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Abstract

Telephone-cordpatterns have been recently observed in smectic liquid crystal capillaries.
In this paper we analyse the e�ects that may induce them. As long as the capillary keepsits
linear shape, we show that a nonzero chiral cholesteric pitch favors the SmA*-SmC* transi-
tion. However, neither the cholesteric pitch nor the presenceof an intrinsic bending stressare
able to give rise to a curved capillary shape.
The key ingredient for the telephone-cord instabilit y is spontaneous polarization. The free
energy minimizer of a spontaneously polarized SmA* is attained on a planar capillary, char-
acterized by a nonzero curvature. More interestingly, in the SmC* phase the combined e�ect
of the molecular tilt and the spontaneous polarization pushes towards a helicoidal capillary
shape, with nonzero curvature and torsion.
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1 In tro duction

Telephone-cordinstabilities in carbon �lms have been identi�ed as processeswhich allow the
material to relax its residual stress [1]. Recently , similar helicoid �b ers have been observed in
bent-shaped liquid crystals (the so-calledbanana liquid crystals) [2, 3]. In theseobservations, the
telephone-cordinstabilit y occurs in the smectic phase,and a central role is played by the sponta-
neouspolarization, which characterizesthe bananamolecules[4]. In fact, although somenematics
are polar liquids [5, 6], the �rst well-known liquid crystals exhibiting signi�can t spontaneouspo-
larizations are smectic-C*. In this phase,the moleculesare tilted with respect to the layer normal,
and thus break the mirror symmetry [7, 8, 9].

The local polarization of the helical phasesof the SmC* is of 
exo electric origin. However, and
asa result of chiralit y, the local polarization vector is free to rotate in the plane of the layers, thus
averaging out the bulk polarization. The electrooptic e�ects of the SmC* phaseemergewith the
unwinding of the helix by surfacestabilization, and result in homogeneousspontaneouspolarization
throughout the sample. These homogeneousdirector states give rise to the ferroelectric SmC*
phases.For a much more detailed description of the role of polarization in liquid crystals, we refer
the reader to the book by Lagerwall [10], and more precisely to Sections4.9-4.10,5.4-5.6,6.1-6.2,
and 12.2-12.5therein.

In this paper we analyzehow polarization and chiralit y may in
uence the ground state shapes
of thin �lamen ts. Our main results deal with a smectic liquid crystal endowed with a nonzero
spontaneouspolarization. In the SmA* phasewe �nd curved planar con�gurations (the capillary
axis is bent with nonzerocurvature) that have lower energythan straight ones. More interestingly,
in the SmC* phasethe ground state con�guration has also a nonzero torsion. We derive analyt-
ical relations linking the curvature and the torsion of the ground state shapes to the material
parameters.

Another interesting issue,stemming from experimental evidenceon telephonecord instabilities
and re
ected in our results, is the fact that the mechanism for the capillary to decreaseits energy
is by bending and twisting. For other geometries,the mechanism for energyminimization may be
the formation of domains [4, 10]. However, domain formation is often coupled with the creation
of energetically expensive boundary defects. The defect energy favors the changesin material
geometry that we describe in our analysis.

The plan of the paper is as follows. In Section 2 we present and discussthe model and the
free energy functional. Section 3 is devoted to linear capillary shapes: in it we show how a
nonzerocholestericpitch may anticipate the SmA-SmC transition. In Sections4 and 5 we analyse
the curved domains. In the former we prove that neither the cholesteric pitch nor the intrinsic
bending stress are able to bend the axis of the smectic capillary. In the latter we determine
the curved shapesinduced by the spontaneouspolarization: they are planar or three-dimensional
depending on the SmA*-SmC* phaseof the liquid crystal. In the concluding section we collect
and discussthe above results.

2 Free energy functional

We consider a liquid crystal occupying a curvilinear cylinder 
. The domain is thus the set of
points which lie within a maximum distance r from a curve c : [0; `] ! R3 (to be determined):


 =
�

P 2 R3 : P = c(s) + � e ; for somes 2 [0; `] ; � 2 [0; r ] ; and e � e = 1
	

: (2.1)

Let N , B be the normal and binormal unit vectors on c (the unit tangent T completes an
orthogonal basis), and let �; � denote the curvature and torsion along the same curve. Given
a point P 2 
, the arc-length s 2 [0; `] identi�es its projection on c, while � 2 [0; r ] yields its
distance from c. Let # 2 [0; 2� ) be the angle that the unit vector e in (2.1) determines with N .
We show in Appendix A1 that the coordinate set (s; � ; #) is well de�ned as long as 
 is su�cien tly
thin: r < min

s2 [0;` ]
� � 1(s) .
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According to the experimental conditions in which smectic heliceshave been observed [2, 3],
we considera freely suspendedcapillary, immersedin an isotropic 
uid that doesnot interact with
the surfacedirector. Thus, free-boundary conditions will be imposedon both the nematic and the
smecticvariables. However, an anchoring energywill be necessaryin order to take into account the
surfacechargesinduced by spontaneouspolarization. In the absenceof nematic anchoring, there
is no energy gain for the system if the smectic and nematic variables depend on the transverse
coordinates � ; #. Accordingly, we will assumethroughout our calculations that all �elds depend
only on the arc-length s.

2.1 Nematic energy

We intro duce the angles�; ' to identify the director orientation as

n = cos� T + sin � cos' N + sin � sin ' B :

Let us also de�ne for future usethe unit-v ectors

n ? := � sin ' N + cos' B and n 3 := � sin � T + cos� cos' N + cos� sin ' B :

Together with n , they complete another orthogonal basis
�
n ^ n 3 = n ? ; we arbitrarily de�ne

' = 0 when � = 0). We have (seeagain Appendix A1 for technical details):

r n =
�

� 0+ � cos'
1 � �� cos#

n 3 +
(' 0 � � ) sin � � � cos� sin '

1 � �� cos#
n ?

�

 T ;

where a prime denotes di�eren tiation with respect to the arc-length s. The Frank free energy
density is given by [11]:

� F [�; ' ] = K 1
�

div n
� 2

+ K 2
�
n � curl n + qch

� 2
+ K 3

�
�n ^ curl n + v0

�
�2

+
�
K 2 + K 4

� �
tr( r n )2 � (div n )2�

=
(� 0+ � cos' )2

(1 � �� cos#)2

�
K 1 sin2 � + K 3 cos2 �

�

+ K 2

�
qch �

sin �
1 � �� cos#

�
(' 0 � � ) sin � � � cos� sin '

�
� 2

+ K 3

�
b0 sin � �

(' 0 � � ) sin � � � cos� sin '
1 � �� cos#

cos�
� 2

;

where qch is the cholesteric pitch and v 0 = b0 T ^ n = b0 sin � n ? is the intrinsic bending stress.

2.2 Smectic energy

Let  (s) = � (s) ei! (s) be the smectic order parameter [11], so that

r  =
(� 0+ i�! 0) ei! (s)

1 � �� cos#
T ;

and T is alsothe normal to the smectic layers. The smecticpart of the free energydensity is given
by:

� sm [�; ! ; � ] = C?
�
�r  � iqsm  n

�
�2

+ Ca
�
�n � (r  � iqsm  n )

�
�2

+ � (� )

= C?

"
� 02

(1 � �� cos#)2 + � 2
�

! 0

1 � �� cos#
� qsm cos�

� 2

+ q2
sm � 2 sin2 �

#

(2.2)

+ Ca

"
� 02 cos2 �

(1 � �� cos#)2 + � 2
�

! 0cos�
1 � �� cos#

� qsm

� 2
#

+ � (� ) ;
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whereCa := Ck � C? , qsm is the smecticpitch, and � is a scalarpotential depending on the degree
of smectic order.

The smecticenergy(2.2) doesnot rule out the possibility of the elastic constants Ck ; C? being
di�eren t (Ca 6= 0). The Ca-term may be neglectedwhen dealing with SmA materials [12, 13], but
it is necessaryto keep it in the free energy when tilted phasescome into play. The SmA phase
may becomeunstable when C? < 0 [14], and in that casea higher-order term should be included
in the free energy to ensure the functional to be positive de�nite. However, we do not need to
insert extra terms in the free energy, sincewe will prove that the transition to a tilted phasecan
be induced by the cholesteric pitch, even in the presenceof a positive C? . We remark that the
free energy density (2.2) remains positive-de�ned even if C? is negative, provided � is not too
large. In fact, � sm � 0 whenever

Ca cos2 � + C? = Ck cos2 � + C? sin2 � > 0 i:e: C? � 0 or tan2 � < �
Ck

C?
:

2.3 Spontaneous polarization

One important di�erence between polar smectics and solids is the freedom of the polarization
vector to rotate in the layer plane in the former (P is a Goldstone variable) as opposedto taking
speci�c valuesdetermined by the solid lattice [10, 15, 16]. Becauseof this vectorial symmetry the
energy density of the �eld P contains, together with a term of the form jr P j2 which penalizes
interfacesin the material, a term proportional to (div P )2:

� pol
�
P

�
= G1

�
div P

� 2
+ G

�
�r P

�
�2

+ G
�
jP j) : (2.3)

In (2.3), G denotesa scalar potential which determines the polarization intensity jP j. When the
permanent molecular polarization is not su�cien tly strong to self-interact, this term avoids the
onset of a spontaneouspolarization. This is why we will insert the potential (2.3) only in Section
5, when we will be dealing with spontaneously polarized materials.

A complete description of the polarization energy density can be found in [17]. We remark
that, in materials with strong permanent polarization, the G1-term can also take the di�eren t
form (div P � c0)2, where c0 can be either positive or negative. This re
ects the preferenceof
the material for a speci�c sign of the polarization. However, in the following we will restrict
our attention to the casec0 = 0. We also neglect the nonlocal Coulombian interaction of the
polarization with the self-�eld.

2.4 Anc horing energy

The presenceof a nonzero polarization induces a surface charge in the capillary, which in turn
requiresan opposite charge layer in the surrounding 
uid. This boundary e�ect can be taken into
account through an e�ectiv e anchoring energy, which dependson the polarization [18, 19]:

� anch [P ] = ! P P
�
1 � p � �

�

where P and p respectively denote the intensity and the direction of the polarization vector P ,
� is the outer normal at the external surface, and ! P is an e�ectiv e anchoring strength. The
anchoring potential above may favor either homeotropic or planar anchoring for the polarization
vector, depending on the sign of ! P .

3 Linear shapes

We �rst consider a linear smectic capillary, in the absenceof spontaneous polarization. In this
sectionweshow that the presenceof a non-zerocholestericpitch may inducea SmA-SmCtransition
in the ground state con�guration, even if C? > 0.
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Let � = � � 0. The free energydensity � = � F + � sm simpli�es into

� [�; '; �; ! ] =
�
K 1 sin2 � + K 3 cos2 �

�
� 02 + K 2

�
qch � ' 0sin2 �

� 2

+ K 3 sin2 � (b0 � ' 0cos� )2 + Ca

h
� 02 cos2 � + � 2 (! 0cos� � qsm)2

i

+ C?

h
� 02 + � 2 (! 0 � qsm cos� )2 + q2

sm � 2 sin2 �
i

+ � (� ) : (3.1)

The Euler-Lagrangeequationsassociated to the the free energydensity (3.1), with respect to the
variables ' and ! , can be easily integrated onceto yield

@�
@' 0 = c1 and

@�
@! 0 = c2 ;

with c1 and c2 constants along the capillary. The free-boundary conditions require c1 = 0 and
c2 = 0, and thus

' 0 �
K 2qch + K 3b0 cos�

K 2 sin2 � + K 3 cos2 �
and ! 0 �

Ckqsm cos�

Ck cos2 � + C? sin2 �
:

Furthermore, the free energy density (3.1) is minimized if � 0 � 0 and � 0 � 0 (which is allowed
by the free-boundary conditions). When theserequirements are satis�ed, the free energy density
dependsonly on the constant valuesof � and � :

� (� 0; � 0) =
K 2K 3 (qch cos� 0 � b0 sin2 � 0)2

K 2 sin2 � 0 + K 3 cos2 � 0
+

Ck C? � 2
0q2

sm sin2 � 0

Ck cos2 � 0 + C? sin2 � 0
+ � (� 0) : (3.2)

The smectic A phase(� 0 = 0) is always associated to a stationarit y point of (3.2). However, it
becomesunstable even when C? > 0, provided that

C? q2
sm � 2

0 <
K 2

K 3
qch

�
K 2qch + 2b0K 3

�
: (3.3)

In fact,

� (� 0; � 0) = � (0; � 0) +

 

C? q2
sm � 2

0 �
K 2qch

�
K 2qch + 2b0K 3

�

K 3

!

� 2
0 + O(� 4

0) as � 0 ! 0:

Figure 1 shows that, when condition (3.3) applies, the preferred anglemoveswith continuit y from
� 0 = 0. An exceptional situation ariseswhen b0 = 0 and C? = Ck (bold plot of the right panel).
In that casethe optimal value of � 0 jumps from 0 to �

2 when qch exceedsqsm . In all other cases,
the SmA-SmC transition induced by the cholesteric pitch is second-order.

4 Bent domains

Let us now consider a general shape, with �; � 6= 0, in the absenceof spontaneous polarization.
In this section, we prove that the combined e�ect of intrinsic bending stressesand/or chiralit y do
not induce shape transitions towards curved domains.

The ground state con�guration of the free energy density � := � F + � sm is still characterized
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Figure 1: � opt
0 as a function of qch=qsm when K 2 = K 3 = Ck � 2

0; C? = 1
3 Ck (left), C? = 2

3 Ck

(center) or C? = Ck (right), and b0=qsm = 0 (bold), 1
4 ; 1

2 ; 3
4 ; 1 (dotted).

by � 0 � 0 and ! 0 � const. If we further intro duce the notations

A := � 0 + � cos' K 13 := K 1 sin2 � + K 3 cos2 �

� := (' 0 � � ) sin � � � cos� sin ' K 23 := K 2 sin2 � + K 3 cos2 �

q1 :=
(K 2qch + K 3b0 cos� ) sin �

K 23
q2

2 :=
K 2q2

ch + K 3b2
0 sin2 �

K 23

eC :=
�
Ck cos2 � + C? sin2 �

�
� 2

0 $ :=
Ck

eC
� 2

0qsm cos�

A := � r 2 and f (x) :=

(
2

�
1 �

p
1 � x2

� .
x2 if x 2 (0; 1]

1 if x = 0 ;

the integration of the free energy density over the transversecoordinates yields:

F = A
Z `

0
ds

h
f (�r )

�
K 13A2 + K 23� 2 + eC! 02

�
� 2 (K 23q1� + eC$ ! 0) + K 23q2

2 + Ck � 2
0q2

sm

i
:

The Euler-Lagrangeequation for ! and the free-boundary conditions yield ! 0 � ! 0
opt =

$
f (�r )

.

If we insert it in the free energy, we arrive at

F = A
Z `

0
ds

 

f (�r )
�
K 13A2 + K 23 � 2�

� 2K 23q1� + K 23q2
2 �

eC$ 2

f (�r )
+ Ck � 2

0q2
sm

!

:

The minimum value of this energy is obtained when � = 0. To prove this assertionwe notice that
f is monotonically increasing� . In particular, it is always greater than f (0) = 1. Furthermore, it
is possibleto write the free energy functional as:

F = A
Z `

0
ds

 

f (�r )K 13A2 +
�
f (�r ) � 1

�
K 23� 2 + eC$ 2 f (�r ) � 1

f (�r )

+ K 23 (� � q1)2 +
K 2K 3

K 23

�
qch cos� � b0 sin2 �

� 2
+

CkC? � 2
0q2

sm sin2 �

Ck cos2 � + C? sin2 �

!

: (4.1)

All the terms depending on the curvature (that is, all terms appearing in the �rst row of (4.1))
are minimized if � = 0, and thus the ground state shape of 
 is linear. When this is the case,the
search for the energy minimizer may proceedas in Section 3.

� The function f is monotonically increasing since f 0(x) = 2
�

2 � x2 � 2
p

1 � x2
�. �

x3
p

1 � x2
�

> 0 8x 2 (0; 1).
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5 Polarization-induced transitions

We now focus attention on spontaneously polarized liquid crystals. First, we insert in the free-
energy functional the terms � pol and � anch intro duced in Section 2. Furthermore, the intrinsic
bending in the K 3-term is to be replacedby a term � P , proportional to the polarization vector.
We identify P through the angles� ; � as follows:

P = P p = P
�

sin � n + cos� cos� n ? + cos� sin � n 3
�

:

We will show that these changesinduce a spontaneous curvature in the shape of a smectic-A*
capillary, and both a curvature and a torsion in a smectic-C*.

5.1 Ben t smectic-A*

In a smectic-A the liquid crystal moleculesare orthogonal to the layers. Let then � � 0. We
assumethat the potentials � and G are strong enough to �x the values of � � const: = � 0 and
P � const: =: P0 =: � 0=� , where � 0 has the dimensionsof an inverselengthy. In order to simplify
notations, we put � (� 0) = G(P0) = 0. Finally, we de�ne the quantities � := GP 2

0 and � 1 := G1P2
0 ,

having the dimensionsof nematic elastic constants.
The bulk free energy density � b = � F + � sm + � pol now readsas:

� b = K 2q2
ch + K 3

" �
� 0 �

�
1 � �� cos#

� 2

+
2�� 0

�
1 � cos� sin �

�

1 � �� cos#

#

+ Ck � 2
0

�
! 0

1 � �� cos#
� qsm

� 2

+ � 1
(� 0 � � sin � )2 cos2 �

(1 � �� cos#)2 + �
(� 0 � � sin � )2 +

�
(� 0+ � ) cos� + � sin � cos�

� 2

(1 � �� cos#)2 :

We remark that, in curved domains, the bend elastic term pushestowards con�gurations where
the spontaneouspolarization lies along the principal normal of the curve. Indeed, the K 3-term is
minimized if cos� sin � = 1 which, together with � = 0, implies P = P0 N .

The anchoring energy � anch is given by

� anch = ! P P0
�
1 � cos� sin(# + � )

�
:

If we integrate the free energy density over the transversesection of the curve c, and then we
substitute the equilibrium value of ! 0, we get the free energydensity per unit length:

Z
� anch r (1 � �r cos#) d# +

ZZ
� b

� d� d#
1 � �� cos#

= A

"
2! P P0

r
+ � ! P P0 cos� sin �

+ K 2q2
ch + K 3

�
� 2

0 � 2�� 0 cos� sin � + � 2f (�r )
�

+ Ck � 2
0q2

sm
f (�r ) � 1

f (�r )

+ (� + � 1 cos2 � ) (� 0 � � sin � )2f (�r ) + �
�
(� 0 + � ) cos� + � sin � cos�

� 2
f (�r )

#

: (5.1)

To prove that the spontaneous polarization bends the smectic-A*, it su�ces to �nd a curved
con�guration possessinga smaller free energy than the linear one. We begin by noticing that in
the linear case(� = � = 0) the freeenergyper unit length (5.1) is minimized when � and � assume
any constant value. When this is the case,the optimal value for the free energy is

Fopt

�
�
�
�;� =0

= A`
�

2 ! P P0

r
+ K 2q2

ch + K 3� 2
0

�
: (5.2)

y The following arguments can be generalized to the case of non-uniform P; � , but we skip those quite longer
proofs to shorten our presentation
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We are looking for a con�guration with a free energy lower than (5.2). To this aim, we focus
on curveswith constant curvature and torsion. Both the K 3-term and the anchoring energy are
minimized if P lies in the plane orthogonal to the layer normal (� = 0). Furthermore, the free
energydensity is minimized if the polarization vector lies parallel or anti-parallel to the principal
normal N , depending on whether K 3 is greater or smaller than ! P =(2� ). In the following, we
assumethat K 3 � ! P =(2� ). In this casethe minimization processrequires p = N (i.e., � = �

2 ).
Nevertheless,the considerationsbelow would stand in the caseK 3 < ! P =(2� ), provided we choose
� = � �

2 .
With the choicesabove, the free energydependsonly on the particular valueschosenby � and

� , and can be written as

Fopt (�; � )
A `

= A0 � 2A1�r + A2 (�r )2 f (�r ) �
A3

f (�r )
+ B1 f (�r ) (� r )2 ;

where the signsare chosenin a way such that the A's and B 's are non-negative:

A0 = K 2q2
ch + K 3� 2

0 + Ck � 2
0q2

sm + 2! P P0=r

A1 =
�

K 3 �
! P

2�

� � 0

r
A2 =

�
K 3 + � + � 1

�
=r 2

A3 = Ck � 2
0q2

sm

B1 = � =r2 :

The freeenergyF opt is clearly minimized when � = 0 (plane curve). On the contrary , the minimum
of Fopt is attained when the curvature has a strictly positive value, since

Fopt (�; 0)
A`

= (A0 � A3) � 2A1�r +
�

A2 +
1
3

A3

�
(�r )2 + O(�r )4 as �r ! 0 :

We remark that F opt possessesa unique minimum as a function of � . Indeed, the condition
@

@� Fopt = 0 is equivalent to

A2
�
2(�r ) f (�r ) + (�r )2f 0(�r )

�
+

A3f 0(�r )
f 2(�r )

= 2A1 (5.3)

and this equation hasoneand only oneroot, sincethe function at the left-hand sidevanisheswhen
�r ! 0, is everywhere strictly increasing and divergeswhen �r ! 1� . Let x := �r . Equation
(5.3) can be written as

2x f (x) + x2f 0(x) + �
f 0(x)
f 2(x)

=
� 0

� �
0

; (5.4)

with

� :=
A3

A2
=

Ck � 2
0q2

smr 2

K 3 + � + � 1
and � �

0 :=
A2� 0

2A1
=

K 3 + � + � 1

(2K 3 � ! P =� )r
: (5.5)

Figure 2 shows how the solutions of (5.4) depend on � 0 (which is proportional to the intensity of
the spontaneouspolarization) for three di�eren t values of the dimensionlessparameter � . In the
absenceof spontaneouspolarization the curvature is null. Then, it increasesmonotonically with
� 0. When the spontaneous polarization makes � 0 much greater than its referencevalue � �

0, the
curvature approachesits maximum allowed value r � 1. The curvature increasesmore rapidly when
� is small, that is, in thinner capillaries.

5.2 Helicoidal smectic-C*

In this �nal section we study how the spontaneous polarization may induce a telephone-cord
transition in a smectic-C* capillary. We focus on a particular, even if quite common, case. We
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Figure 2: The preferred curvature of the axis of the smectic-A* capillary increaseswith the
spontaneouspolarization. The inverselength � 0 is proportional to jP j, and its referencevalue � �

0
is de�ned in (5.5). From top to bottom, the graphs correspond to � = 0; 1; 10.

assumethat the smectic part of the free energy is able to �x the opening angle of the smectic-C*
conesto a �xed value: � � � 0. Furthermore, we assumethat the spontaneous polarization of
the liquid crystal moleculesis always orthogonal to the director direction: � � 0, and determines
a constant angle with respect to the principal normal of the capillary (� � const:). The former
of these assumptionsholds, for example, when we are analyzing a system of banana molecules,
in which the polarization is induced by the curvature of the liquid crystal rods, and it is always
orthogonal to n .

Even under the above simplifying assumptions,the bulk free energy density to be minimized
is still quite cumbersometo handle:

� b = � sm (� 0) + K 1
� 2 cos2 ' sin2 � 0

(1 � �� cos#)2 + K 2

�
qch �

sin � 0

1 � �� cos#

�
(' 0 � � ) sin � 0 � � cos� 0 sin '

�
� 2

+ K 3

" �
� 0 sin � �

� cos' cos� 0

1 � �� cos#

� 2

+
�

� 0 cos� �
(' 0 � � ) sin � 0 � � cos� 0 sin '

1 � �� cos#
cos� 0

� 2
#

+
� 1

(1 � �� cos#)2

h
�

�
(' 0 � � ) sin � 0 cos� + � cos' sin � � � cos� 0 sin ' cos�

�
cos� 0

+
�
(' 0 � � ) cos� 0 + � sin � 0 sin '

�
cos� sin � 0

i 2

+
�

(1 � �� cos#)2

h�
(' 0 � � ) sin � 0 cos� + � cos' sin � � � cos� 0 sin ' cos�

� 2

+
�
(' 0 � � ) cos� 0 + � sin � 0 sin '

� 2
i

;

where� sm represents the smecticpart, which �xes the value of � 0. The above expressionsimpli�es
if we intro duce the quantities x := f x i ; i = 1; 2; 3), A := f A ij : i; j = 1; 2; 3g, b := f bi ; i = 1; 2; 3),
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and c 2 R, de�ned as:

x1 :=
� cos'

1 � �� cos#
; x2 :=

(' 0 � � ) sin � 0 � � cos� 0 sin '
1 � �� cos#

;

x3 :=
(' 0 � � ) cos� 0 + � sin � 0 sin '

1 � �� cos#
;

A11 := K 1 sin2 � 0 + K 3 cos2 � 0 +
�
� + � 1 cos2 � 0

�
sin2 � ;

A22 := K 2 sin2 � 0 + K 3 cos2 � 0 +
�
� + � 1 cos2 � 0

�
cos2 � ;

A33 := � + � 1 sin2 � 0 cos2 � ;

A12 = A21 :=
�
� + � 1 cos2 � 0

�
sin � cos� ;

A13 = A31 := � � 1 sin � 0 cos� 0 sin � cos� ;

A23 = A32 := � � 1 sin � 0 cos� 0 cos2 � ;

b1 := K 3� 0 sin � cos� 0 ; b2 := K 2qch sin � 0 + K 3� 0 cos� cos� 0 ; b3 := 0 ;

c := � sm(� 0) + K 2q2
ch + K 3� 2

0

which allow to write
� b = x � Ax � 2b � x + c :

When � = 0, the scalar product betweenthe polarization direction and the outside normal to
@
 is given by:

p � � = cos� 0 sin � cos(# � ' ) + cos� sin(# � ' ) :

Thus, the integration of the anchoring energy across the section orthogonal to the axis of the
capillary yields:

Z 2�

0
� anch r (1 � �r cos#) d# = A

h
2 + �r

�
cos� 0 sin � cos' + cos� sin '

� i ! P P0

r
:

We now specializeour study to the small curvature (or thin capillary) regime �r � 1. In this
casewe can neglect the correction to 1 in the denominators of the x i 's, and the integration of the
bulk free energy density over the transversesection simply corresponds to a multiplication by A.
This allows us to derive an analytic expressionfor the free energyminimizer. In fact, in this case
the total free energycan be written as:

F
A`

= x � Ax � 2~b � x + ~c ; (5.6)

provided we de�ne the ~bi 's and ~c as follows:

~b1 :=
�

K 3 �
! P

2�

�
� 0 sin � cos� 0 ; ~b2 := K 2qch sin � 0 +

�
K 3 �

! P

2�

�
� 0 cos� cos� 0 ;

~b3 :=
! P P0

2
cos� sin � 0 ; ~c := � sm(� 0) + K 2q2

ch + K 3� 2
0 +

2! P P0

r
:

The functional (5.6) is minimized with respect to the possiblevaluesassumedby the x i 's when

x = x opt := A � 1~b : (5.7)

(The symmetric matrix A is positive de�nite becauseof the positivit y of the elastic free energy
density). When this is the case,the free energy takesthe value

Fopt

A`
= ~c � ~b � A � 1~b : (5.8)
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The x i 's obtained from (5.7) �x the constant valuesof ' , � , and � . Indeed, in the thin capillary
limit �r � 1, and setting ' 0 = 0, the de�nition of the x i 's can be written as

xopt ;1 = � cos'

xopt ;2 = � � sin � 0 � � cos� 0 sin '

xopt ;3 = � � cos� 0 + � sin � 0 sin ' ;

which can be inverted to obtain:

� =
q

x2
opt ;1 + (xopt ;3 sin � 0 � xopt ;2 cos� 0)2

� = � (xopt ;2 sin � 0 + xopt ;3 cos� 0) and

' = arctan
xopt ;3 sin � 0 � xopt ;2 cos� 0

xopt ;1
:

Thus, at this stage,F opt in (5.8) still dependson the constant value attained by � , the angle that
identi�es the polarization direction. Only the minimization of F opt with respect to � yields the
complete description of the ground state con�guration.

In order to illustrate the result of this minimization procedure we conclude this section by
analyzing in detail two particular cases.In both of them the optimal shape of the smecticcapillary
turns out to be a three-dimensionalhelix, characterized by non-null valuesof both the curvature
and the torsion of its axis.

5.2.1 1-constan t appro ximation

Let us consider the particular casein which

K 1 = K 2 = K 3 = � = ! P =� =: K and � 1 = 0 ; (5.9)

while keepingthe thin capillary regime � 0r � 1. The optimal shape of the capillary axis depends
on the tilt angle� 0 of the smectic-C* moleculesand on the cholestericpitch qch . Figure 3 illustrates
the results. The right panel (displaying the torsion) provesthe three-dimensionalcharacter of the
capillary axis. The torsion is enhancedby the presenceof a cholestericpitch. However, a non-zero
qch is not a necessaryingredient to obtain three-dimensionalshapes. In fact, if we add qch = 0 to
(5.9), we can derive an analytical expressionfor the optimal shape for all valuesof � 0:

� opt
�
�
qch =0 =

j3cos2� 0 � 1j
8

� 0 and � opt
�
�
qch =0 = �

3
8

sin2� 0 � 0 :

On the contrary , the role played by � 0 (i.e., the spontaneous polarization) is crucial. The ratio
betweeneither �; � and � 0 is �nite. Thus, both � and � vanish when � 0 doesso. This observation
is consistent with the results presented in Section 4, where we have proved that the optimal
capillary shape is linear if the spontaneouspolarization is null. Figure 3 is also coherent with the
result derived in Section 5.1 for a smectic-A*: in the limit � ! 0, the torsion vanisheswhile the
curvature doesnot.

5.2.2 Small tilt angle

Let us now analyse in more detail the small-� 0 limit. If the bend elastic constant prevails again
over the e�ectiv e anchoring

�
K 3 � ! P =(2� )

�
, we obtain:

� opt =
K 3 � ! P =(2� )
K 3 + � + � 1

� 0+ O(� 0) ; � opt = �
K 3

�

�
1 �

K 3 � ! P =(2� )
K 3 + � + � 1

�
� 0� 0+ O(� 2

0) as� 0 ! 0 :

Theseresults display the samequalitativ e featuresof the 1-constant solution analysedabove. The
preferred curvature becomesdi�eren t from zero as soon as the spontaneouspolarization appears,
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Figure 3: Curvature and torsion of an optimal-shaped smectic-C* capillary. The plots correspond
to the valuesqch=� 0 = 0:1; 0:5; 1:0; 1:5; 2.

even when � 0 vanishes.On the contrary , the torsion vanisheswheneither � 0 or � 0 do so. However,
a new and interesting result stemsfrom the computation of the optimal free energyup to O(� 2).
We obtain:

Fopt

A`
= � sm (� 0)+

"

K 3� 2
0 �

�
K 3 � ! P

2�

� 2
� 2

0

K 3 + � + � 1
+ K 2q2

ch +
2! P � 0

�r

#

�
2K 2

�
K 3 � ! P

2�

�
� 0 qch � 0

K 3 + � + � 1
+ O(� 2

0) :

(5.10)
The minus sign in front of the �rst-order term in F opt is crucial. It implies that it is possibleto
gain free energyby tilting the director with respect to the layer normal. This result holds even if
� sm(� 0) pushestowards the smectic-A state, becausein that case� sm is minimum when � 0 = 0,
sothat it doesnot contribute to the O(� 0)-term we are discussing.The structure of the �rst-order
term in � 0 shows that this instabilization of the smectic-A* phaseis a combined e�ect of both the
spontaneouspolarization and the cholesteric pitch. Once � 0 becomesnon-null, a non-zero value
of the torsion becomespreferred and the ground-state con�guration of the smectic-C* becomes
helicoidal.

6 Discussion

The present theoretical study provesthat telephone-cordinstabilities are to beexpectedin smectic-
C* liquid crystals. We have derived the ground state con�gurations and the preferred shapes of
a thin smectic capillary, possibly endowed with spontaneous polarization. Having in mind the
experimental conditions in which theseinstabilities have beenalready observed, we have imposed
free boundary conditions at the external surface of the capillary for both the nematic and the
smecticvariables. Nevertheless,a boundary energyhasbeeninserted in the free energyfunctional
to take into account polarization e�ects on the surrounding liquid.

As long as the spontaneouspolarization is absent, the preferred capillary shape remains linear,
as we prove in Section 4. In this case,our analysis (Section 3) provesthat a non-null cholesteric
pitch may induce a SmA-SmC transition, even if the elastic constant C? is positive. Figure
1 shows how the optimal value of the tilt angle � depends on the cholesteric pitch for several
di�eren t valuesof he elastic constants and the intrinsic bending stress.

In Section5 we have focusedon spontaneouslypolarized smecticliquid crystals. We have found
evidencefor possiblecircular smectic-A* and helicoidal smectic-C* capillaries. Figure 2 shows how
the curvature of a smectic-A* capillary is expected to increasewith the spontaneouspolarization.
Figure 3 displays both the curvature and the torsion as a function of the tilt angle, for several
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di�eren t valuesof the cholesteric pitch (that, however, turns out to be not a key ingredient in the
telephone-cordtransition).

In our opinion, the result derived in the �nal subsection x5.2.2 is particularly challenging.
Equation (5.10) shows that even when the smectic part of the free energy functional pushes
towards the smectic-A phase, it is possible to save free energy by slightly tilting the nematic
moleculeswith respect to the layers. Once the moleculesare tilted (� 0 > 0), the preferred torsion
becomesnon-null, and a telephone-cordinstabilit y originates. This e�ect arisesfrom a combined
action of the spontaneouspolarization and the cholesteric pitch.
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App endix A1: Cylindrical-curvilinear coordinates

Let 
 be the domain de�ned in (2.1), f T ; N ; B g the intrinsic frame associated to c, and (s; � ; #)
the coordinates intro duced in (2.1). Let further e� ; e# be the unit vectors de�ned as:

e� := cos# N + sin# B and e# := � sin# N + cos# B :

When we follow the intrinsic unit-v ectors' variation along a curve
�
s(t); � (t); #(t)

�
in 
, the Frenet-

Serret formul� imply: _T = � _sN , _N = � � _sT � � _sB , _B = � _sN , so that

_e� =
� _# � � _s

�
e# � � _scos# T and _e# = �

� _# � � _s
�

e� + � _ssin# T :

We thus obtain

_P =
d
dt

�
c(s) + � e�

�
=

�
1 � �� cos#

�
_sT + _� e� + �

� _# � � _s
�

e# :

For any di�eren tiable real function 	 : R3 ! R we have:

r 	 =
	 ;s + � 	 ;#

1 � �� cos#
T + 	 ;� e� +

	 ;#

�
e# ;

where a comma denotesdi�eren tiation with respect to the indicated variable. In particular, if 	

dependsonly on the arc-length s, r 	( s) =
1

1 � �� cos#
d	
ds

T .

Furthermore,

r T =
� cos#

1 � �� cos#
e� 
 T �

� sin#
1 � �� cos#

e# 
 T ;

r e� = �
� cos#

1 � �� cos#
T 
 T +

1
�

e# 
 e# ;

r e# =
� sin#

1 � �� cos#
T 
 T �

1
�

e� 
 e# ;

r B =
�

1 � �� cos#
N 
 T and

r N = �
�

1 � �� cos#
T 
 T �

�
1 � �� cos#

B 
 T :

The volume element in 
 is given by dv = � j1 � �� cos#j dsd� d# , so that the curvilinear
coordinate system (s; � ; #) is well de�ned as long as j1 � �� j > 0, which implies � (s) r < 1 for all
s 2 [0; `], since � is non-negative by construction. The volume of 
 is:

Vol (
) =
Z `

0
ds

Z r

0
d�

Z 2�

0
d# �

�
1 � �� cos#

�
= � r 2` :
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