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STABILITY OF MICROSTRUCTURES FOR SOME MARTENSITIC
TRANSFORMATIONS

YALCHIN EFENDIEV AND MITCHELL LUSKIN

ABSTRACT. We analyze the stability of laminated microstructure for martensitic crystals that undergo
cubic to trigonal, orthorhombic to triclinic, and trigonal to monoclinic transformations. We show that
the microstructure is unique and stable for all laminates except when the lattice parameters satisfy
certain identities.

1. INTRODUCTION

Martensitic crystals form microstructures that mix multiple symmetry-related variants. In the geo-
metrically nonlinear theory of martensite [1-5], the free energy density of the crystal is minimized on
the energy wells representing the martensitic variants. It follows as a consequence of this theory that
energy-minimizing deformations for a large class of boundary conditions must have a microstructure
with an infinitesimal length scale [1 4].

We have developed an analysis to determine what quantities remain stable for deformations of low
energy that satisfy boundary conditions compatible with a simple laminate [4,6-9]. We have used this
analysis to study the orthorhombic to monoclinic transformation (two-well) [6], the cubic to tetrag-
onal transformation (three-well) [7], the cubic to orthorhombic transformation (six-well) [8], and the
tetragonal to monoclinic transformation (four-well) [9]. The analysis of the stability of microstructures
becomes more difficult for transformations with a larger number of variants (or for transformations with
a greater change of symmetry) because the existence of the additional energy-minimizing variants gives
the crystal more freedom to deform without increasing the energy. In fact, we have shown that the
simply laminated microstructure is not stable for some lattice parameters for some transformations.

In this work, we study the stability of laminated microstructures of martensitic crystals that can
undergo cubic to trigonal, orthorhombic to triclinic, and trigonal to monoclinic transformations. For
the cubic to trigonal and orthorhombic to triclinic transformations there are four symmetry-related
transformation strains, and for the trigonal to monoclinic transformation there are three symmetry-
related transformations strains.

We first used our theory to study the stability of microstructure in ferromagnetic crystals [10]. Our
theory can be directly applied to the analysis of conforming finite element approximations of laminated
microstructure [4,6-9]. Our theory has also been extended to the analysis of laminates with varying
volume fraction [11] and nonconforming finite element approximations [12]. Related results on the
numerical analysis of nonconvex variational problems can be found, for example, in [13-21].

The paper is organized as follows. In Section 2, we describe the geometrically nonlinear theory of
martensite. We refer the reader to [1,2] and to the introductory article by [4] for a more detailed
discussion of the geometrically nonlinear theory of martensite. In Section 3, we present some useful
definitions and the results from [8,22] which allow us to reduce the multi-well problem to a mixture of
two strains.
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In Sections 4 6, the transformation strains and possible interfaces for cubic to trigonal, orthorhombic
to triclinic transformation and for trigonal to monoclinic transformation are presented. If the lattice
parameters do not satisfy certain identities, we give bounds on the volume fraction of the variants that
do not participate in the laminate. If the lattice parameters do satisfy these identities, we are able
in these cases to show that the microstructure is not stable. These estimates are used in Section 7 to
establish a series of error bounds in terms of the elastic energy of the deformations for the for the L2
approximation of the limiting macroscopic deformation, for the approximation of volume fractions of
the participating martensitic variants, and for the approximation of nonlinear integrals of deformation
gradients. The calculations in Sections 4—6 are performed using Mathematica [23].

2. THE CONTINUUM MODEL

We take the reference configuration @ C R? to be the austenite phase of the crystal and assume
that Q is a bounded domain with a Lipschitz continuous boundary 992. We denote deformations of the
austenitic phase by functions y :  — R3 and corresponding deformation gradients by Vy :  — R3*3
where R3*2 denotes the set of all 3 x 3 real matrices.

We consider the variational problem to minimize the Helmholtz free energy

Ey) = /Q $(Vy(a)) da

over an admissible class A of deformations, where ¢ : R3*3 — R is the free energy density per unit
volume of the reference configuration of the crystal at a fixed temperature below the transformation
temperature.

We assume that the free energy density is frame-indifferent, that is, rigid body rotations of the
reference configuration do not affect the free energy density

H(RF) = ¢(F)  for all F € R¥*3 and R € SO(3), (2.1)
and that the free energy reflects the symmetry of the austenite phase, so that
H(RTFR;) = ¢(F)  for all F € R®* and R; € G, (2.2)

where G is the symmetry group of the austenite.

A transformation (Bain) strain is a positive definite matrix U; € R3*® which minimizes the free
energy density and satisfies

RI'U\R, = Uy (2.3)
for some of R; belonging to the symmetry group of the austenite phase. Those R; for which (2.3) holds
form the symmetry group of the martensite group. It follows from the symmetry (2.2) of the energy
density that the energy density has local minima at the set of variants U;, (i = 1,...,n) defined by
{RTU\R; :Ri € G} ={Uy,...,U, }.
Tt also follows by the frame-indifference (2.1) of the energy density that the energy density is minimized
on the union U = U1 |J- - - |JUp, of the n energy wells
U; =SOB)U; = {RU; : R €S0O(3) } fori=1,...,n.

By adding a constant, we assume that the minimum value of ¢ is 0. Finally, we assume the following
two conditions about the free energy ¢ :

(1) We assume that ¢(F') is continuous and satisfies the growth condition for F' near U given by
H(F) > k||F —n(F)||*>  forall F € R3*3, (2.4)
where x > 0 is a constant and 7 : R3*3 — If is a projection defined by
|F — m(F)]| :glelEHF—GH for all F' € R**3,

Such a projection exists for any F' € R3*3 since the set U/ is compact, although it generally will
not be unique.
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(2) We also assume that the free energy density ¢(F) satisfies the growth condition for large F'
given by
G(F) > C1|FIIP —Co  for all F € R3*3,

where Cy and C are positive constants independent of F' € R3*3 and where we assume p > 3 to
ensure that deformations with finite energy are uniformly continuous [24]. We can then denote
the set of deformations of finite energy by

W = {y € CUR): /qu(wu)) dr < 0o},

and we can define the set A of admissible deformations as

A={yeW?:y(z) =yo(z) for all z € IN}. (2.5)
In this work we are interested in a simple laminate. For fixed i,7 € {1,...,n} with ¢ # j, we suppose
that the interface equation

is satisfied for some Q € SO(3), a € R3, and n € R® with a, n # 0. Here the tensor product is defined
by v®w = v;w;. In this case, we say that the energy wells U/; and U; are rank-one connected. Denoting

FA:)\QUZ'-{—(I*)\)UJ':U]'-{—)\CL@TL (2.7)
for any fixed A € (0,1), we define the boundary conditions in (2.5) to be
yo(z) = Fhe  for all z € Q.

The following lemma can be proven by constructing laminates with length scale converging to zero
whose deformation gradients oscillate with volume fraction A at QU; and 1 — X at U; [4,16].

Lemma 2.1. Let A be defined as in (2.5) with boundary conditions given by (2). Then the total energy
E(y) satisfies

inf =0.
Jnf E(y) =0

3. REDUCTION TO THE APPROXIMATE MIXTURE OF TWO STRAINS

In this section, we define the volume fraction of the martensitic phase and present the main lemma
used in the paper. For each phase k € {1, ...,n} and each y € A, we define

Q(y) ={z € Q:n(Vy(z)) € Uy }

and the volume fraction with respect to the k-th energy well U to be

_ meas Q(y)
me(y) = meas )
Since every x € Q is in Qi (y) for some k € {1, ...,n}, we have that

ZTk(U) =1 for all y € A.
k=1

It follows from the rank-one connection (2.6) and and the definition of F) (2.7) that
Fyx=2QUi+ (1= NU; =U; + da®@n =U;(I + \U; 'a®n).
We thus have the identity
Fyw=QUw = Ujw for all w € R3, w-n =0, (3.1)

so we have that
|FAw| = |Uw| = |Ujw| for all w € R®, w-n = 0. (3.2)
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Identities similar to (3.1) and (3.2) hold for the cofactors of U;, U; and Fy. Recall that the cofactor
of a nonsingular A € R3*3 is defined by Cof A = (det A)A~T. Since det(QU;) = detU; > 0, we have
that Uj*la -n =0, and hence,

Cof Fy = (Cof U;) (I — An®@U; ). (3.3)
We then obtain from (3.3) that
(Cof Fy)w = Q(Cof U)w = (Cof Uj)w ~ for all w € R®, w-U; 'a =0,
SO
|(Cof Fy)w| = |(Cof U;)w| = |(Cof Uj)w| for all w € R®, w - U;la =0.

We also recall that since the subdeterminant of the gradient is a null-Lagrangian [25], we have for

y € A that
/ Vy(z)dz = / F dx,
Q Q

/Cony(a:)dx:/CofFAdz.
Q Q

Finally, it follows from (2.4) that
/ IVy(@) — 7 (Vy@)|? do < kE(y)  forall y € A.
Q

The following result is proved in [22]. In the estimates below, C' will denote a generic positive
constant that is independent of y € A.
Lemma 3.1. Given i,j € {1,...,n}, Q € SO(3), and a, n € R3, a, n # 0 satisfying the interface
equation (2.6), there exists a constant C' > 0 such that for any y € A

prysw) = > () (IViw]® = [Ukw]?)
k#i,j
< CE(y)Y? forallw e R3, jw| =1, w-n=0,

pa(y;w) = Y 7(y) [| Cof (Ui)w|* — |(Cof Uy)w|’]
oy

<C [E(y)l/z +5(y)] forallw € R3, |w| =1, w- Ujfla =0.

Using Lemma 3.1 we will establish the following inequality for all lattice parameters not satisfying
certain identities:

() < C[EWY2+E@)]  forall ke {1,...,n}\{i,j} and all y € A (3.4)

We will show in Section 7 that the stability of the microstructure for a laminate follows from the
inequality (3.4). The conditions on the lattice parameters under which the inequality (3.4) cannot be
established will be derived for several phase transformations in the following sections. The uniqueness
or nonuniqueness of the Young measures associated with energy minimizing sequences of deformations
follows from the stability or instability of the microstructure.

The following lemma (which is a special case of Proposition 2.2 in [26]) will be used to construct
rank-one connections. This lemma can be verified by direct substitution into the interface equation. In
what follows, we denote the rotation of 6 radians about the nonzero vector m by R(6,m).

Lemma 3.2. Assume that U;, U; € R3*3 are positive definite and symmetric and that there exists a
unit vector m € R, and a rotation R(w,m) € G such that

Ui = R(m,m)TU;R(m, m). (3.5)
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Then there exist exactly two solutions to the interface equation (2.6), up to the scaling of a and n by
any nonzero constant p € R, given by

0L—g ﬂ—U-m n=pm Q = R(m,U; *n)R(m, m)
_p |Uj71m|2 j ) =pm, = » Y ) )

v 2 (1 Ui Q = R(r.a)R(x.m)
a=pU;m, n==-|m-—-—1, = R(m,a)R(m,m).
o\ e
4. THE STABILITY OF THE SIMPLE LAMINATE FOR THE CUBIC TO TRIGONAL PHASE
TRANSFORMATION

The symmetry group of the cubic (high temperature) phase G = { Ry, ..., Ra4 } is given by the group
of matrices
R, = (—1)1)(1)67,(1) ®el+ (—1)v(2)€,r(2) ® ey + (—1)v(3)6ﬁ(3) R es,
where v : {1,2,3} — {0,1}; 7 : {1,2,3} — {1,2,3} is a permutation and {ej, e, e3} is an orthonormal
basis of R3. We assume that {ej, ez, e3} is an orthonormal basis of R3. The variants of the trigonal
phase are described solely by the trigonal angle ¥, 0 < 9 < 4?7“, [27]:

m n2 12 mo —n2 12 mn n2  —N2
Ui=|n m m|,U=|-12 m -n2|,Us=1m m -,
2 M2 L2 —N2 M =72 N2 M
T —n2 —T72
Us={-m12 m n2 |,
=72 72 m

v;here m = (V/1+2cos(¥) +24/1 —cos(¢))/3 and nz = (1/1 + 2cos(¥) — /1 — cos())/3. Tt follows
that

m >0, m2>0 and m>n2>—%. (4.1)
A two-fold rotation with axis e where e is a unit vector can be expressed as R(m,e) = —I 4+ 2e ® e.

The following relations can be easily justified:

R(m,e2) Ui R(m, e2) = R(m,eq + e3) Ui R(m,e1 + e3) = Us,

R(m,e3)"UiR(m, e3) = R(m, e1 + e2) Ui R(m, e1 + e3) = Us,

R(m,e1)TUiR(n, e1) = R(m, ea + e3) UL R (7, ea + €3) = Us, (1.2)
R(x,e1)TUsyR(m, e1) = R(r, e3 — e3) Uy R(m, €5 — e3) = Us, '
R(m,e3)TUsR(m,e3) = R(m, e1 — e2) TUsR(m, €1 — €3) = Ul,

R(m,e2)TUsR(m, e3) = R(m, ey — e3)TUsR(m, 1 — e3) = Uy.

Using these relations between the variants of low temperature martensite we can solve the interface
equations (2.6) for each (¢,7) and classify these interfaces.
Lemma 4.1. 1. For each i € {1, ... 4}, the energy well U; is not rank-one connected to itself.

2. For any i,j € {1, ...,4}, with i # j, there are exactly two solutions to the interface equation
(2.6). The classification of the solutions to the interface equation is given in Table 1.

Proof. There do not exist Rg, Ry € SO(3) with Ry # Ry and a, n € R3, a, n # 0 such that [1,4]
Rl = RO +a®@n.

Hence, for each i € {1, ...,4}, the energy well Uf; is not rank-one connected to itself.
Using (4.2) and lemma 3.2, we can obtain the two solutions of the interface equation (2.6). These
solutions are given in Table 1. (Il
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TABLE 1. Classification of the interfaces for the cubic to trigonal transformation.

(7,7) || TYPE OF THE TWIN | INTERFACE NORMAL
(1,2) compound ny = ey
compound ng = e1 + e3
(1,3) compound ny = e3
compound ng = e1 + ea
(1,4) compound ny =e;
compound No = e + €3
(2,3) compound ny = e
compound TNy = ey — €3
(2,4) compound ni = es
compound Ny = e1 — €
(3,4) compound ni = e
compound Ng = e1 — €3

Now we formulate the main theorem of this section that states that (3.4) holds for any simple laminate
for the cubic to trigonal transformation.

Theorem 4.1. Assume that ¢ satisfies (2.1), (2.2), and (2.4), Fy is defined as in (2.7) for any i,j €
{1, ...,4}, with i # j, A € (0,1), and A is defined by (2.5). Then (3.4) holds for all parameters ;.

Proof. All laminates mixing QU; and U; for (4, 7), i,j = 1,2, 3,4, with n = nq can be analyzed identically
by symmetry. Thus, without loss of generality we assume that (i,5) = (1,2) and n = e3. Let £ and
¢ be such that w = (£,0,¢) has unit length. Then p;(y;w) can be evaluated for our choice of w (see
Lemma 3.1),

pr(y; w) = 4ECn2 (N2 + 2m) (73 + 74).
Consequently, if
n2(n2 +2m) # 0,
then we can choose ¢ and ( such that
£¢na(n2 + 2m1) > 0.
Thus, it follows from Lemma 3.1 that
T3+ 74 < CE(Y)'/?,

since n2(n2 + 211) # 0 follows from (4.1).

All possible laminates mixing QU; and Uj for (4,7), i,j = 1,2,3,4, with n = ny can also be analyzed
identically by symmetry. Without loss of generality, we assume that (¢,7) = (1,2) and n = ey + e3.
Choosing w = (1/v/2,0,—1/+/2), we calculate p1(y;w) and pa(y; w) (see Lemma 3.1) to obtain:

p1(y; w) = =2m2(n2 + 2m1) (73 + 1),
p2(y; w) = 2n2(n2 — m)* (2 + 2m) (73 + 74).
Thus, depending on the sign of 72, we can use either p; (y; w) or pa(y; w) to show that
T3+ 11 < C(E(Y) +EW)?)
holds for all possible 77 and 72 since it follows from (4.1) that
N2 +2m # 0,
(n2 —m)*(n2 +2m) # 0.
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TABLE 2. Classification of the interfaces for the orthorhombic to triclinic transformation.

(2,7) | TYPE OF THE TWIN INTERFACE NORMAL
(1, 2) 1 ny = e

11 na = (0,576 + 19471 + Nan2, Natle + N5+ 1573)
(1, 3) 1 ny = ez

II na = (N576 + a1 + Man2,0,74ms + NeN2 + NeN3)
(1, 4) 1 ny =e3

11 na = (Man6 + NsM1 + N57M3, Nans + NeN2 + M673, 0)
(2, 3) I ny = e3

IT ny = (—(nane + nsm1 + NsM3), Nans + NeN2 + N613, 0)
(2, 4) 1 ny = ez

11 ny = (95M6 + Nam + Nan2, 0, —(Nans + Nen2 + NeN3))
(3, 4) 1 ny =ex

1T ny = (0,506 + nam1 + nanz, —(Nane + Nsm1 + Ns103))

5. THE STABILITY OF THE LAMINATE FOR ORTHORHOMBIC TO TRICLINIC PHASE TRANSFORMATIONS

The symmetry group of the orthorhombic (high-temperature) phase is composed of the rotations of
7 radians about an orthogonal set of axes:
G={I,-I+2e1®e1,—]+2eQez,— + 2e3 R e3},

where {e1, 2, €3} is a right-handed orthonormal basis in R®. The variants of the triclinic (low-temperature)
phase are defined as {RTU,R: R € G}:

m MNa 75 m —Na —75 m —Na 75
Uir=|m m n|,Us=|-m m2 m6|,Us=|-ma m2 -—n6f,
s M6 13 L= 76 UR 5 —Me 713

m e —1s
Us={m m -
=5 —MNe N3 |
The condition that the U; are positive definite requires that n; > 0 for i = 1,2,3, mn2 — n3 > 0,
mnz —nz > 0, nanz — ng > 0, and n1nanz — N30T — M2mz — MmnN2 + 2nansne > 0; and the condition that
the U; are distinct requires that n; # 0 for at least two of i = 4,5,6. The following relations between
U; can be readily justified:

RTU,Ry =Us, RIURy=Us, RIUR3=U,,
RTU3R, =Uy, RIUsRy =Us, RIUsR3=Us,

where Ry = —1 + 2e; ® e, Ry = —1 + 265 ® e3, and Rz = —1 4 2e3 ® e3.
Using the relations between the variants of martensite (5.1) and Lemma 3.2 we can solve the interface
equations (2.6) for each (4, ) and classify the interfaces.

(5.1)

Lemma 5.1. 1. For each i € {1, ...,4}, the energy well U; is not rank-one connected to itself.

2. For any i,5 € {1, ...,4}, with i # j, there are exactly two solutions to the interface equation
(2.6). The classification of the solutions to the interface equation is given in the Table 2.

We now give the main theorem of this section.
Theorem 5.1. Assume that ¢ satisfies (2.1), (2.2), and (2.4), Fy is defined as in (2.7) with X € (0, 1),
and A is defined by (2.5).

Case 1A: Suppose (i,7) in the definition of Fy determines twin type I with n = ey. Then (3.4)
holds for all the parameters n;, except those that satisfy

nans + n2me + nens # 0, (5.2)
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in which case (3.4) does not hold for A = 1/2.
Case 1B: Suppose (i,j) in the definition of Fx determines twin type I with n = ey. Then (3.4)
holds for all the parameters n;, except those that satisfy

Nane + Nsm1 + Nsn3 # 0,

in which case (3.4) does not hold for A = 1/2.
Case 1C: Suppose (i,7) in the definition of Fy determine twin type I with n = e3. Then (3.4)
holds for all the parameters n;, except those that satisfy

n5Me + Nany + 12 # 0,

in which case (3.4) does not hold for A =1/2.
Case 2A: Suppose (i,j) in the definition of F determines twin type II with either

n = (0,n5m6 + Nam + 1Nan2, Nane + N511 + 1N573)

or
n = (0,757 + nam + nan2, —(nane + N511 + N573)) -
Then (3.4) holds for all the parameters n;, except those that satisfy

nans(nz +n5 —ng — mn2 — n2nz — mnz) +ne (NG (ns —m) +n3(n2 — m) + (2 +n3)) #0.  (5.3)

in which case (3.4) does not hold for A = 1/2.
Case 2B: Suppose (i,7) in the definition of Fy determines twin type II with either

n = (nsne + Nan1 + nan2, 0, 14ns5 + N2 + 1673)

or
n = (1516 + 1am1 + 1an2, 0, — (ans + nen2 + M673) ) -
Then (3.4) holds for all the parameters n;, except those that satisfy

nane(ns + 15 — 13 — M2 — n2ns — mns) + 05 (03 (s — n2) + g (m — n2) + 03 (m +n3)) # 0.

in which case (3.4) does not hold for A =1/2.
Case 2C: Suppose (i,7) in the definition of Fy determines twin type II with either

n = (nane + NsM + N573, Nans + NeM2 + 1673, 0)

or
n = (—(nane + 1511 + 10573, 1475 + N672 + 1673, 0) -
Then (3.4) holds for all the parameters n;, except those that satisfy

006 (15 + 16 — 113 — 2z — mans — mns) + s (05 (2 — 1) + 05 (m — 1) + 03 (m + 12)) # 0.
in which case (3.4) does not hold for A =1/2.

Proof. We use Lemma 3.1 to derive the stability estimates. Since the proof of Case 1B and Case 1C is
similar to Case 1A and the proof of Case 2B and Case 2C is similar to Case 2A, we need only prove
the result for Case 1A with (i,7) = (2,1) and Case 2A with (i,7) = (2,1).

Case 1A. We let (i,5) = (2,1) and n = e;. Choosing w = (0,&,¢) with &, ¢ € R such that w has

unit length we evaluate p1(y, w) to obtain:

p1(y;w) = (13 + 74)6C(Mans + M2m6 + Ne73)-

Nans + m2me + nenz 7 0,

we can choose ¢ and ¢ such that

5((7747)5 + m2m6 + 776773) > 0.

Consequently, it follows from Lemma 3.1 that

5+ < CE(y)'/?,
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if nans + m2me + nenz # 0.

Next, following [8] we show that if nyns + 72m6 + nens = 0, then for A = 1/2 we can counstruct a
sequence {y,} € A of deformations whose energy converges to zero, but whose volume fractions 73(y,,)
and 74(y,) converge to 1/2. For this reason, we need to evaluate Fj,

Fy=Ui+Xa®n
for our choice of (i,7) = (2,1) and n = e;. The vector a can be calculated from the interface equation
QUs — Ui =a®n. (54)

where n = e;. The three components of the vector a = (a1, az,a3) (assuming p = 1, see lemma 3.2) are:

a; = ﬁ[ni (g (m — m3) + (m + n2)n3) +n2 (ng (m — m2) + 03 (m + n3))

+ 2n4msm6 (NG — n2ms — s (12 + 773))},

as = ﬂ[ni’né + nansne (—2n2 + n3) + nsme(mgmy + n2(n — mns))
+1a((ng = 12m3) (g — (m +n2)n3) —n2 (g + n2(—m2 + na)))} :
az = f3 [ni’nﬁne, + nane (ngm + m3 (02 — 2n3) — mnans) — nans (Mg + (N2 — n3)ns3)

+ 15 (308 + (g — n2m3) (g — n2(m + 773)))]

where
2

f=- -
5 (1§ +n3) — 2mamsne(n2 +n3) + (15 — n2m3)? + ni(ng + n3)
Next, using the expression for Fy we calculate F }\T Fy for A = 1/2. We omit the expressions for F)
and F ;:F F)\ because of their complexity.
Since RYUsRy = Uy, and RTU, Ry = Us, we have from (5.4) that
QU,—Us = a® n.

where Q = RTQR,, a = RTa,and i = RIn = RYe; = —e;. So, if we set G = AQU, + (1 —X)Us, then
G\ can also be expressed as

Gy =Us+ X a®n=RIF\R,.

Thus, we can show that

0 0 0
FljgFija — G 3Gy = |0 0 1475 + N6z + 673
0 nans + Nem2 + N673 0

So, if mans + nen2 + nens = 0, then FlT/2F1/2 = GlT/ZGl/Q. Therefore, if (5.2) holds, then there exists
R € SO(3) such that F; /2 = RG1/2. We can then conclude that there exists a sequence of deformations
such that £(y,) — 0 while 73(y,) — 1/2 and 74 (yn) — 1/2.

Case 2A. We let (i,7) = (2,1) and

n = (0,75M6 + N4 + Nan2,NaNe + N5M1 + 1503)-

Since Uy La is parallel to e;, we can choose w = (0,¢,¢), where £ and ( are arbitrary real numbers and
w has unit length. For this choice of w, p2(y;w) to obtain can be evaluated

p2(y; w) = —4(73 + 74)56(774775(775 + 05 — 1 — M2 — M2n3 — MN3)
+n6 (3 (ns —m) + 13 (02 — m) + 3 (2 + 773)))-
Consequently, if
nans (03 + 15 — 05 — mnz — n2ns — mns) + ne (03 (13 — ) + 03 (n2 — m) + 03 (2 +n3)) # 0,
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then choosing appropriate £ and ¢ we obtain from Lemma 3.1 that
s+ < C(EW)+EW).
Next, we show that if

nans (3 + 3 — ng — mnz — m2ns — mnz) + 06 (N5 (ns —m) +n3(n2 — m) +ni(n2 +n3)) =0,
then there exists a sequence y,, such that £(y,) — 0 while 73(y,) — 1/2 and 74(y,) — 1/2. The vectors
a and n of the interface relation (5.4) can be calculated from Lemma 3.2 to be:
a=n1,M4m5), 1=/ (0,75M6 + nan1 + nan2,Man6 + N5M1 + N573)-

Using these values of @ and n we can compute

1 1 1
Fyyp= §QU2 + §U1 =U; + §a®n.

The expression for Fy /5 is omitted here. Since RQTUgRg = Uy, and RgUle = Us, we have from (5.4)
that
QUy —Us = a® .
where @ = RTQR,, a = RYa, and s = RIn. So, if we set G/ = 1QU4 + 1 Us, then G 5 can also be
expressed as
Gy =Us+ %a@m = RIFy )5 Rs.

It can then be calculated that FlT/2F1/2 — GlT/2G1/2 is equal to
[mns(?ﬁ + 03 — 05 —mn2 — 1203 — mn3) + 06 (M7 (s —m) + 03 (n2 — m) + ni(n2 + 773))} S
where

0 0
S=10 1
0 0

5 R oo

Thus, if (5.3) holds, then FlT/QFl/Q = GlT/ZGl/Q. As in the case 1A, it follows that the microstructure is
not unique if (5.3) holds. O

6. THE STABILITY OF THE LAMINATED MICROSTRUCTURE FOR TRIGONAL TO MONOCLINIC PHASE
TRANSFORMATIONS

The symmetry group of the trigonal (high temperature) phase G = {R1, Rz, R3, R4, Rs, Rs} is com-
posed of

1 00 0 0 1 010
Ri=1(0 1 0|, Rge=1{1 0 0|, Rz=1]0 0 1f,
0 0 1 010 1 00
1 00 0 01 010
Ry=—|(0 0 1|, Rs=—1]0 1 0|, Rg=—1|1 0 O
010 1 00 0 0 1
Note that Ry, Rs, and Rg are two-fold rotations,
R4 = R(W, €y — 63), R5 = R(W, e — 63), R6 = R(’/T,el - 62), (61)
and Ry and Rj3 are three-fold rotations with axis é = %{1, 1,1},

2 dm
R2 :R(?,e), R3 :R(?,e)

Note that RoR3 = I. Each of the two-fold rotations R; (i = 4,5,6) in the trigonal symmetry group
determines a family of transformation strains that corresponds to shearing in the plane orthogonal to

(6.2)
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TABLE 3. Classification of the interfaces for the trigonal to monoclinic transformation
where
=3 —n3) + (nf —n3) + (3 — ni)
and
v ==2n4(n2 —n3) — 2m3(n3 — M) — 2m2(na — 13)-

(7,7) || TYPE OF THE TWIN | INTERFACE NORMAL
(1,2) I ny =€ — ey

II ny = (fy py, V)
(1,3) I ny =e€e; —es3

II ng = (p, v, jt)
(2,3) I Ny = €9 — €3

II n2 = (Vv Hs U)

the axis of the rotation. For each two-fold rotation R; (i = 4,5,6), the transformation strain U; in the
corresponding family satisfies
{R; €G:RIU\R;} = {I,R;}.
The stability of the microstructure for a transformation strains corresponding to the any two-fold
rotations R; (i = 4,5,6) follows from the stability results for R4 by symmetry. For this reason we only
consider the two-fold rotation Rj.
The variants of the low temperature martensite for this case are

mon3 73 2 N3 T4 T2 N4 73
U= 1(n3 2 m|,Us=1{n3 m n3{,Us=|na 12 m3],
N3 Ma 12 e N3 72 3 M3 Mm

where the condition that U; be positive definite requires that

n,m2 >0, mme—mn3 >0, n2>|nsl. and ni(n2 +ns) — 203 > 0. (6.3)

The condition that the U; are distinct requires that 11 # 12 or n3 # n4.
The two-fold rotations defined in (6.1) act on Uy, Uz, Us in the following manner:

RIU\Rs =U,, RIU\Rs=Us, RIU\R,=1U\,

RIUsRg =Us, RIUyR5=U,, RIURy=Us.
The three-fold rotations defined in (6.2) act on Uy, Us, Us in the following way:

RIURy =Us, RIUR3=Us, RIUsRy="Uj.

Using these relations between the variants of martensite, we can solve the interface equation (2.6)
for each (i, ) and classify these twins.

(6.4)

Lemma 6.1. 1. For each i € {1, ...,3}, the energy well U; is not rank-one connected to itself.
2. For any i,j € {1, ...,3}, with i # j, there are exactly two solutions to the interface equation
(2.6). The classification of the solutions to the interface equation is given in Table 3.
We now give the main theorem of this section.
Theorem 6.1. Assume that ¢ satisfies (2.1), (2.2), and (2.4), Fy is defined as in (2.7) for any i,j €
{1, ...,3}, withi # j, A € (0,1), and A is defined by (2.5). Then (3.4) holds for all parameters n; that
do not satisfy
ns+m—n2—na=0 and n2>ns>n3
for type I twins, and
ns+m—n2—ma=0 and n2>n3>m
for type II twins.
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Proof. Tt follows from (6.4), that the results for any pair i,5 € {1, ...,3}, with ¢ # j, follow from the
results for (i,7) = (1,2) by symmetry. So, we prove the theorem for (i,5) = (1,2). We can then set
w=(&&,¢) in p1(y;w) to obtain the following estimate for 75 if the interface is of type I

p1(y; w) =73 (52(—773 + 2m3m4 — 72 4 20311 + 17 + 21312 — An4mn — 2)

+28¢(13 — m3ma — M3y — mamz + 2namz) + G (=03 + 0 —nf + 775)) < CE(y)'%
and we can set w = (£,,¢) in p2(y; w) to obtain the following estimate if the interface is of type II
p2(y; w) =73 (52(277% — m3n3 — 2n3m3 + Nt — 203nam — 2n3n3m — ManT + 2030472 + 20303m2 — 203Mn2
+ Angname + 4nanine — 0303 + 203nan; — 20505 — 203mn — 003 — 20315 + 1)
+ EC(—4n3 + 20307 + 2030 + An3nam + 2nzmim — An3nanz — 203nine
+ AnSmnz — Anznaminz — Ananinz + 20305 — 203man; + 203mn; + 2n3n3)
+ (203 — m3ng — i — 2n3nmamy + Ming + 203nam> — 203mn2 — n3n;
+ 20305 + nins — 773)) <C (5(y) + 5(y)1/2) :
In both of these cases, the equation for 73 has the form
(A% + BEC +OC) < C (Ely) + Ew)/?).

where the A, B, and C are polynomials in 7;, ¢ = 1,2,3. In order to bound 73, we need to show that
A% + BEC + C¢? > 0 for some value of ¢ and (. So, we find all possible values of (11, 72,73, 74) such
that A¢? + BEC + C¢2 <0 for all € and €. For both p1(y; w) and pa(y; w), one can show that

A+B+C=0.

This indicates that for & = ¢, we have A%+ BEC+C(¢? = 0 for both p; (y; w) and p2(y; w). Thus, in order
for the quadratic form to be non-positive we need for its discriminant to be zero. The discriminants for
p1(y; w) and po(y; w) are equal to

B2 —4AC = 4(n3 — na 41 — 12)% (s +m1 + 1m2)?
and
B? —4AC = 4(n2 — na)*(n3 — ma +m1 — 02)*(na +m1 +12)?

respectively. Consequently, since 7o — n4 > 0 and n4 + 71 + 12 > 0 by (6.3), the discriminants are zero
if and only if

N3 =14 +m —1n2=0. (6.5)
Since A+ B+ C =0 and B? — 4AC = 0, it follows that
B

A=C=-3. (6.6)

Assuming (6.5), we calculate the expression for A for p;(y; w) to be
A =2(ns —n3)(n3 — 12) (6.7)

and the expression for A for ps(y;w) to be

A =2(ns —ma)(ns — m2)(n3 + na + 1m2)°. (6.8)

Thus, it follows from (6.6), (6.7) and (6.8) that if the respective discriminants are equal to zero, then
we have that

p1(y;w) = 273(€ = €)*(na — m3) (N3 — M2),
p2(y;w) = 273(& — ¢)* (3 — ma)(m3 — 02) (112 + 03 + 1a)*.
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We have that (ny—mn3)(n3—mn2) < 0is possible only for ny > n3 and 72 > 13, in which case 72 > 14 > 13
by (6.3). If we suppose on the contrary that
n3 > mns and  n3 >, (6.9)

then 77 > n3 by the condition m1m2 — n3 > 0 of (6.3). However, 1 > 73 implies that 72 + 1 > 213
by (6.5) which contradicts (6.9). Summarizing all of these conditions, we obtain that the inequality
3 < C(E(y) + E(y)'/?) for p1(y;w) holds if the parameters 7; do not satisfy

N3 —NMa+mm—n2=0 and n >ns>ns.

Turning to expression for ps(y; w), we note that

m(n2 +ns) — 205 = (N2 4+ 03+ ma) (M2 — 203 + Na).
Thus, it follows from (6.3) that
(2 +n3 +n4)* > 0.

We have that (3 — n4)(n3 — 12) < 0 is possible only for the case 13 > 14 and 72 > 73 since the case
N4 > 13 and 73 > 12 contradicts the condition ns > |n4| in (6.3). Hence, we obtain that the inequality
5 < C (E(y) + E(y)H/?) for pa(y; w) holds if the parameters 7; do not satisfy

7737774—%771*772:0 and 77227732774,

([l
7. THE STABILITY OF THE MICROSTRUCTURE
In the previous sections, we derived the estimate
(y) S C(EW)V +E(y)  forallk#i ye A, (7.1)
where
A={yeW?:y(z) =yo(z) for z € 90}
with

yo(z) = AQU; + (1 — \)Uj] x for all x € Q
for lattice parameters which do not satisfy certain identities. In this section we present the stability

estimates which can be deduced from (7.1). The derivations of these estimates can be done by the same
arguments used in [8]. For this reason we state the results without proofs.

Lemma 7.1. (1) For any w € R? such that w-n =0 and |w| = 1, we have that
/Q |(Vy(a) ~ Vo) wP dz < € (E) + E@)"?)  for ally € A
(2) The following inequality holds:
| )= w@Pde < c (20 +E@"2)  forallye A

(8) For any Lipshitz domain w C ), there exists a constant C = C(w) > 0 such that

] [ (V) - Vit o

For fixed 4, j with i # j we define a projection operator m;; : R**3 — U; |JU; by

|F—7;(F)[|= min |F-G|  forall FeR¥>3
GeU; JU;

and the operators © : R3*3 — SO(3) and II : R**3 — {QU;, U, } by the unique decomposition
T (F) = ©(F)I(F)  for all F € R**?,

<C (5’(34)1/8 + €(y)1/2> for ally € A.
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The next lemma gives an estimate on the difference between the deformation gradient Vy(x) and
I[I(Vy(z)). This lemma shows that the deformation gradients of energy-minimizing sequences must
oscillate between QU; and U;.

Lemma 7.2. The following inequality holds for all y € A:

[ IV3@) =Tyl do < € (20) + £0)72)

Next we present an estimate for the volume fractions of QU; and U;. For this reason we define the
sets

wp(y) = {z € w: T(Vy(x)) = QU; and |Vy(z) ~ QUi < p},
wZ(y) ={zcw:I(Vy(z)) =U; and ||[Vy(z) = Uj;|| <p}.
for any subset w € €2, p > 0, and y € A. The next lemma demonstrates that the deformation gradients

of energy-minimizing sequences must oscillate with local volume fraction A at QU; and local volume
fraction 1 — A at Uj.

Lemma 7.3. For any Lipshitz domain w C Q and for any p > 0, there exists a constant C = C(w,p) >0
such that for all y € A

P P
meas w meas w

measwy(y) _ | measeyy) gy <C (8w +Ew)"?).

To give an estimate for the weak convergence of nonlinear functions of deformation gradients we
define by V the Sobolev space of all measurable functions f : Q x R3*3 — R such that

£ = /Q {(esssup [Vrf(z, F))* + [Vzr(2)n|* + 27 (x)* } dv < oo,

where z5 : 2 — R is defined by

zf(x) = f(z,QU;) — f(z,Uj) for all z € Q.
Then the following lemma holds.
Lemma 7.4. We have for all f € V, and y € A that

] 07 9 — (0, QUY + (1= 0,y o

< Cllfllv (£ +E@w)"2].
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