deformation and microstructure computed with en-
ergy density (8.1) and load f = (—15 x 1073,0,0) using the shading given
by (6.1) with reconstructed microstructures shown for three elements in

the top plane z3 = 0. Figure 10 shows the dependence on loading in the
(—1,0,1) and (0,0, 1) directions.
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9 Conclusions

We have shown how the approximation to energy-minimizing deformations
with microstructure for a model for martensitic crystals can be computed
by using piecewise laminates. The proposed method can be derived by us-
ing an “effective” energy density, Ra®, obtained by considering continuous,
piecewise linear deformations w(z) to be energy-minimizing second-order
laminates on each element K € 7j,.

The piecewise laminate finite element method gives an efficient represen-
tation of energy-minimizing deformations with microstructure. However,
the piecewise laminate method requires the use of additional piecewise con-
stant variables 0 < X\, Ao, \1 < 1, ¢,q0,q1,7,70,71 € R3, |r| = |ro| = |r1| =
1, which make the iterative solution more challenging and less efficient. An
additional challenge to the iterative solution is the “flatness” of the “effec-
tive” energy density, Ro®, near its minimizing deformation gradients.
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Figure 3: The reference domain §2.

14



Figure 4: The computed solution with the energy density Wy of Section 6
and load f = 0. The microstruture obtained from using second-order lam-
ination is shown on the left and the microstructure obtained from using
first-order lamination is shown for the same element on the right. The left
half of the crystal domain is shown.

Figure 5: The reference configuration and the three variants of the marten-
sitic phase for the cubic to tetragonal transformation described in Section 7.
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Figure 6: The computed solution for the Ericksen-James energy density
Wz of Section 7 and load f = (=12 x 1073,0,0). The shade of gray on
each element was obtained by (6.1) with G; = Fy and Gy = F; for the
top figure (with the corresponding gray scale given by the bar in the upper
right position) and G; = Fy and G2 = F3 for the middle and bottom
figures (with the corresponding gray scale given by the bar in the lower
right position).

Figure 7: The computed solution for the Ericksen-James energy den-
sity W7 of Section 7 with load f = (=6 x 10735,0,6 x 1073s) for
s € {2.5,4.5,6.5,8.5,10.5}. The shade of gray on each element was ob-
tained by (6.1) with G; = F} and Gy = F, for the top figure in each group
(with the corresponding gray scale given by the top bar in the lower right
pair of bars) and Gy = F» and G = F3 for the middle and bottom figures
in each group (with the corresponding gray scale given by the bottom bar
in the lower right pair of bars).

Figure 8: The reference configuration and the two variants of the marten-
sitic phase for the orthorhombic to monoclinic transformation described in
Section 8.

Figure 9: The computed solution for the energy density Wy and load f =
(—15 x 1073,0,0). The shade of gray on each element was obtained by
(6.1) with G; = Fy and G2 = F5 (with the corresponding gray scale given
by the bar in the right position).

Figure 10: The computed solution with the energy density Wy and load
f=(=5x1073s,0,5 x 10735) (left) and f = (0,0,7 x 1073s) (right) for
s € {1, 2, 3,4,5}. The shade of gray on each element was obtained by
(61) with Gl = Fl and G2 = FQ.
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