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The elastic energy density in the geometrically nolinear theory of martensite is
minimized on multiple, rotationally invariant energy wells. For such energy densi-
ties, the gradients of energy-minimizing sequences can oscillate between the energy
wells to approach the lowest energy. In this paper, we describe a stability theory
for this microstructure, and we apply this stability theory to the finite element
approximation of microstructure.

1 Introduction

Martensitic crystals are crystals which can undergo a phase transformation
from a high temperature, solid phase (austenite) to a low temperature, less
symmetric solid phase (martensite). This transformation is utilized in many
new technologies that are based on the “shape-memory” property [28].

A geometrically nonlinear elasticity theory for the equilibrium configura-
tion of martensitic crystals has been given by [3,4,15-17,19]. In this theory,
an energy-minimizing deformation is an equilibrium configuration of the crys-
tal. However, the elastic energy density for a martensitic crystal has multiple,
symmetry-related, rotationally invariant energy wells. For some boundary con-
ditions, the deformation can only attain the minimum energy by the oscillation
of its gradient between the energy wells on an infinitesimal scale.

We shall give a brief survey of this theory in §2 and §3 below. We refer
the reader to [24] for a comprehensive introduction to the geometrically non-
linear theory of martensitic crystals, to microstructure, and to its numerical
approximation.

In §4, we give a survey of the basic results on the stability of martensitic mi-
crostructure, and in §5 we give applications of this theory to the finite element
approximation of martensitic microstructure. More detailed treatments and
full proofs of the results are given in [7,20-23]. An analysis of the stability and
numerical approximation of microstructure in micromagnetics is given in [25].
Related results on the approximation of nonconvex variational problems can
be found in [8,9,18,27].



2 The Geometrically Nonlinear Theory of Martensite

For a given martensitic crystal, we denote by  the reference configuration
which is taken to be the homogeneous austenitic state at the transformation
temperature. We assume that Q C R? is a connected, bounded, open set with
a Lipschitz continuous boundary. We also denote the elastic energy density of
the crystal at a fixed temperature below the transformation temperature by
the continuous function ¢ : R3*® — R where R>*3 denotes the set of all 3 x 3
real matrices. The elastic energy of a deformation y : O — R? is given by

E(y) = / B(Vy(2)) d, (1)

where Vy : © — R3*3 is the deformation gradient. We define the set of
deformations of finite energy by

W? = {y € C(Q;R?) : /Qd)(Vy(:r))da: < oo}. (2)
The elastic energy density attains its minimum value (below the transfor-
mation temperature) on a set
U =S0(3)U; U---USO(3)Un, (3)
where SO(3) is the group of proper rotations defined by
SO3) ={Q e R¥? . Q" =@ and detQ =1},

and where the symmetry-related matrices, Uy,--- ,Upn, for N > 1, represent
the martensitic variants. The martensitic variants Uy, - - - , Uy are linear trans-
formations which transform the lattice of the austenitic phase into the lattice
of the martensitic phase.

Thus, we have (after adding a constant to the energy density) that

$(F) >0, VFeR>3,
¢(F) =0 ifandonlyif F el =SO(3)U;U---USO(3)Ux.

We shall also assume that the energy density ¢ grows quadratically away from
the energy wells, that is,

¢(F) 2 6|F —a(F)|?,  VFeR™, (4)

where k > 0 is a constant and 7 : R3*3 — I/ is a Borel measurable projection
defined by

|F — n(F)|| = min ||F — G||, VFeR>.
GeUu
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In the above and in the following we use the matrix norm defined by

3
|F||* = trace (FTF) = Y  F%,  VF=(F;)€R>.
ij=1
We have given an analysis of the stability of microstructure and of its
numerical approximation for the following three phase transformations.

2.1 The Orthorhombic to Monoclinic Transformation

We first gave a stability analysis and numerical analysis of the approximation of
the martensitic microstructure for the orthorhombic to monoclinic transforma-
tion [23]. The orthorhombic to monoclinic transformation has two rotationally
invariant energy wells (N = 2). The energy wells for an orthorhombic to
monoclinic transformation are determined by the martensitic variants

U1 = (I+7762 ®€1)D, UQ = ([— nes (9 61)D, (5)

where I is the identity transformation from R® to R®, n > 0 is a material
parameter, {e,es,e3} is an orthonormal basis for R*, and D is a diagonal,
positive definite, linear transformation given by

D =die; ®e; + dres ® ey +dzes ®es

for some dy,dy,ds > 0. We recall that the tensor a ® n for a,n € R® defines
the linear transformation (a ® n)v = (n - v)a for v € R3.

2.2  The Cubic to Tetragonal Transformation

We next gave an analysis of stability and numerical approximation for the cubic
to tetragonal transformation [21]. The cubic to tetragonal transformation has
three rotationally invariant energy wells (N = 3). We note that the analysis of
the stability of microstructure becomes more difficult as the number of energy
wells increases since additional wells give the crystal additional freedom to
deform without the cost of additional energy. We also note that although it can
be shown that all problems with two rotationally invariant energy wells with
a rank-one connection (see below) are equivalent [3], the analysis of the cubic
to tetragonal transformation must utilize the specific form of the martensitic
variants U1, UQ, Us.

The energy wells for a cubic to tetragonal transformation are determined
by the martensitic variants

Ur=mI+(n—mer e, Uy =mI+ (2 —m)es ® ey,
Us =mI+ (2 —m)es ® es, (6)
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where 7, > 0 and 72 > 0 are material parameters such that 71 # 12, and
{e1,e2,e3} is again an orthonormal basis for R3.

2.3 The Cubic to Orthorhombic Transformation

We have recently extended our stability analysis to the cubic to orthorhom-
bic transformation [7]. The fact that the energy density for the cubic to or-
thorhombic transformation has six wells (N = 6) makes this problem signif-
icantly more difficult than the cubic to tetragonal transformation which has
three wells (N = 3).

The uniqueness of the microstructure for the cubic to orthorhombic trans-
formation, which had been an open problem, is a consequence of this stability
analysis. This analysis also gives some rigorous justification for the assump-
tion made by all of the analytical and computational research on the Chu-
James experiment that the deformation gradient takes values in only two of
the wells [1,2,10].

The six transformation matrices are given by [4,5,10]

¢00 C0 0
U1: Of"? ; UZZ 06_77 ’
0né 0-n &
§0n § 0—-n
Us=10¢0], Us=|0¢0], (7)
no0¢ -n0 ¢
En0 § -n0
Us=1|n&0], Us=|-n £ 0
00¢ 0 0¢

The material parameters &, 7, and ( are defined by

_a+t+y _a— .
E_ 2 ) 77— 2 ) C_/87

where a, 3, and 7 are the transformation strains, that is, the principal strains
of a linear transformation that transforms the cubic lattice to the orthorhombic
lattice. We can assume without loss of generality that

n >0, £>m, ¢>0. (8)

We can assume the first one by renumbering the variants if necessary and the
last two by the requirement that a transformation matrix is always symmetric
positive definite.



3 Microstructure

We call two matrices rank-one connected if their difference is a rank-one matrix.
The classical Hadamard compatibility condition states that, given a plane with
unit normal n and two distinct constant matrices Fy, Fy € R**3 there exists
a continuous deformation y : R* — R? such that Vy takes the value Fy on one
side of the plane and F; on the other side if and only if F and F} are rank-one
connected as

Fl—F0:a®n (9)

for some non-zero vector a € R3.

We next present a lemma that classifies all possible simple laminates
formed by pairs of variants up to multiplication of rotations for the martensitic
crystals in our discussion [3,4,6,7,10,24]. The lemma states that there is no
rank-one connection between SO(3)U; and itself; and that for any 4,7, i # j,
there are exactly two rank-one connections between SO(3)U; and SO(3)U;.

Lemma 3.1 The following result holds for the orthorhombic to monoclinic
transformation (5), the cubic to tetragonal transformation (6), and the cubic
to orthorhombic transformation (7).

(1) For each i, there do not exist matrices RiU; and RoU; with distinct
R, Ry € SO(3) that are rank-one connected.

(2) For any i,j, i # j, there are exactly two distinct Q € SO(3) such that

QUi—Uj:a®n

for some a,n € R®,|n| = 1, respectively. In this case, we also have for any
A€ (0,1) that

AQU; + (1= \U; ¢ SOB3)UL U+~ U SO(3)Ux. (10)

If Fy and Fy are rank-one connected as in (9), then we can construct a
continuous deformation having parallel planar interfaces

Si={reQ:z -n=s;}

for s1 < --+ < sy, with the same normal n separating the layers in which the
deformation gradient alternates between Fy and Fj by

w(z) = Fox + me(s) ds} a, (1)
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where x(s) : R = R is the characteristic function

(s) = 0if z € (s91, S2141) for 0 < 21 < m where [ € Z,
X\8) = 1if x € (so141,82+2) for 1 <214+ 1 < m where !l € Z,

where we take s = —oo and s,,+1 = oo. This deformation satisfies the property
that

Fp for all z such that x(z -n) =0,

Vu(r) =Fo+x(z-njaon = {Fl for all  such that x(z -n)=1.

Deformations w(x) of the form (11) with layer thickness s;11 — s; small for
i =1,...,m are the simplest examples of microstructure.

In this paper, we consider the minimization of the elastic energy (1) with
respect to deformations y € W1°°(Q;R*) which are constrained by y(z) =
ya(z) for x € 0N where [21]

yr(z) = Fox + l(z)a, x €,
Vi(z) = AMz)n a.e. x€Q, (12)

and where [ € WH>(Q) and A € L>(Q) satisfies 0 < A(z) < 1. Our energy
minimization problem is to minimize the energy (1) in the set of admissible
deformations defined by

Wy (R = {y € WHe(Q;R®) - y = y on 90} .
We note that
Vyr(z) = Fy + AMz)a ® n,
so by (10) we have that
¢ (Vyx(z)) >0 for all z such that 0 < A(z) < 1.
Hence, we have that
E(yr) >0

if meas{z € Q:0< A(z) <1} > 0.
A special case of (12) is given by

(@) = Fox + Mn As)ds + c} 0, zeq (13)
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for some ¢ € R® where A(z) = A(z - n) for A(s) € L®(R). If yx(x) has the
form (13), then we show in [21] that there exist a family of deformations
Uy € Wi’oo(ﬂ; R?), v € (0,7], for any fixed vy > 0, such that

lim € () = 0. (14)

v—0

The family of deformations i, € Wi’oo(Q;]R3) can be constructed to have
the form (11) in the interior of Q with layer thickness s;+1 — s; = O(y) as
v — 0. The value of the deformations @, € W,"*°(Q; R?) in a boundary layer
of thickness O(y) as v — 0 is defined by interpolation to ensure that the
boundary conditions are satisfied [21].

Even though we can construct deformations y € W; °°(Q; R?) with energy
arbitrarily close to the mininum, we prove in [21] that there does not exist
y € W, *°(Q; R®) such that £(y) = 0 if

meas {x € Q: 0 < A(z-n) <1} > 0. (15)

The results in the following section demonstrate the the gradients of energy-
minimizing sequences of deformations must oscillate between the energy wells
with a length scale which converges to zero.

4 The Stability of Microstructure

The results in this section hold for the orthorhombic to monoclinic transfor-
mation [21,23],the cubic to tetragonal transformation [20,21], and the cubic
to orthorhombic transformation [7].

The first step in proving the stability of microstructure is the following
theorem that gives an error bound for the L? approximation of the directional
derivative of the limiting macroscopic deformation y, in any direction tangen-
tial to parallel layers of the laminate.

Theorem 4.1 There exists a constant C > 0 such that

[I9@ - V@)l o <0 [t 4] we =@,
Q
(16)
for all w € R® satisfying w-n =0 and |w| = 1.
The next result gives an error bound for the L? approximation of the limit-

ing macroscopic deformation yy by admissible deformations y € W, (Q; R?).
It follows directly from (16) and Poincaré’s inequality.
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Theorem 4.2 There exists a constant C > 0 such that
[ v —n@P e <cfswt ], vewiT @),

We next give a result shows that the gradient of a low energy deforma-
tion must oscillate between Fy and Fj. To describe the result, we define the
projection operator 5 : R3*3 — Uy Ul by

|F — m12(F) min [|[F =G|, VFeR>®
U U U

|| :GE 1U

We also define the operators © : R3*3 — SO(3) and II : R**® — {Fp, Fy} by
the relation

ma(F) = O(F)II(F), VF € R¥*3, (17)

We can now give an estimate for the difference between Vy(z) and II(Vy(zx)).
Theorem 4.3 There ezists a constant C' > 0 such that

L I99@) - @@ de < € e} +Ew)] . e @E),

We next give an estimate for the approximation of volume fractions. Our
estimate states that for any energy minimizing sequence {y;} in Wi (3 R3)
and for almost all z € , the volume fraction that Vyi(z) is near Fy converges
to 1 — A(z) and the volume fraction that Vy(z) is near Fi converges to A(z).

To state this result, for any subset w C Q, p > 0, and y € W™ (Q; R?),
we define the sets

wp(y) ={z € w:(Vy(z)) = Fy and ||Fy — Vy(a)|| < p},
wp(y) ={z € w:T(Vy(z)) = F1 and ||}y — Vy(2)|| < p}

and the mean value of A on w by

- 1
>\w = / )\(ZE) dx.
measw J,

Theorem 4.4 For any Lipschitz domain w C Q and any p > 0 there exists a
positive constant C' such that

meas (w — {wh(y) Uwp(v)}) < C [E)F + ()], (18)
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for all y € W™ (Q; R®) and

—(-A)|+

‘ meas w) (y) -

‘ meas w) (y) %

meas w meas w
for all y € W™ (Q; R?).

Our final result describes the convergence of nonlinear integrals of Vy(z).
We define V to be the Sobolev space of all functions f € L? (Q x R**3) such
that

2
115 = [ [esssup IV Pl| do 4 16/ ynogy <0 (20
Q FER3X3
where
Gy(x) = f(z,F1) — f(=, Fp), z € Q.

Since thermodynamic variables such as the energy density and stress are non-
linear functions of Vy(z), the following lemma allows us to define macroscopic
or average values of the thermodynamics variables to deformations with mi-
crostructure.

Theorem 4.5 There exists a constant C > 0 such that

[ o A (@, Vy(@) = [(1 = X@) (2, Fo) + A() f(w, FL)]} da
<Clflv [ +EW], WeWIT (R, ¥fev. (1)

This result (21) and the previous result (18) demonstrate that Vy(z) con-
verges to (1 — A(z))dr, + AM(x)dF, in the sense of the Young measure [4, 24].

5 The Finite Element Approximation of Microstructure

We shall assume in what follows that the reference configuration Q C R® is
a polyhedral domain. For a fixed positive maximal mesh diameter hq, let 7,
0 < h < hg, be a family of quasi-regular tetrahedral finite element meshes of Q,
such that Q = Urer, T, where h is the maximum diameter of any tetrahedron
T in the mesh 7. For simplicity, let Ap, 0 < h < hg, be the correspond-
ing family of piecewise linear, continuous finite element spaces with respect to
the mesh 75, [11,26]. Deformations with microstructure are typically approxi-
mately piecewise linear, so the use of piecewise linear elements is a good choice
of finite element space for the approximation of deformations with fine-scale
microstructure.



We define the interpolation operator Z, : C'(Q;R®) — A for each h €
(0, ho] to be the operator which interpolates the values at the vertices of
the tetrahedral elements T' of 7,. We approximate the boundary data y) €
W1 (Q; R?), given in (13), by defining the finite element deformation gy, €
Ap by

Uan = Znyr(z), x e .

We can then define the finite element space of admissible deformations

Axn = {yn € An 1 yn(z) = yan(z), Vo € 0Q} .

We note that if A(z) is independent of z, then Ay, C W,"™°(Q;R?), but oth-
erwise Ay, ¢ W™ (Q;R3).

In §4, we gave various bounds for the approximation of the microstructure
in terms of the elastic energy £. Thus, to analyze the approximation of the
microstructure by the finite element method, we need the following result on
the minimization of the elastic energy £ on the space Ajxp,.

Theorem 5.1 There exists yn, € Axp for each h € (0, ho] such that

E(yn) = min E(zn) < ChY2. (22)

ZhEANR

If A(z) is independent of x so that Ay, C Wy ™°(Q;R?), then the result (22)
can be used with the stability results in the previous section to immediately
derive estimates for the finite element approximation of microstructure. We
shall give results below for the more general case when A(z) is dependent on
z and Ay, ¢ Wy (Q; R?).

There are local minima for the problem

inf & 23
oof £(yn) (23)

which are approximations on different length scales to the same optimal mi-
crostructure [24]. In fact, the number of local minima of the problem (23)
grows arbitrarily large as the mesh size h — 0. For this reason, we give error
estimates for finite element deformations y, € Ay, that satisfy the quasi-
optimality condition

E(yn) <a_inf  E(zn) (24)

2n €EANR

for some constant a > 1 independent of h.
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The following estimates for the finite element approximation of the defor-
mation y, by deformations y, € Ay, are similar to those for the deformations
y € Wi’oo(ﬂ; R3) in the previous section, but additional terms are needed to
account for the fact that Ay, ¢ Wy ™ (Q;R?).

Theorem 5.2 We have for any w € R® such that w-n =0 and |w| =1 that
L 119m@) = T @]l do < € (£ + ) + s~ vanllonsen)
(25)

for all y, € Axp.
Theorem 5.3 We have

[ @) =@ de <€ [ + )]
+ [||Z/>\ = Ul (aqims) + lyx — yxh“i%{m;RS)} » o Yyn € Axpe

We recall the operator II : R®*® — {Fp, F1 } defined by (17). We then have
the following extension to Theorem 4.3.

Theorem 5.4 We have
/Q IVyn(z) — I(Vyn(@)||* dz < C [S(yh)% + E(n) + lyx — vanllrzp0ms | >

for all y, € Axp.

We recall that A, is the average of A on w. We can then obtain the following
extension of Theorem 4.4.

Theorem 5.5 For any Lipschitz domain w C Q and any p > 0 there exists a
positive constant C = C(w, p), independent of h, such that

meas (w0 — {w3(un) Uwb())) < C [E@n)* +E@n) + o = paallsooms]

for all y, € Axp and

—(-A)|+

‘ meas w9 (y) -
w

‘ meas w) (yn) 5

meas w meas w

1
S C [S(yh)% + g(yh) + ||y)\ - y)\h||z2(39;R3) + ||y)\ - y)\h||L2(aQ;R3)] )
for all y, € Axp-
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We next give the following extension of Theorem 4.5 for admissible finite
element deformations.

Theorem 5.6 We have

‘/Q {1 (2, Vyn(z)) = [(1 = X)) f (z, Fo) + M) f (z, F1)]} dx

1
< CIIIY [E@n)* + Ewn)® + llyn = yanllia sy + 193 = vrnllizonms) |
(26)

for all yn, € Axp, and all f € V.
We have that Vyy = Fy + Aa ®n € L®(Q;R?) since A € L>®(Q). It then
follows from well-known estimates for the interpolation error [11,26] that

llyx — yAh||L°°(BQ;R3) <Ch ||Z/A||W1,oo(aQ;R3) :

In what follows we shall use the result that yy, € Aap, 0 < h < hg, satisfies
the condition

||Z/}\ - y)\hHLz(aQ;Rs) < Ch. (27)

We can now substitute (22) and (27) into the theorems given in this sec-
tion to obtain the following error estimates for quasi-optimal finite element
deformations yp € Axp.

Corollary 5.1 We have
/ [Vyn(z) — Vya(2)] w|® de < Chi
Q
for any w € R® such that w-n =1 and |w| = 1, and for any yn € Axn that

satisfies the quasi-optimality condition (24).
Corollary 5.2 We have

/ lyn(z) — ya(2)|* dz < Chi
Q

for any yn, € Ay that satisfies the quasi-optimality condition (24).
Corollary 5.3 We have

19 (@) ~ T )] do < O
Q
for any yn, € Ay that satisfies the quasi-optimality condition (24).
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Corollary 5.4 For any Lipschitz domain w C 0 and any p > 0 there ezists a
positive constant C = C(w, p), independent of h, such that

meas (w — {wg(yh) U w;(yh)}) < Chs

and

—(1-X)|+ ~A| < Chis
meas w

meas w) (yn) -
meas w

‘ meas w (Yn)

for any yn € Axp that satisfies the quasi-optimality condition (24).
Corollary 5.5 We have

< C|Ifllvh®

/Q { (@, V(@) — [(1 - A@) f(@, Fo) + M) f(z, FL)]} de

for any f €V and any yn € Axn that satisfies the quasi-optimality condition
(24).

5.1 Nonconforming elements

Continuous finite element spaces effectively approximate microstructure with
layers that are parallel to the planes across which the finite element deforma-
tion gradients can be discontinuous, but they have difficulty approximating
microstructure on the scale of the mesh when the layers are not oriented with
respect to the mesh. Computational experiments with the continuous, piece-
wise linear element for a two-dimensional model have shown that numerical
solutions for microstructure given by conforming spaces can have a layer thick-
ness that is large compared to the grid if the layers are not oriented with respect
to the mesh [12,24].

Since nonconforming finite element approximations are not required to be
globally continuous [11,26], it is reasonable to think that they would be able
to give a more accurate approximation to fine-scale microstructure when the
microstructure is not aligned with the mesh [24]. We have demonstrated that
all the estimates obtained in this section hold for the nonconforming element
analyzed in [22].

Another promising approach has been to relax the constraints of continu-
ous finite elements by using reduced integration on bilinear finite elements [14].
The theory given in §4 has been utilized in [13] to obtain results for the reduced
integration approximation that are similar to those given in this section.
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