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The elastic energy density in the geometrically nolinear theory of martensite is

minimized on multiple, rotationally invariant energy wells. For such energy densi-

ties, the gradients of energy-minimizing sequences can oscillate between the energy

wells to approach the lowest energy. In this paper, we describe a stability theory

for this microstructure, and we apply this stability theory to the �nite element

approximation of microstructure.

1 Introduction

Martensitic crystals are crystals which can undergo a phase transformation
from a high temperature, solid phase (austenite) to a low temperature, less
symmetric solid phase (martensite). This transformation is utilized in many
new technologies that are based on the \shape-memory" property [28].

A geometrically nonlinear elasticity theory for the equilibrium con�gura-
tion of martensitic crystals has been given by [3, 4, 15{17, 19]. In this theory,
an energy-minimizing deformation is an equilibrium con�guration of the crys-
tal. However, the elastic energy density for a martensitic crystal has multiple,
symmetry-related, rotationally invariant energy wells. For some boundary con-
ditions, the deformation can only attain the minimum energy by the oscillation
of its gradient between the energy wells on an in�nitesimal scale.

We shall give a brief survey of this theory in x2 and x3 below. We refer
the reader to [24] for a comprehensive introduction to the geometrically non-
linear theory of martensitic crystals, to microstructure, and to its numerical
approximation.

In x4, we give a survey of the basic results on the stability of martensitic mi-
crostructure, and in x5 we give applications of this theory to the �nite element
approximation of martensitic microstructure. More detailed treatments and
full proofs of the results are given in [7,20{23]. An analysis of the stability and
numerical approximation of microstructure in micromagnetics is given in [25].
Related results on the approximation of nonconvex variational problems can
be found in [8, 9, 18, 27].
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2 The Geometrically Nonlinear Theory of Martensite

For a given martensitic crystal, we denote by 
 the reference con�guration
which is taken to be the homogeneous austenitic state at the transformation
temperature. We assume that 
 � R

3 is a connected, bounded, open set with
a Lipschitz continuous boundary. We also denote the elastic energy density of
the crystal at a �xed temperature below the transformation temperature by
the continuous function � : R3�3 ! R where R3�3 denotes the set of all 3� 3
real matrices. The elastic energy of a deformation y : 
! R

3 is given by

E(y) =

Z



�(ry(x)) dx; (1)

where ry : 
 ! R
3�3 is the deformation gradient. We de�ne the set of

deformations of �nite energy by

W� =

�
y 2 C(�
;R3 ) :

Z



�(ry(x)) dx <1

�
: (2)

The elastic energy density attains its minimum value (below the transfor-
mation temperature) on a set

U � SO(3)U1 [ � � � [ SO(3)UN ; (3)

where SO(3) is the group of proper rotations de�ned by

SO(3) =
�
Q 2 R3�3 : QT = Q�1 and detQ = 1

	
;

and where the symmetry-related matrices, U1; � � � ; UN , for N > 1, represent
the martensitic variants. The martensitic variants U1; � � � ; UN are linear trans-
formations which transform the lattice of the austenitic phase into the lattice
of the martensitic phase.

Thus, we have (after adding a constant to the energy density) that

�(F ) � 0; 8F 2 R3�3 ;

�(F ) = 0 if and only if F 2 U � SO(3)U1 [ � � � [ SO(3)UN :

We shall also assume that the energy density � grows quadratically away from
the energy wells, that is,

�(F ) � �kF � �(F )k2; 8F 2 R3�3 ; (4)

where � > 0 is a constant and � : R3�3 ! U is a Borel measurable projection
de�ned by

kF � �(F )k = min
G2U

kF �Gk; 8F 2 R3�3 :
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In the above and in the following we use the matrix norm de�ned by

kFk2 = trace
�
F TF

�
=

3X
i;j=1

F 2
ij ; 8F = (Fij) 2 R

3�3 :

We have given an analysis of the stability of microstructure and of its
numerical approximation for the following three phase transformations.

2.1 The Orthorhombic to Monoclinic Transformation

We �rst gave a stability analysis and numerical analysis of the approximation of
the martensitic microstructure for the orthorhombic to monoclinic transforma-
tion [23]. The orthorhombic to monoclinic transformation has two rotationally
invariant energy wells (N = 2). The energy wells for an orthorhombic to
monoclinic transformation are determined by the martensitic variants

U1 = (I + �e2 
 e1)D; U2 = (I � �e2 
 e1)D; (5)

where I is the identity transformation from R
3 to R3 , � > 0 is a material

parameter, fe1; e2; e3g is an orthonormal basis for R3 , and D is a diagonal,
positive de�nite, linear transformation given by

D = d1e1 
 e1 + d2e2 
 e2 + d3e3 
 e3

for some d1; d2; d3 > 0. We recall that the tensor a 
 n for a; n 2 R3 de�nes
the linear transformation (a
 n)v = (n � v)a for v 2 R3 :

2.2 The Cubic to Tetragonal Transformation

We next gave an analysis of stability and numerical approximation for the cubic
to tetragonal transformation [21]. The cubic to tetragonal transformation has
three rotationally invariant energy wells (N = 3). We note that the analysis of
the stability of microstructure becomes more di�cult as the number of energy
wells increases since additional wells give the crystal additional freedom to
deform without the cost of additional energy. We also note that although it can
be shown that all problems with two rotationally invariant energy wells with
a rank-one connection (see below) are equivalent [3], the analysis of the cubic
to tetragonal transformation must utilize the speci�c form of the martensitic
variants U1; U2; U3:

The energy wells for a cubic to tetragonal transformation are determined
by the martensitic variants

U1 = �1I + (�2 � �1)e1 
 e1; U2 = �1I + (�2 � �1)e2 
 e2;

U3 = �1I + (�2 � �1)e3 
 e3; (6)
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where �1 > 0 and �2 > 0 are material parameters such that �1 6= �2, and
fe1; e2; e3g is again an orthonormal basis for R3 .

2.3 The Cubic to Orthorhombic Transformation

We have recently extended our stability analysis to the cubic to orthorhom-
bic transformation [7]. The fact that the energy density for the cubic to or-
thorhombic transformation has six wells (N = 6) makes this problem signif-
icantly more di�cult than the cubic to tetragonal transformation which has
three wells (N = 3).

The uniqueness of the microstructure for the cubic to orthorhombic trans-
formation, which had been an open problem, is a consequence of this stability
analysis. This analysis also gives some rigorous justi�cation for the assump-
tion made by all of the analytical and computational research on the Chu-
James experiment that the deformation gradient takes values in only two of
the wells [1, 2, 10].

The six transformation matrices are given by [4, 5, 10]

U1 =

0
@� 0 0
0 � �
0 � �

1
A ; U2 =

0
@� 0 0
0 � ��
0 �� �

1
A ;

U3 =

0
@� 0 �
0 � 0
� 0 �

1
A ; U4 =

0
@ � 0 ��

0 � 0
�� 0 �

1
A ; (7)

U5 =

0
@� � 0
� � 0
0 0 �

1
A ; U6 =

0
@ � �� 0
�� � 0
0 0 �

1
A :

The material parameters �; �; and � are de�ned by

� =
�+ 


2
; � =

�� 


2
; � = �;

where �; �, and 
 are the transformation strains, that is, the principal strains
of a linear transformation that transforms the cubic lattice to the orthorhombic
lattice. We can assume without loss of generality that

� > 0; � > �; � > 0: (8)

We can assume the �rst one by renumbering the variants if necessary and the
last two by the requirement that a transformation matrix is always symmetric
positive de�nite.
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3 Microstructure

We call two matrices rank-one connected if their di�erence is a rank-one matrix.
The classical Hadamard compatibility condition states that, given a plane with
unit normal n and two distinct constant matrices F0; F1 2 R

3�3 , there exists
a continuous deformation y : R3 ! R

3 such that ry takes the value F0 on one
side of the plane and F1 on the other side if and only if F0 and F1 are rank-one
connected as

F1 � F0 = a
 n (9)

for some non-zero vector a 2 R3 .
We next present a lemma that classi�es all possible simple laminates

formed by pairs of variants up to multiplication of rotations for the martensitic
crystals in our discussion [3, 4, 6, 7, 10, 24]. The lemma states that there is no
rank-one connection between SO(3)Ui and itself; and that for any i; j; i 6= j;
there are exactly two rank-one connections between SO(3)Ui and SO(3)Uj :

Lemma 3.1 The following result holds for the orthorhombic to monoclinic
transformation (5), the cubic to tetragonal transformation (6), and the cubic
to orthorhombic transformation (7).

(1) For each i, there do not exist matrices R1Ui and R2Ui with distinct
R1; R2 2 SO(3) that are rank-one connected.

(2) For any i; j; i 6= j, there are exactly two distinct Q 2 SO(3) such that

QUi � Uj = a
 n

for some a; n 2 R
3 ; jnj = 1, respectively. In this case, we also have for any

� 2 (0; 1) that

�QUi + (1� �)Uj =2 SO(3)U1 [ � � � [ SO(3)UN : (10)

If F0 and F1 are rank-one connected as in (9), then we can construct a
continuous deformation having parallel planar interfaces

Si = fx 2 
 : x � n = sig

for s1 < � � � < sm with the same normal n separating the layers in which the
deformation gradient alternates between F0 and F1 by

w(x) = F0x+

�Z x�n

0

� (s) ds

�
a; (11)
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where �(s) : R ! R is the characteristic function

�(s) =

�
0 if x 2 (s2l; s2l+1) for 0 � 2l � m where l 2 Z;
1 if x 2 (s2l+1; s2l+2) for 1 � 2l + 1 � m where l 2 Z;

where we take s0 = �1 and sm+1 =1: This deformation satis�es the property
that

rw(x) = F0 + �(x � n)a
 n =

�
F0 for all x such that �(x � n) = 0,
F1 for all x such that �(x � n) = 1.

Deformations w(x) of the form (11) with layer thickness si+1 � si small for
i = 1; : : : ;m are the simplest examples of microstructure.

In this paper, we consider the minimization of the elastic energy (1) with
respect to deformations y 2 W 1;1(
;R3 ) which are constrained by y(x) =
y�(x) for x 2 @
 where [21]

y�(x) = F0x+ l(x)a; x 2 
;

rl(x) = �(x)n a.e. x 2 
; (12)

and where l 2 W 1;1(
) and � 2 L1(
) satis�es 0 � �(x) � 1: Our energy
minimization problem is to minimize the energy (1) in the set of admissible
deformations de�ned by

W 1;1
� (
;R3 ) =

�
y 2 W 1;1(
;R3 ) : y = y� on @


	
:

We note that

ry�(x) = F0 + �(x)a 
 n;

so by (10) we have that

� (ry�(x)) > 0 for all x such that 0 < �(x) < 1:

Hence, we have that

E(y�) > 0

if meas fx 2 
 : 0 < �(x) < 1g > 0:
A special case of (12) is given by

y�(x) = F0x+

�Z x�n

0

~�(s)ds+ �

�
a; x 2 
; (13)
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for some � 2 R
3 where �(x) = ~�(x � n) for ~�(s) 2 L1(R): If y�(x) has the

form (13), then we show in [21] that there exist a family of deformations
û
 2 W 1;1

� (
;R3 ), 
 2 (0; 
0], for any �xed 
0 > 0, such that

lim

!0

E(û
) = 0: (14)

The family of deformations û
 2 W 1;1
� (
;R3 ) can be constructed to have

the form (11) in the interior of 
 with layer thickness si+1 � si = O(
) as

 ! 0. The value of the deformations û
 2 W 1;1

� (
;R3 ) in a boundary layer
of thickness O(
) as 
 ! 0 is de�ned by interpolation to ensure that the
boundary conditions are satis�ed [21].

Even though we can construct deformations y 2 W 1;1
� (
;R3 ) with energy

arbitrarily close to the mininum, we prove in [21] that there does not exist
y 2W 1;1

� (
;R3 ) such that E(y) = 0 if

meas fx 2 
 : 0 < �(x � n) < 1g > 0: (15)

The results in the following section demonstrate the the gradients of energy-
minimizing sequences of deformations must oscillate between the energy wells
with a length scale which converges to zero.

4 The Stability of Microstructure

The results in this section hold for the orthorhombic to monoclinic transfor-
mation [21, 23],the cubic to tetragonal transformation [20, 21], and the cubic
to orthorhombic transformation [7].

The �rst step in proving the stability of microstructure is the following
theorem that gives an error bound for the L2 approximation of the directional
derivative of the limiting macroscopic deformation y� in any direction tangen-
tial to parallel layers of the laminate.

Theorem 4.1 There exists a constant C > 0 such that

Z



j[ry(x)�ry�(x)]wj
2
dx � C

h
E(y)

1

2 + E(y)
i
; 8y 2W 1;1

� (
;R3 );

(16)

for all w 2 R3 satisfying w � n = 0 and jwj = 1.

The next result gives an error bound for the L2 approximation of the limit-
ing macroscopic deformation y� by admissible deformations y 2W 1;1

� (
;R3 ).
It follows directly from (16) and Poincar�e's inequality.
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Theorem 4.2 There exists a constant C > 0 such that

Z



jy(x) � y�(x)j
2
dx � C

h
E(y)

1

2 + E(y)
i
; 8y 2W 1;1

� (
;R3 ):

We next give a result shows that the gradient of a low energy deforma-
tion must oscillate between F0 and F1: To describe the result, we de�ne the
projection operator �12 : R

3�3 ! U1 [ U2 by

kF � �12(F )k = min
G2U1[U2

kF �Gk; 8F 2 R3�3 :

We also de�ne the operators � : R3�3 ! SO(3) and � : R3�3 ! fF0; F1g by
the relation

�12(F ) = �(F )�(F ); 8F 2 R3�3 : (17)

We can now give an estimate for the di�erence between ry(x) and �(ry(x)):

Theorem 4.3 There exists a constant C > 0 such that
Z



kry(x)� �(ry(x))k
2
dx � C

h
E(y)

1

2 + E(y)
i
; 8y 2W 1;1

� (
;R3 ):

We next give an estimate for the approximation of volume fractions. Our
estimate states that for any energy minimizing sequence fykg in W 1;1

� (
;R3 )
and for almost all x 2 
, the volume fraction that ryk(x) is near F0 converges
to 1� �(x) and the volume fraction that ryk(x) is near F1 converges to �(x).

To state this result, for any subset ! � 
, � > 0, and y 2 W 1;1
� (
;R3 ),

we de�ne the sets

!0�(y) = fx 2 ! : �(ry(x)) = F0 and kF0 �ry(x)k < �g ;

!1�(y) = fx 2 ! : �(ry(x)) = F1 and kF1 �ry(x)k < �g

and the mean value of � on ! by

~�! =
1

meas!

Z
!

�(x) dx:

Theorem 4.4 For any Lipschitz domain ! � 
 and any � > 0 there exists a
positive constant C such that

meas
�
! � f!0�(y) [ !

1
�(y)g

�
� C

h
E(y)

1

2 + E(y)
i
; (18)
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for all y 2 W 1;1
� (
;R3 ) and

�����
meas!0�(y)

meas!
� (1� ~�!)

�����+
�����
meas!1�(y)

meas!
� ~�!

����� � C
h
E(y)

1

8 + E(y)
i

(19)

for all y 2 W 1;1
� (
;R3 ):

Our �nal result describes the convergence of nonlinear integrals of ry(x):
We de�ne V to be the Sobolev space of all functions f 2 L2

�

� R3�3

�
such

that

kfk
2
V
=

Z



�
ess sup
F2R3�3

krF f(x; F )k

�2
dx+ kGfk

2
W 1;2(
) <1; (20)

where

Gf (x) = f(x; F1)� f(x; F0); x 2 
:

Since thermodynamic variables such as the energy density and stress are non-
linear functions of ry(x); the following lemma allows us to de�ne macroscopic
or average values of the thermodynamics variables to deformations with mi-
crostructure.

Theorem 4.5 There exists a constant C > 0 such that

��R

 ff (x;ry(x)) � [(1� �(x))f(x; F0) + �(x)f(x; F1)]g dx

��
� CkfkV

h
E(y)

1

4 + E(y)
1

2

i
; 8y 2W 1;1

� (
;R3 ); 8f 2 V : (21)

This result (21) and the previous result (18) demonstrate that ry(x) con-
verges to (1� �(x))�F0 + �(x)�F1 in the sense of the Young measure [4, 24].

5 The Finite Element Approximation of Microstructure

We shall assume in what follows that the reference con�guration 
 � R
3 is

a polyhedral domain. For a �xed positive maximal mesh diameter h0, let �h,
0 < h � h0, be a family of quasi-regular tetrahedral �nite element meshes of 
,
such that �
 = [T2�hT , where h is the maximum diameter of any tetrahedron
T in the mesh �h: For simplicity, let Ah, 0 < h � h0, be the correspond-
ing family of piecewise linear, continuous �nite element spaces with respect to
the mesh �h [11, 26]. Deformations with microstructure are typically approxi-
mately piecewise linear, so the use of piecewise linear elements is a good choice
of �nite element space for the approximation of deformations with �ne-scale
microstructure.
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We de�ne the interpolation operator Ih : C(�
;R3 ) ! Ah for each h 2
(0; h0] to be the operator which interpolates the values at the vertices of
the tetrahedral elements T of �h: We approximate the boundary data y� 2
W 1;1(
;R3 ), given in (13), by de�ning the �nite element deformation y�h 2
Ah by

y�h = Ihy�(x); x 2 �
:

We can then de�ne the �nite element space of admissible deformations

A�h = fyh 2 Ah : yh(x) = y�h(x); 8x 2 @
g :

We note that if �(x) is independent of x, then A�h � W 1;1
� (
;R3 ); but oth-

erwise A�h 6�W 1;1
� (
;R3 ):

In x4, we gave various bounds for the approximation of the microstructure
in terms of the elastic energy E : Thus, to analyze the approximation of the
microstructure by the �nite element method, we need the following result on
the minimization of the elastic energy E on the space A�h:

Theorem 5.1 There exists yh 2 A�h for each h 2 (0; h0] such that

E(yh) = min
zh2A�h

E(zh) � Ch1=2: (22)

If �(x) is independent of x so that A�h � W 1;1
� (
;R3 ); then the result (22)

can be used with the stability results in the previous section to immediately
derive estimates for the �nite element approximation of microstructure. We
shall give results below for the more general case when �(x) is dependent on
x and A�h 6�W 1;1

� (
;R3 ):
There are local minima for the problem

inf
yh2A�h

E(yh) (23)

which are approximations on di�erent length scales to the same optimal mi-
crostructure [24]. In fact, the number of local minima of the problem (23)
grows arbitrarily large as the mesh size h ! 0. For this reason, we give error
estimates for �nite element deformations yh 2 A�h that satisfy the quasi-
optimality condition

E(yh) � � inf
zh2A�h

E(zh) (24)

for some constant � � 1 independent of h.
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The following estimates for the �nite element approximation of the defor-
mation y� by deformations yh 2 A�h are similar to those for the deformations
y 2 W 1;1

� (
;R3 ) in the previous section, but additional terms are needed to

account for the fact that A�h 6�W 1;1
� (
;R3 ):

Theorem 5.2 We have for any w 2 R3 such that w � n = 0 and jwj = 1 that

Z



j[ryh(x)�ry�(x)]wj
2
dx � C

h
E(yh)

1

2 + E(yh) + ky� � y�hkL2(@
;R3)

i
;

(25)

for all yh 2 A�h.

Theorem 5.3 We haveZ



jyh(x) � y�(x)j
2
dx � C

h
E(yh)

1

2 + E(yh)
i

+
h
ky� � y�hkL2(@
;R3) + ky� � y�hk

2
L2(@
;R3)

i
; 8yh 2 A�h:

We recall the operator � : R3�3 ! fF0; F1g de�ned by (17). We then have
the following extension to Theorem 4.3.

Theorem 5.4 We haveZ



kryh(x) ��(ryh(x))k
2
dx � C

h
E(yh)

1

2 + E(yh) + ky� � y�hkL2(@
;R3)

i
;

for all yh 2 A�h.

We recall that ~�! is the average of � on !. We can then obtain the following
extension of Theorem 4.4.

Theorem 5.5 For any Lipschitz domain ! � 
 and any � > 0 there exists a
positive constant C = C(!; �), independent of h, such that

meas
�
! � f!0�(yh) [ !1�(yh)g

�
� C

h
E(yh)

1

2 + E(yh) + ky� � y�hkL2(@
;R3)

i
;

for all yh 2 A�h and

�����
meas!0�(yh)

meas!
� (1� ~�!)

�����+
�����
meas!1�(yh)

meas!
� ~�!

�����
� C

h
E(yh)

1

8 + E(yh) + ky� � y�hk
1

4

L2(@
;R3) + ky� � y�hkL2(@
;R3)

i
;

for all yh 2 A�h.
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We next give the following extension of Theorem 4.5 for admissible �nite
element deformations.

Theorem 5.6 We have����
Z



ff (x;ryh(x))� [(1� �(x))f(x; F0) + �(x)f(x; F1)]g dx

����
� CkfkV

h
E(yh)

1

4 + E(yh)
1

2 + ky� � y�hk
1

2

L2(@
;R3) + ky� � y�hkL2(@
;R3)

i

(26)

for all yh 2 A�h and all f 2 V.

We have that ry� = F0 + �a 
 n 2 L1(
;R3 ) since � 2 L1(
): It then
follows from well-known estimates for the interpolation error [11, 26] that

ky� � y�hkL1(@
;R3) � Ch ky�kW 1;1(@
;R3) :

In what follows we shall use the result that y�h 2 A�h, 0 < h � h0, satis�es
the condition

ky� � y�hkL2(@
;R3) � Ch: (27)

We can now substitute (22) and (27) into the theorems given in this sec-
tion to obtain the following error estimates for quasi-optimal �nite element
deformations yh 2 A�h.

Corollary 5.1 We haveZ



j[ryh(x) �ry�(x)]wj
2
dx � Ch

1

4

for any w 2 R3 such that w � n = 1 and jwj = 1, and for any yh 2 A�h that
satis�es the quasi-optimality condition (24).

Corollary 5.2 We haveZ



jyh(x)� y�(x)j
2 dx � Ch

1

4

for any yh 2 A�h that satis�es the quasi-optimality condition (24).

Corollary 5.3 We haveZ



kryh(x)��(ryh(x))k
2
dx � Ch

1

4

for any yh 2 A�h that satis�es the quasi-optimality condition (24).
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Corollary 5.4 For any Lipschitz domain ! � 
 and any � > 0 there exists a
positive constant C = C(!; �), independent of h, such that

meas
�
! �

�
!0�(yh) [ !1�(yh)

	�
� Ch

1

4

and

�����
meas!0�(yh)

meas!
� (1� ~�!)

�����+
�����
meas!1�(yh)

meas!
� ~�!

����� � Ch
1

16

for any yh 2 A�h that satis�es the quasi-optimality condition (24).

Corollary 5.5 We have

����
Z



ff (x;ryh(x)) � [(1� �(x))f(x; F0) + �(x)f(x; F1)]g dx

���� � CkfkVh
1

8

for any f 2 V and any yh 2 A�h that satis�es the quasi-optimality condition
(24).

5.1 Nonconforming elements

Continuous �nite element spaces e�ectively approximate microstructure with
layers that are parallel to the planes across which the �nite element deforma-
tion gradients can be discontinuous, but they have di�culty approximating
microstructure on the scale of the mesh when the layers are not oriented with
respect to the mesh. Computational experiments with the continuous, piece-
wise linear element for a two-dimensional model have shown that numerical
solutions for microstructure given by conforming spaces can have a layer thick-
ness that is large compared to the grid if the layers are not oriented with respect
to the mesh [12,24].

Since nonconforming �nite element approximations are not required to be
globally continuous [11, 26], it is reasonable to think that they would be able
to give a more accurate approximation to �ne-scale microstructure when the
microstructure is not aligned with the mesh [24]. We have demonstrated that
all the estimates obtained in this section hold for the nonconforming element
analyzed in [22].

Another promising approach has been to relax the constraints of continu-
ous �nite elements by using reduced integration on bilinear �nite elements [14].
The theory given in x4 has been utilized in [13] to obtain results for the reduced
integration approximation that are similar to those given in this section.
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